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Sankhy? : The Indian Journal of Statistics 

1988, Volume 50, Series A, Pt. 3, pp. 363-380. 

ON MERGING OF PROBABILITIES* 

By ANTHONY D'ARISTOTILE 

State University of New York, Plattsburgh, 

PERSI DIACONIS 

Stanford University, Stanford, California 
and 

DAVID FREEDMAN 

University of California, Berkeley, California 

SUMMARY. Two sequences of probabilities can merge together without necessarily 

converging. Several notions of merging compatible with the weak star topology are introduced. 

Inclusions and equivalences are demonstrated. Examples involving merging of posterior distri 

butions, maxima of discrete random variables, and a stopping time in sequential analysis are 

presented. 

1. Introduction 

Let Pn and Qn be two sequences of probabilities on a separable metric 

space S. This paper studies situations where Pn and Qn merge but they 

may not converge. Natural definitions of merging compatible with the weak 

star topology include 

(1) <})(Pn, Qn)-* 0 where ^ is Prokorov's metric. 

(2) J fdPn?? fdQn-+ 0 for all bounded continuous functions /. 

(3) T(Pn)?T(Qn)-+ 0 for all bounded continuous functions T on 

probabilities. 

(4) T(Pn)?T(Qn)-> 0 for all continuous functions on probabilities. 

(5) d(Pn, Qn)-+ 0 for all metrics d which metrize the weak star topology. 

We show that (5) => (4) => (3) => (2) => (1). However, the first three 

notions are different as the next two examples show. 

Example 1.1 : Let S = R, Pn 
? 

8n, the point mass at n, and Qn 
= 

#n+1/w. 
Then Pn and Qn merge under Prokorov's metric. However, there is a bounded 

continuous function / such that J fdPn 
= 1 but J fdQn 

= 0 for all large n, 

so (2) is stronger than (1). 

A MS (1980) subject classification: 60B05, 60B11. 

Key words and phrases : Weak star topology, Converging, merging of probabilit?s, 
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Example 1.2 : Set S = 
{1, 2, 3, ...}. Let Pn = ?n and Qn = 

( 1?-) 8n \ n 
' 

H? *n+1. Take T(P)=P(l)+P(2)2+P(3)*+.... This is bounded and continu 
n 

ous. However, T(P) 
= 1 and T(Q.n)~? 1/e. So (3) is stronger than (2). 

Theorem 2.7 shows that (1), (2), and (3) are equivalent if and only if S 

is compact. For sequences, (3), (4), and (5) are equivalent whether S is compact 
or not. Section 3 shows that the five definitions differ if nets are used instead 

of sequences. Section 4 studies how various notions of merging behave under 

continuous mapping. 

We first encountered problems of merging in work on Bayesian 
statistics (Diaconis and Freedman, 1986), where we wanted posterior distribu 

tions based on the same observations but different priors to merge without 

necessarily converging. . This is discussed in Section 5 which also describes 

, situations where convergence is blocked because of discreteness, but limiting 
behavior can be described by merging. The maximum of discrete random 

variables provides an example, as does a stopping rule in sequential analysis. 
This introduction concludes by introducing notation, providing background 
on uniformities, and reviewing related work of Dudley. 

Notation and background. Throughout this paper, we assume that (S, d) 
is a separable metric space. The set of all probability measures on the Borel 

(r-algebra of S is denoted by P(S). The set N is the set of positive integers 

with the discrete topology. If (X, r) is a topological space, C(X) is the collec 

tion of all real, continuous functions on X while BC(X) is the set of bounded 

elements of C(X). Let Pn G P(S) for n G N andPG p(S). I? ? fdPn-> ?fdP 
for all/ ? BG(X) we say that Pn converges weak star to P and write Pn => P. 

This defines the weak star topology on P(S) and, unless noted otherwise, ?P(S) 

will be equipped with this topology. For more information, see Billingsley 

(1968). 

A real-valued function f on S will be called Lipschitz with norm ||/||jr 
relative to the metric d on S, provided 

^ll? = sup 
{^^%^- 

' d{x>y) * ?} 
< - 

Next, BL(S, d) will denote the Banach space of all bounded Lipschitz 
functions?/ on S, with the norm 

II/IIm = II/IIl+II/IU 
H?re, ?f course, 

11/11* = sup{\f(x)\ :x(ES}. 
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Dudley (1968) has shown that the weak star topology of F(S) is induced 

by the bounded Lipschitz metric ?, where 

?(P, Q) = ||P-?||BL = 
sup{| ??P-ifdQ\ : II/IIbl < 1}. 

Uniformities. Andre Weil axiomatrized uniformities abstracting the 

ideas of uniform convergence and completeness from metric spaces. Defini 

tions are presented below ; Kelley (1975) contains further details. Let (X, r) 

be any topological space. A uniformity <?? on X is a nonempty collection 

of subsets of X X X, satisfying the following conditions : 

(a) Each member of <& contains the diagonal of X X X : the diagonal is 

{(x, y) : x G X, y G X and x ? 
y}. 

(b) If U EU, then f/-1 G #, where EM - {(a, y) : (y9 x) G ?7}. 

(o) If 17 G ? then FoFC^for eome V G ??, 

where F o TF = 
{(#, y) : (x, z) G TP and (z, y) G F for some z}. 

(d) If U and F are members of <U, then [7 f~) V G <& 

(e) If UE U and /7C FCXxZ, then Fg?. 

If iCIxI, write -4[?c] 
= 

{y : (a;, y) G ^4} for the a-section of A. 

Suppose (X, t) is a given topological space, and let U be a uniformity on X. 

One easily verifies that <H induces a topology ru on X by the following rule : 

W G ru iff for each pEW there is a U G ?? such that I7|jp] ? IF. If 

ru = t, <?? is said to be an admissible or compatible uniformity for (X, r). 

A metric pon? defines a natural uniformity <??p as fellows : U G ??/> 
iff Cr Z) {(#, y) : p(x, y) < 5} for some positive 8. Likewise, a family of 

pseudo-metrics {pa : aQ A} on X defines a uniformity ?UA given by U G Ha 

if U Z) {(#> y) '- Paix>y) < ? for a^ a G -^}- ^or some positive 5 and finite 

Let Pn, $n G 7>(S) for n G A7, and let U be a uniformity on /?(?). The 

sequences Pn, Qn are said to merge (?U) if for every U G ?? there is a j G AT 

such that ti > j implies (Pn, Qn) G D\ 

2. Weak star merging 

We now define some uniformities on f*(S) admissible with respect to 

the weak star topology : 

(a) TF*?The weak star uniformity is induced by the pseudo-metrics 

P/(P, Q) = | J fdP?$ fdQ\ for/a bounded continuous function on S. 
The uniformity is denoted W*. 
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(b) BL?the dual bounded Lipschitz metric ?, described in Section 1, 

induces a uniformity to be denoted BL. Example 1.1 gives measures 

that merge (BL) but not (W*). 

(c) BC?If ?7 is a bounded continuous function on 7?(S), then 

pT(P} Q) = 
| T(P)-T(Q) | is a pseudo metric on 7>(S). The uniformity 

induced by this family of pseudo metrics will be denoted BC. Here 

T need not be linear. Example 1.2 gives measures that merge 

(IP) but not (BC). 

(d) C?the uniformity analogous to BC where the functions generating 
the pseudometrics are onJy required to be continuous but not bounded 

will be denoted C. 

(e) F?the fine uniformity generated by all continuous pseudo metrics 

on f?(S). This is the finest uniformity compatible with the weak 

star topology. 

Dudley (1966) has studied the relationship between W* and BL. In 

the next section we will continue this study for the five uniformities defined 

above. For now, we observe that W* Q BC Q C CI F and that all unformi 

ties are contained in the fine uniformity. 

There is another metric (?> on f>(S) which induces the weak star topology : 

?$(P, Q) = inf {s > 0 : P(A) < Q(Ae)+e for all Borel sets A}. 

Here A8 ={y ? S: d(x, y) < z for some x ? A). This metric is due to Prokorov 

see Billingsley (1968). Dudley (1968) has shown that the uniformity induced 

by (?) on p(S) is again BL. Dudley (1989, Sec. 11.7) has characterized BL in 

the following way : 

Theorem 2.1 (Dudley) : Given Pn, Qn ? *>(S) for n = 1, 2, ..., the follow 

ing are equivalent : as n?> oo, 

(a) ?(Pn,Qn)-+0. 

(b) <f>(Pn,Qn)-+0. 

(c) There exist on some probability space random variables Xn and Yn 

with values in S, such that Xn has law Pn and Yn has law Qn for 

all n, and d(Xn, Yn)->0 in probability. 

(d) The same with, "in probability" replaced by "almost surely". 

We now wish to charaterize BC. The main point is this : if Pn and Qn 

merge (BC), then both sequences are tight. For example, Pn, the uniform 

distributions on {1, 2, 3, ..., n) does not merge (BC) with Qn the uniform dis 

tributions on {1, 2, ..., n+l} although Pn and Qn merge in total variation. 
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We will need the following result. 

Lemma 2.2 : Suppose P1V Qn, P G P(S) for n G N. Let <U be an admi 

ssible uniformity on $> (S). If PnP Qn merge ?? and Pn 
=> P, then Qn => P. 

Proof : Suppose H is open in F(S) and that P G H. Since H is admissi 

ble, thert is a ? G U with U[P] Q H. There is also a V G U with VoVQU 
and we suppose V = F_1. Take j G A7 such that n > j implies Pn G F[P] 
and (Pn, ?n) G F. For such w we have (Pn, Qn) G V* V C t7. Thus Qn => P. D 

Proposition 2.3 : Suppose Pn, Qn G ^(?) cwd P,, ^ ?w /or n G AT. The 

following are equivalent : 

(a) pn> Qn mer9e (BC). 

(b) For every subsequence Pn. 
?Aere .is a further subsequence Pw. and 

aPep(S) such that P? => P arad O => P. 

(c) {Pn} is relatively compact and whenever Pni 
=> P it follows that Qni 

=> P. 

Proof : To see that (a) implies (b), suppose there is a Pn with no con 

vergent subsequence. If Qn had a convergent subsequence, then so would i 

PUm by Lemma 2.2, which is impossible. Letting A = 
{Pn?} 

and P = 
{on,-}? 

we see that both A and B are closed and discrete in ?P{S). By passing to 

subsequences if necessary, we may assume that both 
Pni 

and 
Qn? 

are sequences 

of distinct elements. One now constructs inductively subsequences P and 
ij 

Qn. 
in such a way that C = 

{P } and D = 
{Qn,}, satisfy C f] D = 

(j). Since 
lj tj ij 

A and B are discrete, C and D are closed in p(S). Since ^ (/S) is a metric 

space, Urysohn's lemma implies there is a bounded continuous function T 

on 70 (S) which is 0 on C and 1 on D. Thus T(Pn) 
? 

T(Qn) does not tend to 0, 
which is a contradiction. 

That (b) and (c) are equivalent follows from the definition of relative 

compactness (Billingsley, 1968). A straighforward argument shows that 

(b) implies (a). 

If S is complete, a well known theorem of Prokorov (see Billingsley, 

1968) shows that condition (c) is equivalent to : 

(d) {Pn} is tight and Pn, Qn merge in any uniformity compatible with 

the weak star topology. 

If S is not complete, then (2.3c) and (2.3d) are not equivalent. This 

can be deduced from Remark 2 on page 234 of Billingsley (1968). 

We now show that the uniformities BC, C, and F are the same for 

sequences. They differ for nets, as will be seen in Section 3. Condition (e) 
below was used as the definition ofmerging in Diaconis and Freedman (1986). 
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Theorem 2.4 : If Pn, Q G p (S) for nE N the following conditions are 

equivalent : as n?? oo 

(a) T(Pn)?T(Qn) ?> 0 for all bounded continuous functions T on jo (S). 

(b) U(Pn)?U(Qn)-> 0 for all continuous functions U on p (S). 

(c) Pn, Qn merge(F). 

(d) p(Pn, Qn)-* 0 for all p which metrize the iveak star topology on p (S). 

(e) B(Pn, Qn) -> 0 for every real-valued continuous R on p (S) X 1?(S) 

which vanishes on the diagonal. 

Proof : As uniformities, BC (Z.C (Z. F. Thus, it is clear that (c) implies 

(b) and that (b) implies (a). It is also clear that (e) implies (d). To see that 

(d) implies (c), let & = 
{p : p is a metric for the weak star topology in P(S)}. 

If p G F then p+? G <? and/> < p+?, with ? the dual bounded Lipschitz 
metric. Thus <? is a base for F and our assertion follows. 

Finally we show that (a) implies (e). Suppose T satisfies the conditions 

of (e) but T(Pn, Qn) -/> 0. There is an s0 > 0 and subsequences Pn, Qn. such 

that | T(Pn., Qn.\ > ?0 for i G A7. By Proposition 2.3 there is a subsequence 

Pn and a Z of P(S) such that Pn => Z and Qp, => Z. Thus T(Pn, Qn) -> 0 

which is impossible. 

For probability sequences, we consider next the relationship between 

the notions of merging with respect to BC and BL. 

Theorem 2.5 : Merge (BC) implies merge (W*) and merge (W*) implies 

merge (BL). 

Proof: Note that W*?LBC, and, so merge (BC) implies merge (W*). 

Suppose Pn, Qn merge (IP). We observe that Pn?Qn is a signed measure 

which converges weak star tc the zero measure on S. We can now appeal 

to Theorem 6 of Dudley (1966) to conclude that ?(Pn, QJ-> 0.Q 

Remarle : BC, W* and BL were shown to be different for noncompact 

S by the examples in Section 1. The next results show that they are equiva 

lent only for compact S. 

For p in S, let Sv be point mass at p. We observe that pn-^> p in S if 

and only if 8Vn 
=> 

8V. This fact implies the first half of the following lemma. 

The second half can be deduced easily from results of Varadarajan (1961). 

Lemma 2.6 : // A = 
{Sp : p G S}, then 

(a) A is a homeomorphic to S, and 

(b) A is closed in p(S). 
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Theorem 2.7 : The following are equivalent : 

(a) S is compact. 

(b) merge (W*) implies merge (BC). 

(c) merge (BL) implies merge (BC). 

Proof : If S is compact, then so is f?(S) (Theorem 13 of Billingsley, 
1968). Since there is only one admissible uniformity on a compact space 

(Kelley 1975), (b) and (c) follow. 

If S is not compact, then S contains a closed copy of N. Let Pn 
= 

8n, 

Qn 
= 

\ 1-J #n-|? 8n+1 for n? N. For any bounded continuous function 

/ on S9 we have 

ISfdPn-SfdQn\ < i \f(n)-f(n+l)\. fv 

Clearly PniQn merge with respect to W* and BL. However, Pn has no con 

vergent subsequences by using Lemma 2.6. Thus Pn, Qn do not merge (BC) 

by Proposition 2.3. 

Recall that S is a uniform continuity space (u.c. space) if every bounded 

continuous function on S is uniformly continuous. Thus compact and dis 

crete spaces are u.c. Finite products of u.c. spaces are u.c. Results of 

Dudley (1966) imply the following. 

Theorem 2.8 : The following are equivalent : 

(a) S is a u.c. space. 

(b) WQBL on *>(S). 

(c) Merge (BL) implies merge (W*). 

Proof : That (a) is equivalent to (b) is known : see Theorem 15 of Dudley 

(1966). So (a) implies (c) as well. 

Conversely, suppose (c) holds and that S is not a u.c. space. By Lemma 

9 of Dudley (1966), there is a sequence {xn} of distinct points of S with no 

convergent subsequence such that d(x2n, ^2n+i) converges to 0. For n G N, 

let Pn 
= 

8x2n and Qn 
= 

8.2n+v If \\f\\BL < 1 ; then 

\SflPn~iflQn\ = |/W-/(OI<^2,0. 

Clearly, Pn, Qn merge (BL). However, {xn} is a discrete closed set. We 

choose g ? BC(S) with g(ztn) = 1 and g(z2n+i) = 0 for n G N. Now | ? gdPm? 

? gdQn\ = l forngJV and so Pn, Qn do not merge (W). D 

A 3-11 
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3. Probability nets and uniformities 

We have seen that different uniformities on P (S) may have associated 

with them the same pairs of merging sequences. The differences turn up 

when nets are considered. 

Let U be any uniformity on P (S). The nets Pa, Qx, a G A, of P(S) 

merge (<U) if for every U G <U there is a 7 G A such that a > y implies that 

(Pa, Qa) G U. Let <Ul9 <U2 be any two admissible uniformities for ?P(S). 

It follows from the definition of uniformity that 4t1 
= 

<U2 iff they have the 

same pairs of merging nets. Thus, different uniformities on ^{S) give rise 

to different kinds of merging. We now study the relationship between the 

uniformities given in the previous section. 

If X is a topological space, the topological dimension of X is denoted 

dim X. Although there are a variety of definitions of dimension, they all 

coincide in the case of separable metric spaces (Nagami, 1970). If S is 

separable, then so is 7?(S) (Billingsley, 1968). Thus, there is no ambiguity. 

We need a few elementary facts : 

(a) dim X G N or dim X = 00. 

(b) If A is closed in X, then dim A < dim X. 

(c) Let An be the simplex in Rn, i.e. the set of nonnegative real numbers 

whose sum is 1. Then dim An 
= n? 1. 

Lemma 3.1 : The space P(N) has infinite dimension. 

Proof : For each n, P(N) contains a closed copy of the ^-simplex. 

Lemma 3.2 (Corson and Isbell, 1960) : If X is normal and T2, then C = F 

on X iff there is a compact set ?QI such that any closed set F of X disjoint 

from K has finite dimension. 

Lemma 3.3 : If F is closed in S, then P(F) is closed in 7?(S). 

Proof : Suppose Pn^P where Pn G *>{F) for n G N. Now Pn(F) =- 1 

for nGN and lim sup Pn(F) < P(F) by Theorem 2.1 of Billingsley (1968). n 
Thus P(F) = 1 and so P G /W 

Lemma 3.4 : The uniformities C and F are distinct on P(N). 

Proof : Suppose G = F on P(N). By Lemma 3.2, there is a compact 

K?. 7?(N) such that any closed F disjoint from K has finite dimension. If 

A = 
{Sp : p G X}, then A is closed and discrete in P(N) by Lemma 2.6. Since 

Ap\K is compact and discrete in K, it is finite. If B = 
A\K9 we write 

B == 
\J Bi where the Bi are disjoint and infinite. 

ieN 
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For i G JV, let Di = 
{q G N : 8q G P(}. We claim that there is a j such 

that 7>(Di) C\K = <?>. Suppose to the contrary that P? G 7>(Dj) f] & for 
all j G -2V. Now {Pj} is a sequence of distinct points of K and so there is a 

subsequence {P?m} 
and aPgi with P?w 

=> P. Since D = 
{J Di is closed 

in AT, ̂ (D) is closed in 7>(N) by Lemma 3.3. Thus P G J*(D). For l G A 

P/m(Z) is eventually 0 and so P(l) = 0. Clearly P(D) = 0 which is 

impossible. 

We suppose ^(D^ f)K = <f>. Since Dx is closed in N, ?P(DX) is closed 
in P(D). Since y>(Dx) is homeomorphic to ?g (N), it follows that ^(I^) is 
infinite dimensional by Lemma 3.1. We have a contradiction. 

Let 7?(N) denote the finitely additive probabilities on N with the weak 

star topology. Now F(N) is dense in F(N), and 7^(N) is compact (Kelley, 

1975). The following result is important to our discussion. 

Proposition 3.5 : ̂ (N) is not ? (f>(N)), the Stone?Cech compactification 
of }P(N). 

Proof : Consider the function T : j0(JV)-> R defined by T(P) = S P(i)K 

Clearly T is bounded and continuous. Let ?i be a remote, finitely additive 

0?1 measure on N. In the language of Gillnjan and Jerison (1960), ?i is a 

free ultrafilter on N and may be considered an element of ?N/N. There is 

a net Ja in N which converges to fi in ?N, and one easily verifies that Pa 
= 

fya 

and Qa 
= 

\1~~ 
= 
-)*/?+? ^i converge to ?i weak star. Now T(Pm) is 

identically one while T(Qm) converges to?. Thus T has no exten 
e 

sion to 7?(N) and so /* (N) is not ?($>(N)) (see Gxllman and Jerison, 

1960). D 

The proof of Proposition 3.5 provides an example of nets Pa and Qa that 

merge W" but not (PC). Here is an example of nets that merge (BC) but 

not (C) : Let ?i be a free ultrafilter on iV. Say ?i 
= 

{-?aIagA* 
For each ?, 

take two distinct points jx and &A in Ak. Let PA 
= 

??A, Q? 
= 

8jcX. Define 

T : P(N)^> R by ^P) 
= S iP(i)'*. Thus ?7 is continuous but unbounded. 

Since Pk and $A converge weak star to ?i, they merge (PC). On the other 

hand, | T(P?)?T(QX) | > 1 and so do not merge (C). With these preliminaries, 
the main result of this section can be stated. 
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Theorem 3.6 : The following are equivalent on />(S) : 

(a) 8 is compact. 

(b) W* = BC. 

(c) W = C. 

(d) C = BG. 

(e) W* = F. 

(f) BG = F. 

(g) 0 = F. 

Proof : If (a) holds, then as we noted earlier P(S) is compact. There 

fore, (b)-(g) hold since there is only one admissible uniformity on a compact 

space. If (b) holds and S is not compact, then S contains a closed copy of 

N. Now P(N) is closed in p(S) and so every bounded continuous g on p (N) 
has no extension to a bounded continuous function on P(S). Thus W* = BG. 

The completion of (p(N)9 W) is (P(?\W*) while the completion of (p(N)9 
BC) is (?(p(N)), BC). See Gillman and Jerison, 1960 for details. The 

completion of a uniform space is essentially unique (Kelley, 1975), and we 

infer that P(N) is the Stone-Cech compactification of P(N). This contradicts 

the previous proposition and thus (b) implies (a). 

If (c) holds, then so does (b) since W* C BC C 0. Thus S is compact. 

Suppose G = BC on ?P(S). We have that P(S) is a pseudo-compact 
metric space and hence is compact (Kelley, 1975). So S is compact by Lemma 

2.6 and (a) holds. 

If we have either (e) or (f ), then G = BC on p(S) since W* C BC C O C F. 
So S is compact. 

Finally, suppose G = F on P(S) and that S is not compact. Therefore 

S contains a closed copy of N. That F restricted to P(N) is the fine unifor 

mity of p(N) follows from Exercise 36H.2 of Willard (1968) P(N) is closed in 

P(S) and P(S) is paracompcact). Since every continuous function on P(N) 
can be continuously extended to P(S) (Kelley, 1975), G restricted to (N) is just 

C(P(N)). Thus C = F on P(N) but this is impossible by Lemma 3.4. 

We next provide a little information about BL. We first establish a 

few lemmas. 

Lemma 3.7 : Suppose 0<7<r^r. If p,qG S and d(p9 q) > y, then 
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Proof : We may suppose that p ^ q and that 7 > 0. Let T = 
{p, q). 

Define h on T by h(p) = 
-|- 

, %) == 0. Clearly ? G ?5L(?T, d) and ||?||Bii<r, *> 

< 1. By Lemma 5 of Dudley (1966), h has an extension k of BL(S, d) with 

\\k\\Bns,d) 
= 

||?||bl(T, d) < 1. Using fc, we see that ?(8p, 8a) > 
^ 

. D 

Lemma 3.8 : If p,qe S and d(p, q) < 7, iften yff^, 8Q) < 7. 

Proo/: Suppose heBL(S,d) with ||?||M < 1. H |?(p)-?(?)| > 7, 
then ||A||x, > 1 which is impossible. Thus ?(8p, 8Q) 

= sup | J hd8p 
\W\bl<1 

-jm^|= sup |%)-%)l <y. D 
Wbl<1 

Theorem 3.9 : BL Q PC on ;P(?) i/ ana o?% i/ ? is totally bounded. 

Proof : If S is totally bounded, then PL ? TF* by Theorem 14 of Dudley 
(1966). Thus BL Q BC. 

Conversely, suppose BL C BC and that S = 
(S, d) is not totally bounded. 

Thus S has a countably infinite subset A satisfying d(x, y)^ 7 for all #, y 
G A, x ^ y, wheie 7 > 0 is some fixed constant. We may assume that 

7 < _-^ 
. 

By Lemma 3,7, B = 
{Sx 

: x G A] is an infinite discrete set for ?. 

By Theorem 15.16(2) of Gillman and Jerison (1960), this is impossible since 

? G BC and the completion of BC is compact. 

The above theorem improves Theorem 14 of Dudley (1966). Although 
we did cite Theorem 14 here, we made use only of the trivial half. 

The more substantial part of Theorem 14 is implied by but does not imply 
Theorem 3.9. 

Theorem 3.10 : The following are equivalent : 

(a) BCQBL. 

(b) S is compact. 

(c) BC = BL. 

Proof : To see that (a) implies (b), suppose that S is not compact. By 
Theorem 2.7, merge (BL) does not imply merge (BC). Clearly PC ? BL. 

If (b) holds, then so does (c), and it is evident that (c) implies (a). 

In the above, BC may be replaced by C or F. This is clear since BC9 C, 

and F do not distinguish merging sequences by Theorem 2.4. 
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4. Merging sequences and mappings 

Let (T9 e) denote a separable metric space throughout the remainder 

of this paper. Let J&. denote the Borel sets of (S, d) and <j the Borel sets of 

(T9 e). Each measurable mapping h : S?> T induces a mapping h : P(S) 

-> p (T) given by h(P) = Ph"1 where Ph~l(A) = Pfy-^A)) for all A G ?. 

Billingsley (1968) studied conditions under which Pn => P implies PJi"1 
=> 

Phr1. In this section we give analogous conditions for merging. The argu 

ments show that often h is uniformly continuous. If (X, <U and (Y, H)) are 

uniform spaces, recall that g:(X, ??)-*(Y, <V) is uniformly continuous if 

for each V G W there is a U G U such that gXg(U) Q V (Kelley, 1975). 

Theorem 4.2 : Let h : S-> T be a map. The following are equivalent : 

(a) h : S-> T is continuous. 

(b) h : ?P(S)-+ 7?(T) is continuous. 

(c) h : (F(S)9 W*)?> (P(T), W*) is uniformly continuous. 

(d) h : (P(S), BC)-> (P(T), BC) is uniformly continuous. 

(e) h : (P(S), (?)-> (<P(T), C) is uniformly continuous. 

(f) h : (f(S), F)?> P(T), <U) is uniformly continuous where <U is any 

uniformity compatible with the weak star topology of 1P(T). 

(g) Whenever Pn, Qn merge (W*), h(Pn), h(Qn) merge (W*) The same 

result holds with W* replaced by (BC), (C), or (F). 

Proof: That (a) implies (b) follows from Theorem 5.1 of Kelley, (1975). 

To see that (b) implies (a) appeal to Lemma 2.6 and note that h(Sp) 
= 

ohm 

Each of (c)?(f ) implies (b) since uniformly continuous mappings of uni 

form spaces are always continuous with respect to the underlying topologies 

(Kelley, 1975). 

We now show that (b) implies (c). Let 

%T,f,e 
= 

{(/*, v) G HT)X*>(T) : | J fd,i- ?fdv\< e}, 

where f?BC(T), is a subbasic W* entourage of P(T). One easily verifies 

that/o heBC(S) and that hxh(Es,foh,8)Q ETjte. (Use the change of 

variables formula : J/o hdZ = 
J/o d(Zh~1).) 

S T 
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That h of (f ) is, in the presence of (b), uniformly continuous follows from 

a property of the fine uniformity (Kelley, 1975). To see that each part of 

(g) implies (b), appeal to Lemma 4.1. The other cases are handled in a simi 

larly easy fashion. 

In the previous theorem, no mention was made of the BL uniformity. 
The situation is a bit different with this uniformity because it, unlike the 

others we have discused, depends on the metric d of S. Let ?? denote the 

Lipschitz metric and <?>t the Prokorov metric. 

Lemma 4.3 : Let h : $-? T be a map. The following are equivlent : 

(a) h : (S, d)-> (T, e) is uniformly continuous. 

(b) h is uniformly continuous with respect to ??. 

(c) h is uniformly continuous with respect to <f>T 

Proof : That (b) and (c) are equivalent follows from the results in Dud 

ley's (1968) paper. We show that (a) implies (c). If s > 0, there is an 7/ > 0 

such that d(r, s) < 7] implies that e(h(r), h(s)) < ?. We may assume that 

r? < ~. Suppose P, Q G P(S) and that <j>(P, Q) < 
-|-. 

If A is a Borel set 

of T, it suffices to show that Phrx(A) < Qh-x(Ae'z)+~. However, this is 

obvious since (h-^A))1?* Q h-\A^) and P{hr*{A)) < Qdh-^A))"'^^-. 

It remains to show that (b) implies (a). Let e > 0, and we assume that 

s < ~. Suppose d(r, s)<~. By Lemma 3.8, ?(8r, ?*)< 
J-and 

so ?T (8h{r), 8h{8)) 

< -I-. By, Lemma 3.7, e(h(r), h(s)) < e. 

Theorem 4.4 : Let h : S?? T be a mapping and suppose Pn, Qn G &(S) 

for n G N. The following assertions are equivalent : 

(a) h : (S, d)?> (T, e) is uniformly continuous. 

(b) h : (*>(S), BL) (S), PP)-> (?>(T), BL) is uniformly continuous. 

(c) Pn, Qn merge (BL) implies h(Pn), h(Qn) merge (BL). 

Proof : That (a) and (b) are equivalent follows from the previous lemma, 
and that (b) implies (c) is obvious. Thus, we need only show that (c) implies (a) 

Suppose h is not uniformly continuous so that there is an e0 > 0 and 

points rn, sn G S for n G N such that d(rn, sn) < 
? while e(h(rn), h(sn)) > e0. 

1 
We may assume s0 < 

? , and it now follows easily from Lemmas 3.7 and 

3.8 that 8? , S merge (BL) while * hr\ 8? h-1 do not. D 
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5. Examples 

A. Posterior distributions in Bayesian statistics. One motivation for 

the problems considered here begins with a theorem of Blackwell and Dubins 

(1962). They consider two measures P and Q on an infinite product space. 

If P and Q are mutually absolutely continuous and admit regular conditional 

probabilities given the first n coordinates then 

\\P(.\Xl9...9Xn)-Q(m\Xv...9Xn)\\-+0. 

Here merging in total variation for the infinite future occurs almost surely. 
If P and Q represent the opinions of two Bayesians, both are sure that 

they will come to agree about the future given the past. 

In infinite dimensions, mutual absolute continuity is a strong assumption. 

It is natural to search for sufficient conditions for weak star merging of posterior 

distributions. In Diaconis and Freedman (1986) weak star merging was shown 

to hold for some exchangeable processes. For example, let P be a ?-coin 

tossing measure on coin tossing space {0, 1}?? for 0< #< 1. For a probability 

?i on the Borel sets of [0,1], let 

Pu =SP$fi(dd). 
Here P? and Pv are mutually absolutely continuous if and only if ?jl 

and v are. In Diaconis and Freedman (1986) it was shown that P?(m \ Xl9.. .,Xn) 
and Pv(%\Xl9..., Xn) merge weak star almost surely if and only if u and v 

have common support. 

For example, if ?i is Lebesgue measure and v is supported on the rationals 

in [0, 1], PM and Pv are singular. They merge weak star but not in total varia 

tion. Coin tossing space is compact, so all uniformities coincide. In 

Diaconis and Freedman (1986), merging in the fine uniformity is shown to 

hold for mixtures of product measures on Polish spaces. Lockett (1971) 

also considered weak star versions of the Blackwell-Dubins (1962) theorem. 

In Diaconis and Freedman (1988) merging of posteriors is demonstrated 

for all?not just almost all?sample sequences in coin tossing. To state 

things, let <f> be a positive function on (0, 1) A prior /i is ^-positive if /i assigns 
mass (f>(h) to every integral of length h. 

The results of Diaconis and Freedman, (1988) imply that for any ci, and 

any two ^-positive priors ?i and v, 

P?{m\xXy ..., ?n} and Pv{#|?i, ..., xn} merge weak star. 

Here xlt x2, ..., is any binary sequence. It is not required that the proportion 
of ones tends to a limit. Indeed if this proportion oscillates, then the posteri 
ors oscillate, but they merge weak star. 
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B. A stopping time problem. Robbins and Siegmund (1974) consider 

the problem of estimating an unknown binomial parameter p. They sought 

an estimator p so that the squared relative error E(p?p)2)/p2q2 is smaller 

than 1/c for c fixed and large. No fixed sample size estimator has this pro 

perty for all p. Let N be the first n > 1 such that Sn(n?Sn) > cn ; let 

P ? 
8&IN. Robbins and Siegmund show 

7)2Q2 
E(p?p)2 

~ ?? 
as c-> oo. 

When p 
= 

1/2, they derived the following oscillating limit law for N : 

let G denote the chi-squared distribution function with one degree of freedom. 

Let [?] denote integer part. As c?> oo, 

P{N?[4c] < j}-C([4c]-4c+j)-> 0 uniformly in j 
= 1, 2, ... . 

Again, this can be expressed in terms of total variation (or equivalently weak 

star merging) of two families on the integers. In this problem, Theorem 

2.6 implies that the two sets of laws merge for all compatible uniformities. 

C. Wobbling maxima. It is well known that the standard limiting theory 
of the maximum of random variables breaks down for discrete measures. 

Instead, the maximum often merges with a slowly oscillating family of approxi 
mates without converging. For example, consider Zv Z2, ..., independent 
normal random variables. Suitaby normalized, max Z< has a limiting ex 

treme value distribution. As n tends to infinity, 

P? max Zi < <y/2log n?loglog n?log ?n+2x \= e~e~x +o(l). ... (1) 
11 ? i ̂  n i 

The error term is uniform in x. 

Let Yn be Zn rounded to integers. The next result shows that the 

maximum of Yn takes at most two values (in probability) with slowly oscillat 

ing probabilities. 

Theorem 5.1 : Let Mn 
= max Yi, with Y i the integer part of inde 

pendent standard normal random variables. Then 

P{Mn 
= 

ln} 
= 

qn+o(l)=l--P{Mn 
= 

ln+l} 
... (2) 

with ln 
= 

[raj, mn 
= 

V2 lo9 n?loglog n?log ?n, qn 
= e"mn{Mn}. Above, [x], 

{x} denote integer and fractional part respectively. 

Proof : The maxima of Zi is the integer part of the maximum of Zit 

From (1), for any fixed integer c, 

P{Mn < ln+c} 
= 

e-?-i.???}-o)+o(l). ... (3) 

a 3-12 
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This follows by solving for x in 

ln+c = V2 Iog ^?og??g n -log ?n+2x = mn+ 
~ +0 (-?g-) \ 

thus, x = 

-Wft({mJ-c)+0(-~), 
so (1) implies (3). 

It follows from (3) that P{Mn < ?n-l} 
= o(l), 

P{Mn<lJ= l+o(l). 
These imply (2). 

Remarks: (1) The qn in (2) oscillates between 0 and 1/e. This shows 

there are no an, bn such that (Mn?an)jbn converges in distribution. Instead, 

the law Pn of Mn merges in total variation with Qn 
? 

qnSin+(l?qn)Sin+1. 

(2) The laws Qn are not tight, so Pn and Qn do not merge in any of the 

strong senses BC, C or F (see Theorem 2.6). 

(3) In this example, the law of Mn?ln merges (&) with qn80+(l-~qn)Sv 

It is not hard to make examples where no affine rescaling merges in this 

strong sense. 

(4) Replace Yn in Theorem 1 by a continuous random variable with a 

density having sharp peaks at the integers ; the peaks getting sharper for 

larger integers. For sharp enough peaks, this merges for ? or Prokorov's 

metric, but not W* or in total variation distance. 

(5) Similar oscillations occur for the maximum of Poisson or geometric 

random variables. For discrete long-tailed variables (the integer part of 

Cauchy variables) the maximum converges in distribution. 

D. Final remarks : There are several other examples where discreteness 

blocks convergence but merging obtains : the longest head run in coin-tossing 

exhibits oscillatory behavior. The number of ones in the binary expansion 

of a random integer chosen uniformly between 1 and N has a limiting normal 

distribution but the correction terms oscillate (Delange, 1975 ; Diaconis, 1977) 

Similar oscillations occur in the first correction for the normal approximation 

to the binomial (Esseen 1945). The distribution of the leading digit of an 

integer chosen at random between 1 and N merges with a simple law 

without converging (Diaconis, 1977 ; Raimi, 1976). A Markov chain with 

periodic behavior may merge with an oscillating family of stationary distri 

butions without converging. 
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It is fair to say that most of these examples can be handled by standard 

methods : merging in variation distance or a standard metric, or by taking 

subsequences The introductory examples suggested that a rich variety of 

merging behavior might occur. The systematic development presented above 

shows that the strong notions : BC, C and F can only occur when tightness 
is present, so subsequences would do as well. The seemingly natural W* 

notion see ms similarly restrictive. We find it an interesting open problem to 

find a good characterization of merge(TF*). 

For routine use, merging in the dual bounded Lipschitz or Prokorov 

metric seems the most natural choice. Their equivalence and attendant 

random variable version (Theorem 2.1) make them particularly attractive. 
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