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Abstract. Is the connection between approximation theory and har-
monic analysis genuine? This question may seem a little provocative,
especially in light of the recent literature about the significant inter-
actions between wavelet analysis and nonlinear approximation. How-
ever, this connection might just as well be an accident as it merely
seems to be limited to wavelets. For instance, do we know of any
other constructions giving important insights into central problems in
approximation theory? The work surveyed in this paper suggests that
the connection between applied harmonic analysis and approximation
theory is much larger than that wavelets or Fourier analysis imply. We
introduce some fundamentally new systems for representing functions,
and will show how well those new constructions connect with central
problems in approximation theory. Especially, we will explore the sub-
ject of ridge function approximation and the problem of representing
or approximating objects with spatial inhomogeneities.

§1. Introduction

This paper is the companion to the lecture delivered at the 10th Confer-
ence on Approximation Theory on March 28th, 2001. Rather than being
about a specific problem, this is merely an account of some ideas that
have been part of my intellectual life for about 5 years. Many of these
ideas formed as I was a Ph. D. student in the Department of Statistics
at Stanford University. David L. Donoho served as my advisor and this
paper owes a lot to his intellectual generosity.

This article is loosely organized around a central theme, namely, the
connection between computational harmonic analysis (CHA) and approx-
imation theory (AT). The rapid development of wavelets in the eight-
ies together with the key observation that wavelets can be construed as
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the building blocks of many functional classes and approximation spaces
[20,48] fueled an explosive literature on this subject, see [29] for a won-
derful survey. The importance of this literature was amplified by the fact
that most of the ideas discussed bear great practical significance for signal
and image processing. By now, we are all familiar with wavelet success
stories such as their inclusion in JPEG 2000, the new still-picture com-
pression standard, or the celebrated wavelet shrinkage for removing noise
from signals or images.

1.1 An accidental connection?

By the late nineties, the connection between wavelet and approximation
theory had been explored rather extensively. A concern –at least to the
author– was whether the connection between CHA and approximation
theory was genuine. Indeed, there was no evidence at the time of any
other CHA construction giving important insights into central problems
in approximation theory. In other words, was this tie between wavelets
and approximation theory merely an accident?

¿From the CHA viewpoint, the domain of expertise of wavelets was
clearly understood. At the same time, the concern that wavelets were per-
haps not the answer to every problem in approximation theory developed.
For instance, wavelets offer poor representations of two-dimensional ob-
jects that are singular along curves. An example, which to my knowledge
should be attributed to Yves Meyer, shows that in two dimensions, non-
linear wavelet approximations of the indicator function of the unit disk
converge ‘slowly.’ We used the word slowly because one can exhibit other
methods of approximation such as using superpositions of indicators of
triangles with all possible shapes which converge at a much faster rate.
In the introduction to this lecture, Ron DeVore addressed this issue and
perhaps best summarized that feeling when he said that “wavelets had
hit a wall.” Implications are clear. The challenge is to find new tools in
CHA for problems that wavelets are not able to address efficiently. We
should acknowledge, however, that this is an act of faith in which we ex-
press the belief that there are many possible CHA constructions beyond
wavelets. Against this optimism, we often heard in conferences that not
only wavelets but CHA had run its course and that we need ideas outside
of CHA. The recent work of Mallat and his collaborators on bandelets [40]
indeed explores other directions.

Conversely, from the approximation theory viewpoint, wavelets
brought a remarkable sense of closure to an important line of research
about spline and rational approximation as well as related topics in math-
ematical analysis such as applied functional analysis and interpolation
theory. For instance, wavelet, free-knot spline or rational function ap-
proximation are, in some sense, optimal over the scale of Besov spaces
and give the same speed of convergence.
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The scope of approximation theory, however, is of course much larger
than wavelet or spline approximation. In particular, nonlinear approxima-
tion received an increasing degree of attention, perhaps motivated by the
close relationship existing between nonlinear approximation and the sub-
ject of data compression. We shall now describe a typical set of problems
in this area.

1.2 Nonlinear approximation

Given a dictionary of generally overcomplete elements D = {gλ, λ ∈ Λ},
we are interested in the best m-term approximation

inf
fm∈Σm

‖f − fm‖L2 , (1.1)

where Σm is the set of objects that are linear combinations of at most m
elements of D

Σm = {g, g =
m∑

i=1

αigλi}. (1.2)

Note that Σm is not a linear subspace. If g and h are both in Σm, then
f + g is generally not a member of Σm but rather, of the larger set Σ2m.
Let a target function f be given. How do we construct the best or near-
best m-term approximation to f? What do we know about the degree of
approximation

dm(f,D) ≡ inf
fm∈Σm

‖f − fm‖L2 as m → ∞? (1.3)

Next, instead of being interested in the performance for a specific target f ,
one might study, instead, the quality of the approximation of a functional
class F by the dictionary D. For example, what do we know about

dm(F ,D) ≡ sup
f∈F

dm(f,D)? (1.4)

There are also interesting characterization issues. For instance, given a
dictionary D can we characterize those functions that can be approximated
at a given rate by members of Σm? And conversely, given a functional
class F , how do we design a dictionary which, in some sense, is best for
approximating its elements? Problems of this nature, whether they are
about the characterization of approximation spaces or about the existence
of constructive procedures for obtaining near-best m term approximations,
are usually hopelessly difficult. There is a lack of universal principles which
the author finds a little discouraging. Indeed, each new problem calls for
a lot of hard work and progress are generally at the expense of a lot of
hard and cumbersome analysis.
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1.3 Our claim

I claim that there is much more to CHA than wavelets and related systems.
Indeed, the work surveyed in this paper will introduce a wealth of new
systems, and we will show how well those new constructions connect with
central problems in approximation theory. Further, we suggest that the
connection between CHA and approximation theory is much larger than
what wavelets imply. We begin our exploration of this renewed connection
with the problem of approximating with superpositions of ridge functions.

1.4 Ridge functions

In the seventies, Logan and Shepp [43] coined the terminology ridge func-
tion to designate functions of the form g(k·x) = g(k1x1+k2x2+. . .+kdxd).
In other words, a ridge function is a multivariate function constant on the
hyperplanes k ·x = t where t is a real valued constant. Ridge functions are
also known under the name of planar waves. Over the last twenty years
or so, ridge functions have appeared rather frequently in the scientific
literature.
Computerized tomography. First, ridge functions play an important
role in the literature of computerized tomography. Logan and Shepp [43]
considered the problem of reconstructing a two-dimensional function f(x)
from its projections (Rf(·, θ1) , Rf(·, θ2), . . . , Rf(·, θk)) for fixed and
distinct directions θ1, . . . , θk which belong to S1, the unit sphere of IR2.
Here Rf is the Radon transform

Rf(t, θ) =
∫

θ·x=t

f(x) dx, t ∈ IR, θ ∈ S1. (1.5)

This problem is, indeed, a mathematical idealization of several imaging
problems [18] as in tomography. Define the set of ‘candidates’ as all func-
tions whose Radon transform match the given projections for every θj ,
j = 1, . . . , k. We use the method of regularization and seek that object
f∗ with minimum L2 norm among all possible candidates. The result
proved by Logan and Shepp is that f∗ is a superposition of at most k
ridge functions.
Statistics. In statistics, ridge functions were introduced to overcome the
adverse effect of the curse of dimensionality. A central problem there is
that of estimating an unknown regression surface given data (xi, yi)N

i=1,
where xi is a d-dimensional input variable and yi is a real-valued output
response and the model

yi = f(xi) + εi; (1.6)

here, ε is a stochastic and noisy contribution which is assumed to have zero-
mean so that the problem is to estimate the conditional mean of y given x
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as f(x) = E(y|x). Friedman and Stuetzle [31] suggest approximating the
unknown regression function f by a sum of ridge functions

f(x) ∼
m∑

j=1

gj(kj · x),

where the kj ’s are vectors of unit length, i.e. ‖kj‖ = 1. In its abstract ver-
sion, the approximation process operates in a stepwise and greedy fashion.
At stage m, it augments the fit fm−1 by adding a ridge function gm(km ·x),
where km and gm are chosen so that gm(km · x) best approximates the
residuals f(x) − fm−1(x).

For completeness, we should stress that the original paper presented
a principle for fitting finite linear combinations of ridge functions in the
sampling case. Given data (xi, yi)N

i=1, the procedure is analogous to that
described above. At stage m, the fit fm−1 is augmented by adding a
ridge function gj(kj · x) obtained as follows: calculate the residuals of the
(m−1)th fit ri = xi−

∑m−1
j=1 gj(kj ·xi); and for a fixed direction a, plot the

residuals ri against k·xi; fit a smooth curve g and choose the best direction
a, so as to minimize the residuals sum of squares

∑
i(ri − g(k · xi))2. The

algorithm stops when the improvement is small.

Partial differential equations. Planar waves appear frequently in the
study of partial differential equations and especially in certain hyperbolic
problems [35]. To give a flavor of this connection, we follow [33] and
consider the differential operator with constant coefficients

L =
∑
α

aαDα,

where D is either one of the partial derivatives ∂1, ∂2, . . . , ∂d. Suppose we
want to solve

Lu = f, (1.7)

where f is a nice object, namely, f belongs to the Schwartz class S(IRd).
Start with the equation

Lu = fθ, (1.8)

where θ ∈ Sd−1 and fθ(x) = fθ(x · θ) is a ridge function. Then, looking
for solutions of the form uθ(x) = uθ(x · θ) amounts to solving an ordinary
differential equation. If we can synthesize the right hand-side of (1.7) as a
superposition of ridge functions, then under some conditions, we would be
able to write down a solution to (1.7) as a superposition of ridge functions
as well. For completeness, such synthesizing principles are possible by
means of the Radon transform.
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As an example, consider the Cauchy problem for the wave equation
with constant coefficients

∆u =
∂2u

∂t2
, u(x, 0) = f0(x), ut(x, 0) = f1(x),

where f0 and f1 are given smooth functions. Then one has available
an explicit formula which expresses the Cauchy problem as a continuous
superposition of ridge functions [33]. Note also that for h ∈ C2 and
θ ∈ Sd−1, the ridge function

v±(x, t) = h(x · θ ± t)

satisfies ∆v = (∂2/∂t2)v.
Neural networks. There is no real definition of a neural network. How-
ever, the most commonly studied neural network is the one hidden-layer
feedforward neural network which is a name given to a function con-
structed by the rule

fm =
m∑

j=1

αjσ(kj · x − bj); (1.9)

the αj and bj are scalars and the kj are d-dimensional vectors. A one
hidden-layer feedforward neural network is then a superposition of m
ridge functions which are often called neurons. The activation function
σ is usually sigmoidal, a terminology which means that σ is bounded and
monotone with e.g. limt→−∞ σ(t) = 0 and limt→∞ σ(t) = 1. Popular
choices for σ are the Heavyside σ(t) = 1{t>0} and the logistic function
σ(t) = 1/(1 + e−t).
Approximation theory. Many of the problems in the neural nets
methodology are of an approximation theoretic nature, hence the signif-
icant place of ridge functions in the literature of approximation theory.
Throughout the remainder of this paper, DNN will denote the collection
of neurons (neural network dictionary)

DNN = {σ(a · x − b), k ∈ IRd, b ∈ IR}. (1.10)

The most fundamental questions in this field are a recast of those for-
mulated in a preceding paragraph. For instance, one can ask about the
capabilities of this dictionary. As an example, we may be curious about
the speed of convergence of finite linear combination of neurons to a given
target f as the number of neurons n is increasing and tending to infinity.
Or about how well does DNN approximate a given functional class F . In
addition, a central question is about the existence of very concrete pro-
cedures with good approximation properties. Later sections will review
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some results in this area but in truth, very little is known about neural
network as a form of approximation. We quote from Petrushev [53] “It is
surprising, therefore, that the most fundamental questions concerning the
efficiency of approximation by ridge functions are unanswered.” There
seems to be a general consensus about this, see Pinkus [54] who writes
“there is very, very little known about the degree of approximation by
ridge functions.”

We should emphasize that in order to talk about the speed of con-
vergence, one should, of course, better verify that DNN is, in some sense,
complete. Various completeness results are known for neural networks
[13,17,32,34]. These results are fairly recent and we introduce two of them.
First, Cybenko [42] shows that the span of DNN is dense in C(K) for any
compact set K ⊂ IRd, for any continuous σ obeying limt→−∞ σ(t) = 0 and
limt→∞ σ(t) = 1. This means that for every function f ∈ C(K) and every
ε > 0, one can find g in the span of DNN with the property

sup
K

|f(x) − g(x)| < ε.

Note that this result gives completeness in other spaces such as in L2(K)
since C(K) is dense in L2(K). Second, Leshno, Lin, Pinkus and Schocken
[42] obtained a rather definitive result concerning the density property of
of DNN . They proved that continuous activation σ yields the density in
C(K) if, and only if, σ is not a polynomial.

Many mathematical problems in the field of neural networks are of
an approximation-theoretic nature. We shall first discuss the problem of
constructing neural net approximations, and then review what is known
about their degree of approximation.

1.5 Construction of neural networks

Fundamental questions remain open about the computational efficiency
of neural networks. First and foremost, it is unclear how to construct
neural networks. A previous article [4] pointed out this major conceptual
weakness, and our exposition will closely follow the argument presented
in that paper. The problem here is that we do not really know how to
represent a multivariate function as a superpositions of neurons σ(k ·x−b).
This is in stark contrast with some other areas of approximation theory
such as polynomial, Fourier or wavelet approximations.

Because of the lack of synthesizing principle, any approximation pro-
cedure amounts to minimizing highly multimodal error surfaces. For in-
stance, to find the best m-term approximation

fm(x) =
m∑

j=1

αjσ(kj · x − bj),
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one has to solve the following optimization problem

inf ‖f − fm‖L2

where the infimum ranges over the coefficients (αj)m
j=1 and the network pa-

rameters (kj)m
j=1 and (bj)m

j=1. Solving such problems belong to the realm
of dreams. We quote Barron [16]: “There is no known algorithm... Gradi-
ent search and its variants produce a local optimum of dubious scientific
merit.” There is more. In a practical setting where one is given sampled
data (xi, yi)N

i=1, Vu [62] showed that finding the minimum of

∑
i

(yi − f(xi))2

or even an approximate minimum is NP-hard, as soon as m ≥ 2. Vu
improved upon the pioneering work of Jones [37]; the title of Jones’ article,
“The computational intractability of training sigmoidal neural networks”
surely drives our point home. The aim of this line of research is to show
that it is impossible to design algorithms running in polynomial time that
would produce ‘accurate estimates’ (the exact formulation is that this
problem is NP-hard and it is a conjecture that NP-hard problems cannot
be solved in polynomial time).

A possibly more reasonable method of approximation is the greedy
algorithm as discussed above. This algorithm and its variants synthesize
the approximation fm through a greedy stepwise addition of terms; begin
with f0(x) = 0, the relaxed greedy algorithm inductively defines for each
i = 1, . . . ,m

fi = α∗fi−1 + (1 − α∗)σ(k∗ · x − b∗), (1.11)

where (α∗, k∗, b∗) are solutions of the optimization problem

min
0≤α≤1

min
(k,b)∈IRn×IR

‖f − αfi−1 + (1 − α)σ(k · x − b)‖2. (1.12)

At stage i, the algorithm updates the current approximation fi−1 with a
convex combination involving fi−1 and a new term, a neuron σ(k · x− b),
that results in the largest decrease in approximation error (1.12). As we
pointed out, this strategy sounds more concrete, but is still subject to
some rather serious objections.

• Algorithm? At each stage, there are many feasible choices (αi, ki, bi),
and the minimization (1.12) involves a nonlinear search over those
parameters. This is a nonconvex problem, and to the author’s knowl-
edge there is no obvious practical algorithm for solving (1.12). (In a
discrete setting, there is work showing that the number of local min-
ima may be bounded below by C ·Nd, where N is the sample size and
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d the dimension of the space [1]). In a realistic implementation, one
would need to discretize the set of parameters to perform a search.
How fine does the discretization of the network parameters need to
be?

• Stability. The greedy approach does not yield stable decompositions.
A small perturbation of the input function f will typically produce
radically different parameter values. In other words, these parameters
do not have any reliable scientific meaning.

• Efficiency. The work of DeVore and Temlyakov proves that the greedy
algorithm obeys very weak approximation bounds even when good ap-
proximations exist. To be more concrete, it is possible to synthesize a
target function as a superposition of only two elements of the neural
net dictionary and prove that the greedy algorithm, producing a se-
quence of m-term approximations, will converge at the rate O(m−1/2)
and not faster. And the target is only a superposition of two terms!
These weak properties are well-known to engineers and statisticians.
In statistics, this says that stepwise regression may be severely in-
efficient for model selection. In signal processing, where the greedy
algorithm is also known under the name of “matching pursuit,” it is
known that the inability to look ahead may cause initial errors the
algorithm will keep on trying to correct. Chen et al. [14,15] give a
sequence of rather spectacular computational examples in this direc-
tion.

We say “that there is no obvious practical algorithm for solving
(1.12)” in light of the scientific standards in common use in numerical op-
timization. There, the word algorithm has a very precise meaning, namely,
that of a procedure which, in a given number of steps, gives the minimum
guaranteed or an approximate minimum with a ticket which says how far
we are from the minimum, see the literature on Linear Programming (LP)
or Semi-Definite Programming (SDP), for example.

It is not the author’s intention to sound sweepingly negative. As a
matter of fact, the neural network methodology is used quite successfully
in many applications. The point here is that, by and large, this method-
ology seems removed from mathematical and scientific standards. Success
is often measured in terms of how well does a particular methodology
perform on a specific example rather than on the scientific underpinning
it provides. This is not a criticism, merely a fact. The neural network
methodology is a guiding principle and researchers in this field are happy
trying everything that works well in practice. However, true scientific
progress has to do with a better understanding of these mathematical
models.
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1.6 Approximation by ridge functions

In this section, we will consider the degree of approximation with n-term
approximations from DNN . For each n, put

Σn =
{ n∑

j=1

αjσ(kj · x − bj), αj ∈ IR, kj ∈ IRd, bj ∈ IR
}

.

There is a body of work which tells us that ridge function or neural net-
work approximation is as efficient as other means of approximation such
as splines or polynomials for approximating classical smoothness classes
which we now define.

We first introduce some notations. Let α = (α1, . . . , αd) be a d-uple of
nonnegative integers and Dα be the partial derivative Dα = ∂α1

1 · · ·+∂αd

d .
Put |α| = α1 + . . . αd. Further, we set m to be a nonnegative integer and
Ω to be an open set of IRd. The Sobolev space Wm

p (Ω) is the completion
of Cm(Ω) with respect to the norm

‖f‖W m
p

= ‖f‖Lp(Ω) +
∑

α:|α|=m

‖Dαf‖Lp(Ω), p ∈ [1,∞]. (1.13)

An object f belongs to the space Wm
p if it has finite Sobolev norm or,

in other words, if f and all of its partial derivatives up to order m are
in Lp. Interpolation theory allows the extension of Sobolev norms to the
half-line m ≥ 0 and we will omit this definition. Finally, define Sobolev
balls Wm

p (C) by

Wm
p (C) = {f ∈ Wm

p , ‖f‖W m
p

≤ C}

meaning that one get control of the size of f and its derivatives up to
order m. Unless specified otherwise, we will take Ω to be the unit ball D
of IRd, D = {x, x2

1 + · · · + x2
d ≤ 1}.

Mhaskar [49] proves the following result. Assume that the activation
function σ is C∞ and that σ is not a polynomial. Then for each p ∈ [1,∞]
and m ≥ 1

dn(Wm
p (C),DNN ;Lp) ≡ sup

f∈W m
p (C)

inf
g∈Σn

‖f − g‖Lp ≤ Ks,p · C · n−m/d.

(1.14)
There are converse results as well. For instance, letting σ be the logistic
sigmoid, σ(t) = 1/(1 + e−t), Maiorov and Meir [45] prove that

dn(Wm
p (C),DNN ;Lp) ≥ K ′

s,p · C · (n log n)−m/d. (1.15)

This shows that the degree of approximation n−m/d is, in some sense, op-
timal. In fact, [19] showed that the Sobolev balls cannot be approximated
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at a rate faster than n−m/d by any reasonable means of approximation.
By ‘reasonable,’ we mean a method of approximation which depends con-
tinuously on f , see the above reference for details. Also, the exponent
m/d is that appearing in the Kolmogorov ε-entropy, and in the minimax
risk of estimation over Sobolev balls.

We would like to mention another interesting result due to Petrushev
[53] which is an extension of an earlier work from DeVore, Oskolkov and
Petrushev [21]. Set I = [−1, 1]. We let Xn be a linear space of univariate
functions in L2(I) of dimension n, and let Θn be a finite subset of the unit
sphere of IRd. The collection of functions of the form

g(x) =
∑

θ∈Θn

αθρθ(θ · x), ρθ ∈ Xn, θ ∈ Θn}

is a linear space Yn of dimension ≤ n×#Θn. We suppose that Xn obeys

inf
h∈Xn

‖g − h‖L2(I) ≤ Cs · n−s · ‖g‖W s
2 (I). (1.16)

Then Petrushev proves that for appropriately chosen sets Θn of cardinality
O(nd−1), we have

inf
g∈Yn

‖f − g‖L2(D) ≤ Cr · n−r · ‖g‖W r
2 (D), r = s + (d − 1)/2. (1.17)

Note that the cardinality of Yn obeys #Yn = O(nd). For instance we may
construct Xn as the univariate space spanned by σ(nt−k), 0 ≤ k ≤ n and
assume that the activation function σ is chosen such that (1.16) holds.
Then define Yn as described above, i.e.

Yn = span{σ(nx · θn − k), θn ∈ Θn, 0 ≤ k < n}.

Then Yn obeys (1.17). Petrushev remarks that there is “an unexpected
gain of (d − 1)/2 in the approximation order.” To describe this phe-
nomenon, consider the case where σ is the Heavyside σ(t) = 1{t>0}, and
observe that for this choice of sigmoid, Xn obeys (1.16) for s = 1. Then
Yn approximates elements with 1 + (d − 1)/2 derivatives at the optimal
rate, even though σ, and by the same token the elements of Σn, are dis-
continuous. We shall return to this point later. The point of Petrushev’s
findings is that the condition (1.16) is about the approximation of univari-
ate functions which automatically translates into corresponding approx-
imation properties for multivariate smoothness classes by superpositions
of ridge functions.

We remark that (1.17) is a result about linear approximation which,
in some sense, is an extension of Mhaskar’s theorem (1.14) since it allows
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for very general Xn. On the other hand, however, it is only established
for p = 2.

We would like to point the reader to other references in this direction
of research such as [44] and [52] which give other results with means of
approximation which are not continuous. See also, Pinkus [55] for a rapid
tour of those references.

This line of research shows, essentially, that neural networks enjoy
the same degree of approximation as polynomials over classical smooth-
ness classes. In fact, polynomials play a central role in the proofs of the
above results. For instance, the key observation behind Mhaskar’s theo-
rem (1.14) is that for every integer n ≥ m there exists a polynomial πn(f)
of coordinatewise degree not exceeding n such that for every f ∈ Wm

p , we
have

‖f − πn(f)‖Lp ≤ C · n−m · ‖f‖W m
p

.

The idea is that one can then approximate each monomial of πn(f) with
finite differences of neurons, see [49]. There is a similar idea underlying the
result (1.17) of Petrushev. The starting point is again to use polynomials
to approximate elements of W s

2 , and to decompose those into ‘ridge’ poly-
nomials. The profile of those ‘ridge’ polynomials are of course polynomial
and one can use Xn to approximate those univariate polynomials.

The point of this research, however, is not very clear to the author. We
have available a very concrete, stable and extraordinarily well-understood
method of approximation by polynomials. Why should we prefer obscure
methods of approximations by neural networks which are often unstable
[49] and algorithmically nonconstructive? Isn’t it possible to introduce
function classes over which neural networks are arguably better than other
means of approximation? In some sense, this is the spirit of the work of
Barron we introduce next.

1.7 Barron’s results

Barron [2] published a result about the degree of approximation of neural
networks which had an enormous impact upon the community. Letting f̂
be the Fourier transform of f , Barron introduces the class of functions

B(C) =
{

f ∈ L2([0, 1]d) :
∫

IRd

|ξ||f̂(ξ)| dξ ≤ C
}

. (1.18)

(Here and throughout the remainder of the paper, the notation | · | stands
for the Euclidean norm.) Barron shows that for this class, the relaxed
greedy algorithm (1.11)–(1.12) produces a sequence of approximations
with the property

‖f − fn‖2 ≤ 2 · C · n−1/2, (1.19)
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where fn is the output of the algorithm at stage n. One notices that the
exponent of convergence does not depend upon the dimension d, which
launched a curious discussion about the fact that neural networks defeated
the curse of dimensionality.

The argument, here, is that Barron’s class is included in the convex
hull of the neural net dictionary. In other words, every f ∈ B(C) can be
written as

f =
∑

j

αjσ(kj · x − bj), with
∑

j

|aj | ≤ C. (1.20)

A stochastic argument which goes back to Maurey [56] then shows that
if f belongs to the convex hull of {σ(k · x − b)}, there exists a sequence
of n-term approximations which converge at the rate n−1/2. Further, in a
remarkable paper, Jones [36] showed that the greedy algorithm converges
at this same rate.

On the one hand, we already highlighted the lack of constructive
character of the greedy algorithm which does not turn (1.19) into a very
constructive result. On the other hand, the dictionary of orthogonal si-
nusoids is optimal for approximating elements of B(C), which is hardly
surprising since the class B(C) is defined by means of the Fourier trans-
form. We let DF be the classical orthobasis {ei2πk·x, k ∈ ZZd}, and let
fF

n be the approximation obtained by keeping only the n largest terms of
the trigonometric series –ironically, trigonometric exponentials are ridge
functions. We have

sup
f∈B(C)

‖f − fF
n ‖L2 ≤ C · n−1/2−1/d. (1.21)

Roughly, this follows from the equivalence (f is compactly supported)∫
IRd

|ξ||f̂(ξ)| dξ 

∑

k∈ZZd

|k||f̂(2πk)|,

which is a simple consequence of a famous theorem about the sampling
of bandlimited functions due to Polỳa and Plancherel [57]. Therefore,
f ∈ B(C) implies that the Fourier coefficients ck(f) of f obey∑

k

|k| |ck(f)| ≤ C. (1.22)

The inequality (1.22) gives a bound on the decay coefficient sequence of
f . Skipping the details and letting |c(f)|(n) be the nth largest entry in
the sequence, (1.22) gives∑

m>n

|c(f)|2(m) ≤ C · n−(1+2/d),
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and, therefore, (1.21).
Actually, Makovoz [46] later improved the bound (1.19), and showed

dn(B(C),DNN ) ≤ C · n−1/2−1/2d. (1.23)

This upperbound is still not as good as the rate provably obtained by
trigonometric approximations (1.21).

In short, these results are not very satisfying as one may exhibit
other well-established method of approximation, namely, the thresholding
of Fourier series, with at least as good approximation properties.

1.8 Key issues

Neural networks are used everyday for approximation, prediction, pattern
recognition, etc. in the applied sciences and engineering. This is a gigantic
field; there are several journals in the field with several thousands of papers
published on neural networks, many annual conferences and several dozens
of textbooks on this subject. And yet, there seems to be no real theoretical
basis, and also practical issues such as the construction of neural nets need
to be addressed. From the viewpoint of approximation, there is a need to
understand the properties of neural net expansions, to understand what
they can and what they cannot do, and where they do well and where
they do not. How and which type of functions should we approximate
with ridge functions? How do we develop approximation bounds?

1.9 A different approach

The work surveyed in this paper suggests that there is a very different
way to go about this problem. We develop transforms which allow the
representation of arbitrary objects by superpositions of ridge functions.
Those transforms can be used to construct stable approximations. An
analogy may be helpful to illustrate this shift in emphasis [27].

In one dimension, consider the problem of approximating a function
f by dilations and translations σ(at− b), a > 0, b ∈ IR of a single template
σ. If σ is sigmoidal, this is far from being obvious. Now, substitute the
sigmoid σ with an oscillatory profile ψ. Harmonic analysis tells us that
this becomes a much better posed problem. Indeed, the wavelet transform
allows the representation of rather arbitrary signals as superpositions of
elements of the form ψ(at − b). Moreover, one has available wavelet or-
thobases and fast algorithms which yield very concrete procedures for
obtaining stable n-term approximations. This is especially relevant for
practical applications. The philosophy is the same, namely, that of ap-
proximating objects with dilations and translations of a single (or a few)
templates. Only the shape of this template has changed.
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Just as the wavelet transform allows the representations of arbitrary
functions with superpositions of dilations and translations of a single func-
tion, the ridgelet transform will allow the representations of multivariate
objects with dilated, rotated and translated versions ψ(au · x − b) of a
single ridge function, say, ψ(x1). Like in wavelet theory, there is both a
discrete and a continuous transform which we now introduce.

§2. Ridgelets

This section introduces the ridgelet transforms and surveys some of their
main properties. All of the forthcoming claims and results are proved in
[4]. For now, ĝ will denote the Fourier transform of g,

ĝ(ξ) =
∫

IRd

f(x)e−ix·ξ dx. (2.1)

2.1 The continuous ridgelet transform

In d dimensions, the ridgelet construction starts with a univariate function
ψ satisfying an admissibility condition, namely,

Kψ =
∫

|ψ̂(ξ)|2/|ξ|d dξ < ∞; (2.2)

this condition says that ψ is oscillatory and has vanishing moments up to
about d/2. Here, the number of vanishing moments grows linearly with
the dimension of the space. Sigmoidal activation functions in use in the
theory of neural networks are not admissible. A ridgelet is a function of
the form

1
a1/2

ψ

(
u · x − b

a

)
, (2.3)

where a and b are scalar parameters and u is a vector of unit length. Of
course, a ridgelet is a ridge function and resembles a neuron but for the
oscillatory behavior of the profile. A ridgelet has a scale a, an orientation
u, and a location parameter b. Ridgelets are concentrated around hyper-
planes: roughly speaking the ridgelet (2.3) is supported near the strip
{x, |u · x − b| ≤ a}. Ridgelets are pictured in Fig. 1 for various values of
these parameters.

Define a ridgelet coefficient as

Rf (a, u, b) =
∫

f(x) a−1/2ψ(
u · x − b

a
) dx; (2.4)

then for any f ∈ L1 ∩ L2(IRd), we have

f(x) =
∫

Rf (a, u, b)a−1/2ψ(
u · x − b

a
) dµ(a, u, b), (2.5)
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Fig. 1. Ridgelets.

where dµ(a, u, b) = da/ad+1 du db (du being the uniform measure on the
sphere) which holds true if ψ is properly normalized, i.e. Kψ = 1/(2π)d−1

in (2.2). The formula (2.5) expresses the idea that one can represent any
function as a superposition of these ridgelets. In fact, this formula has
been independently discovered by two other researchers, namely, Murata
[50] and Rubin [58]. The former is working on neural networks while the
latter is working in the field of mathematical analysis. The interpretation
of the formula is classical. For f ∈ L1 ∩ L2(IRd), put

fε,δ(x) =
∫

ε<a<δ

∫
Sd−1

∫
IR

Rf (a, u, b)a−1/2ψ(
u · x − b

a
) dµ(a, u, b);

fε,δ is well-defined and obeys

‖f − fε,δ‖L2 → 0 as ε → 0, δ → ∞.

Furthermore, the reproducing formula is stable as one has a Parseval
relation

‖f‖2
2 =

∫
|Rf (a, u, b)|2dµ(a, u, b). (2.6)

Like in Fourier or wavelet analysis, this says that a perturbation of the
function (resp. the coefficient sequence) has a well-controlled effect on the
coefficient sequence (resp. the reconstructed object).
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As in Littlewood-Paley or wavelet theory, one may want to discretize
the scale on a a dyadic lattice. Let us choose a profile ψ obeying

∑
j∈ZZ

|ψ̂(2−jξ)|2
|2−jξ|d−1

= K ′
ψ, (2.7)

a condition which greatly resembles the admissibility condition (2.2) in-
troduced earlier. Note that if one is given a function Ψ obeying∑

j∈ZZ

|Ψ̂(2−jξ)|2 = c

as in wavelet theory, ψ defined by ψ̂(ξ) = |ξ|(d−1)/2Ψ̂(ξ) will verify (2.7).
Assume the special normalization 2K ′

ψ = (2π)−(d−1) in (2.7). Then

f(x) =
∑
j∈ZZ

2jd

∫
Rf (2−j , u, b)2j/2ψ(2j(u · x − b)) du db, (2.8)

where again the inequality holds in an L2 sense; for f ∈ L1 ∩L2(IRd), the
partial sums of the right-hand side are square integrable and converge to
f in L2.

Finally, as in wavelet theory, we may introduce some special coarse
scale ridgelets. We choose a profile ϕ such that ξ ∈ IR

|ϕ̂(ξ)|2
|ξ|d−1

+
∑
j≥0

|ψ̂(2−jξ)|2
|2−jξ|d−1

= K ′
ψ. (2.9)

Note that the above equality implies |ϕ̂(ξ)|2 ≤ |ξ|d−1, which is very much
unlike Littlewood-Paley or wavelet theory: our coarse scale ridgelets are
also oscillating since ϕ̂ must have some decay near the origin, that is, ϕ
itself must have some vanishing moments.

Let (ϕ,ψ) be a pair obeying (2.9) with 2K ′
ψ = (2π)−(d−1). Then

f =
∫

R0
f (u, b)ϕ(u · x − b) du db

+
∑
j≥0

2jd

∫
Rf (2−j , u, b)2j/2ψ(2j(u · x − b)) du db,

(2.10)
with

R0
f (u, b) =

∫
f(x)ϕ(u · x − b) dx,

and Rf as before.
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2.2 The discrete ridgelet transform

Similar to the continuous transform, there is a discrete transform. Let R
be the triple (j, , k) where the indices run as follows

R ∈ R := {(j, , k), j, k ∈ ZZ, j ≥ j0,  ∈ Λj},

and define the collection of discrete ridgelets

ψR(x) = 2j/2ψ(2juj,	 · x − k), R ∈ R. (2.11)

Note that the range of the parameter  is scale dependent as it depends
on j. Ridgelets are directional and, here, the interesting aspect is the
discretization of the directional variable u; this variable is sampled at
increasing resolution so that at scale j, the discretized set is a net of
nearly equispaced points at a distance of order 2−j ; a detailed exposition
on the ridgelet construction is given in [4].

The key result is that the discrete collection of ridgelets (ψR)R∈R is
complete in L2[0, 1]d, and any function f can be reconstructed from the
knowledge of its coefficients (〈f, ψR〉)R∈R. (The notation 〈·, ·〉 stands here
and throughout this paper for the usual inner product of L2: 〈f, g〉 =∫

f(x)g(x)dx.) There exist two constants A and B such that for any
f ∈ L2[0, 1]d, we have

A ‖f‖2 ≤
∑
R∈R

|〈f, ψR〉|2 ≤ B ‖f‖2. (2.12)

The previous equation says that the datum of the ridgelet transform at
the points (a = 2j , u = uj,	, b = k2−j)(j,k,	)∈R suffices to reconstruct
the function perfectly. In this sense, this is analogous to the Shannon
sampling theorem for the reconstruction of bandlimited functions. Indeed,
standard arguments show that there exists a dual collection (ψ̃R)R∈R with
the property

f =
∑
R∈R

〈f, ψ̃R〉ψR =
∑
R∈R

〈f, ψR〉ψ̃R, (2.13)

which gives perfect and stable reconstruction.

2.3 Frequency-side picture

In d-dimensions, ridgelets are localized around planes of codimension 1.
To make things concrete, consider the situation in two dimensions where
the discretization of the angular variable is as follows: we let uj,	 =
(cos θj,	, sin θj,	) and for a fixed discretization step α > 0, set

θj,	 = α π 2−j ,  = 0, 1, . . . , �2j/α�.
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Fig. 2. Illustration of ridgelet sampling scheme in the frequency plane.

Ridgelets are oriented in the codirection θj,	 = /2j and located near the
line x1 cos θj,	 + x2 sin θj,	 − k2−j = 0. Their width is about 2−j so that
we can think of ridgelets as a collection of fat lines at different scales.

The frequency-side picture also gives some nice insights about the
organization of the ridgelet transform. In the Fourier domain, a ridge
function ρ(k · x) is, in fact, supported on the radial line (λk), λ ∈ IR.
Then, the Fourier transform of a ridgelet ψR (polar coordinates) is given
by

(ψ̂R)(λ cos θ, λ sin θ) = ψ̂I(2−jλ)δ(θ − θj,	), λ ∈ IR, θ ∈ [0, 2π), (2.14)

where ψI is the dyadic wavelet ψI(t) = 2j/2ψ(2jt − k), I = (j, k). Recall
the Fourier transform of ψI

ψ̂I(λ) = 2−j/2 ψ(2−jλ) eik2−j

.

Therefore, in the frequency plane, ridgelets are supported near the dyadic
segments represented on Fig. 2. The angular sampling principle is explicit;
the number of ridgelet orientations is doubled from one dyadic corona to
the next. We close this section by summarizing the main points of the
discrete ridgelet transform.
• Like in Littlewood-Paley theory, divide the frequency domain into

dyadic annuli |x| ∈ [2j , 2j+1).
• Sample each annulus with radial lines θ = απ2−j.
• The angular resolution increases with the spatial resolution as illus-

trated in Fig. 2.
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2.4 Connection with neural nets

The introduction described a popular approach – the greedy algorithm –
to compute neural net approximations. At each step, one would need to
solve an optimization problem of the form (1.12), and in any real imple-
mentation, one would probably need to restrict the search for a minimum
over a grid. What are the properties of a restricted search? Is there a grid
preserving the completeness property? If so, what is the proper spacing
of this grid? In other words, what is the real complexity of the search
(1.12)? In some sense, the discretization (2.11) gives a precise answer to
these questions.

§3. Orthonormal Ridgelets

In dimension 2, Donoho [26] introduced a new orthonormal basis whose
elements he called ‘orthonormal ridgelets.’ We quote from [10]: “Such
a system can be defined as follows: let (ψj,k(t) : j ∈ Z, k ∈ Z) be an
orthonormal basis of Meyer wavelets for L2(IR) [41], and let (w0

i0,	(θ), =
0, . . . , 2i0 −1; w1

i,	(θ), i ≥ i0,  = 0, . . . , 2i−1) be an orthonormal basis
for L2[0, 2π) made of periodized Lemarié scaling functions w0

i0,	 at level
i0 and periodized Meyer wavelets w1

i,	 at levels i ≥ i0. (We suppose
a particular normalization of these functions). Let ψ̂j,k(ω) denote the
Fourier transform of ψj,k(t), and define ridgelets ρλ(x), λ = (j, k; i, , ε) as
functions of x ∈ IR2 using the frequency-domain definition

ρ̂λ(ξ) = |ξ|− 1
2 (ψ̂j,k(|ξ|)wε

i,	(θ) + ψ̂j,k(−|ξ|)wε
i,	(θ + π))/2 . (3.1)

Here the indices run as follows: j, k ∈ ZZ,  = 0, . . . , 2i−1 −1; i ≥ i0, i ≥ j.
Notice the restrictions on the range of  and on i. Let λ denote the set
of all such indices λ. It turns out that (ρλ)λ∈Λ is a complete orthonormal
system for L2(IR2).”

Orthonormal ridgelets are not ridge functions, although there is a
close connection between ‘pure’ and orthonormal ridgelets. Using a for-
mulation emphasizing the resemblance with (3.1), the frequency represen-
tation of a pure ridgelet is given by

ψ̂j,	,k(ξ) = (ψ̂j,k(|ξ|)δ(θ−απ2−j)+ψ̂j,k(−|ξ|)δ(θ+π−απ2−j))/2. (3.2)

In the ridgelet construction, the angular variable θ is uniformly sampled
at each scale; the sampling step being proportional to the scale 2−j . In
contrast, the sampling idea is replaced by the wavelet transform for or-
thonormal ridgelets. The orthonormal ridgelet basis is a tensor basis in
the polar coordinate system. It is properly renormalized by the Jacobian
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underlying the Cartesian to polar change of coordinates so that it yields
an orthobasis of L2(IR2). It is interesting to note that the restriction on
the range, namely, i ≥ j in the definition (3.1), gives the same angular
scaling as in the original ridgelet construction.

§4. Ridgelet Thresholding

Whereas the construction of neural networks involved a delicate stepwise
construction of approximations, ridgelet analysis gives an explicit and sta-
ble formula for representing a function as a superposition of ridge func-
tions. Further, the expansion (2.13) allows the construction of simple finite
approximations using naive ideas like thresholding. For instance, we may
truncate the exact series

f =
∑
R

θRψ̃R, θR = 〈f, ψR〉,

by extracting the terms corresponding to the n largest coefficients; that
is,

fR
n =

∑
λ

θR1{|θR|≥δ}ψ̃R, (4.1)

where δ is chosen so that #{R, |θR| ≥ δ} = n, i.e. δ is about the nth
largest entry of the sequence |θ| (in case of ties, i.e. |θR| = δ for several
R’s, any subset will do).

We note that (4.1) is a simple, constructive and stable method of ap-
proximation, and we propose this strategy as an alternative to the ill-posed
construction of neural networks. The philosophy, however, is the same;
that of approximating multivariate objects by finite linear combinations
of dilations, translations and rotations of a single ridge function.

§5. Ridgelets and Neural Networks

Ridgelet thresholding may seem like a very naive strategy. As a first
impulse, one would imagine that it would not be able to match the ap-
proximation performance of possibly very abstract neural network approx-
imation strategies. This section shows that, in some sense, this intuition is
wrong. Ignoring boundary issues, we claim that there is no such function
which is approximated at a faster rate, in an asymptotic sense, with sig-
moidal feedforward neural networks than with ridgelet thresholding. We
now detail this claim and refer the reader to [6] for further reference.

Assume σ is the logistic function σ(t) = (1 + e−t), and consider a
sequence (fn)n≥1 of feedforward neural networks

fNN
n =

n∑
i=1

αn
i σ(kn

i · x − bn
i ) (5.1)
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with coefficients having polynomial growth, that is

sup
i

|αn| = O(nβ), for some β ≥ 0. (5.2)

We emphasize that the parameters of the network, namely the directions
and locations, are allowed to change as the number of terms or neurons
in the approximation increases. The restriction concerning the growth of
the coefficients αn (5.2) is very mild. It says that the coefficients have at
most polynomial growth in the number of terms which prevents the con-
sideration of very wild approximants that would practically be irrelevant,
see the discussion in [6].

Theorem 5.1. Let f ∈ L2(IRd) be supported in the unit ball D of IRd,
and suppose that there is a sequence (fn) of feedforward neural networks
(5.1) obeying

‖f − fNN
n ‖L2(2D) = O(n−r).

Then the n-term approximations fR
n (4.1) obtained by simply thresholding

the exact ridgelet series of f obeys

‖f − fR
n ‖L2(2D) = O(n−r+δ), for any δ > 0.

In short, ridgelets thresholding guarantees at least the same rate as
the best neural net approximation.

We already argued that the best approximation fNN
n is merely ex-

istential; we may think about it as an ideal approximation able to pick
the best possible n directions (k1, k2, . . . , kn). A remarkable feature of the
ridgelet thresholding procedure is that it does not know anything about
those directions and yet performs nearly equally as well. That is, ridgelet
thresholding gives rates of approximation which rival those attainable by
very abstract and complicated procedures.
Important Remark. We would like to point out that this result is not
limited to the use of the logistic function. Actually, Theorem 5.1 still holds
whether one uses a sigmoidal and monotone C∞ activation function. It is
also true if σ is C∞ and vanishes at infinity, e.g. σ belongs to the Schwartz
class. Moreover, σ may not be continuous. The theorem is still valid in
the case where σ is the Heavyside, say.

We note that the formulation of Theorem 5.1 avoids discussing prob-
lems related to the geometry of the domain D, say. We mention, in passing,
that other formulations of Theorem 5.1 are possible with other boundary
conditions. Boundaries introduce, of course, artificial discontinuities which
require a special treatment and, at the moment, we are not interested in
studying those boundary effects. (Nearly everyone is aware of boundary
issues. If by any chance, the reader is not familiar with these, consider the
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following situation. In two dimensions, we let f be a superb C∞ function
supported on the unit disk D. Then, wavelet orthobases of L2(IR2) yield
poor approximations of f although it is C∞ on the disk. The problem is
that the extension of f to the plane introduces a discontinuity along ∂D.)

Theorem 5.1 is proved in [6], and we will briefly outline the argu-
ment in a later section. A preliminary version of Theorem 5.1 was first
introduced in [3].

§6. Ridgelets and Ridge Functions

At the heart of Theorem 5.1 lies a key property about the ridgelet repre-
sentation of ridge functions which we now present.

6.1 Ridgelets and sigmoidal ridge functions

Let σ be a C∞ sigmoidal function, and construct the ridge function

f(x) = σ(k · x − b); (6.1)

f is not in any Lp and, therefore, the inner product between a ridge
function and a ridgelet does not make much sense. We localize this ridge
function near the unit disk with a multiplication by a smooth window w
in C∞

0 . The key-property is that the sorted ridgelet coefficients |α(fw)|(n)

of f w decay faster than any negative power of n. We establish that for
any p > 0, ∑

R

|αR(fw)|p ≤ Cp, (6.2)

where the constant Cp may be chosen independently of the parameters k
and b. It is well-known that the sparsity of the decomposition controls the
quality of partial reconstructions, see [22] for example. Suppose that w is
identically equal to one over the unit D and vanishes out of 2D, and let
fR

n be the truncated ridgelet series of f w, keeping the n-largest terms in
the ridgelet series. Then for any s > 0, we have

‖f − fR
n ‖L2(D) ≤ Cs · n−s, (6.3)

where again the constant Cs is may be chosen independently of the pa-
rameters of the ridge function (6.1).

As we pointed out, the estimates (6.2)–(6.3) hold uniformly over k and
b. As k varies, the ridge functions (6.1) exhibit very different behaviors.
When |k| is small, say |k| ≤ 1, f is a very gentle function; its derivatives
up to any order are well behaved. As |k| increases, however, f becomes
less smooth and in the limit is discontinuous, e.g.

σ(a · (θ · x − b)) → H(θ · x − b), as a → ∞, θ ∈ Sd−1
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where H is the Heavyside H(t) = 1{t>0}. It is then interesting to note that
the ridgelet sequence is equally sparse in either situation. First, ridgelets
provide sparse representations of smooth functions, which explains (6.2)
whenever the parameter |k| is not too large. Then as |k| increases, a
singularity develops. In the ridgelet domain, however, very few coefficients
actually feel this singularity just as in one dimension, only a few wavelets
would feel a point singularity. This localization phenomenon is responsible
for the sparsity of the sequence, see Section 8 and [7] for further reference.

6.2 Ridgelets and ‘Ridge-Wavelets’

Theorem 5.1 is not limited to smooth sigmoidal activation functions. Like-
wise, the properties (6.1)–(6.3) hold for other profiles. For instance, let ψM

be the father Meyer wavelet [48], and consider the Meyer ridge function

f(x) = a1/2ψM (aθ · x − b), a > 0, θ ∈ Sd−1, b ∈ IR. (6.4)

Recall that the Meyer ψM belongs to the Schwartz class and is bandlim-
ited, i.e. its Fourier transform is compactly supported. Then, the ridgelet
coefficient sequence of the ridge Meyer wavelet (6.4) also obeys the esti-
mate (6.2).

The p-summability of ridge-wavelets (6.4) is especially interesting
because it says that ridgelets are nearly orthogonal. Indeed, (6.2) applied
to a smooth and oscillatory profile guarantees that the Gramm matrix

T (R,R′) := 〈ψR, ψR′〉L2(w) :=
∫

ψR(x)ψR′(x) w(x) dx (6.5)

is nearly diagonal; Specifically, suppose ψ belongs to the Schwartz class
and has vanishing moments up to any order. Then

sup
R

∑
R′

|T (R,R′)|p ≤ Ap. (6.6)

This key property is proved in the Appendix. In other words, (6.6) shows
that the rows are very sparse as they are uniformly bounded in p for any
p > 0.

The results collected so far bring up an interesting question which
Theorem 5.1 partially addresses. The grail would be to show that if a
function can be well-approximated by ridge-wavelets, or ridge-free-knots-
splines, it can be well approximated by ridgelet thresholding. We now
discuss some results in this direction.

Inspired by Donoho [27], we consider the ridge function

fθ = f(θ · x), θ ∈ Sd−1, (6.7)
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and assume that the profile f is supported over the interval [−1, 1], say.
We might develop an ideal n-term approximation of f as follows: we use
an orthobasis of wavelets (ψI) for approximating the profile and let fn be
an n-term wavelet approximation of the ridge profile; we construct fn,θ by
the rule

fn,θ = fn(θ · x), (6.8)

Assume now that nonlinear wavelet partial reconstructions of the pro-
file obey

‖f − fn‖L2 ≤ C · n−s, (6.9)

for a constant C not depending on n. The point is that (6.9) is about
one-dimensional functions and automatically gives the corresponding mul-
tivariate degree of approximation

‖f − fn,θ‖L2(D) ≤ C · n−s. (6.10)

Again, let w be a fixed window in S(IRd) with the property that w
is identically equal to one over the unit ball D and vanishes out of 2D.
Consider now the ridgelet approximation fR

n obtained by thresholding the
ridgelet expansion of f w, keeping the n-largest terms. Then fR

n obeys

‖f − fR
n ‖L2(D) ≤ C · n−s. (6.11)

This is a remarkable property. Although thresholding does not know about
the special direction θ, thresholding gives the rate (6.10) attainable by
ideal procedures which know about θ.

6.3 Orthonormal ridgelets and ridge functions

Donoho [27] explored a similar situation in a slightly different setting. In
two dimensions, consider the orthonormal ridgelet expansion

fθ =
∑

λ

αλρλ

of the ridge function

fθ(x) = f(x1 cos θ + x2 sin θ), θ ∈ S1.

Let n(δ) be
n(δ) =

∑
Λ

1{|αλ|‖ρλ‖L∞(D)>δ},

and set
fδ =

∑
Λ

αλ 1{|αλ|‖ρλ‖L∞(D)>δ} ρλ.
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To construct fδ, we reorder the coefficients such that |αλ|‖ρλ‖L∞(D) is
nonincreasing and keep the n(δ) largest. The reason for this special order-
ing is that we will be interested in L∞ rather than L2-errors of approx-
imation. We thereby define a sequence of approximants (fn) by letting
fn(δ) be the n(δ) term approximation from fθ. Suppose that f belongs
to the homogeneous Besov space Ḃs

p,p, with s = 1/p and 0 < p < 1, and
vanishes at ±∞. Donoho showed

‖fθ − fn‖L∞(D) ≤ C ‖f‖Ḃs
p,p

n−(s−1), n = 1, 2, . . . (6.12)

He compares this with an ideal ridge approximation knowing θ constructed
as in the previous section. That is, one would use wavelets to construct an
n-term approximation fn of the profile and synthesize an approximation
of fθ with

fθ,n = fn(x1 cos θ + x2 sin θ).

The error of the ideal 1-dimensional approximation obeys

‖f − fn‖L∞([−1,1]) ≤ C ‖f‖Ḃs
p,p

n−(s−1), s = 1/p.

We now have an isometry

‖f − fn‖L∞([−1,1]) = ‖fθ − fn,θ‖L∞(D)

and, therefore, the ideal approximation fn,θ obeys

‖fθ − fn,θ‖L∞(D) ≤ C ‖f‖Ḃs
p,p

n−(s−1), s = 1/p. (6.13)

Again, thresholding does not know the direction θ, and yet, does just as
well as a method with full knoweledge of the structure of fθ. The assump-
tion about the profile f , namely f ∈ Ḃs

p,p, says that, in some sense, the
univariate rate n−(s−1) is optimal. Therefore, one cannot fundamentally
improve the bound (6.13).

These results are of the same flavor as those presented in the last
section. The difference here is that one uses an L∞-norm to measure the
degree of approximation as opposed to the L2-norm. This is hardly a
major distinction, however, as results similar to those presented in this
section are likely to hold in L2. The important point here is that the
guiding principle is the same; that is, ridgelet series or orthoridgelet series
of ridge-wavelets are very sparse.
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6.4 Why does Theorem 5.1 hold?

In some sense, the results developed in this section are very special cases
of Theorem 5.1. The theorem considers the case of ideal approximations
which can carefully select the best n directions to approximate f . (For
instance, if f were truly a superposition of finitely many ridge functions,
the approximation might select those directions.) In Theorem 5.1, those
directions are arbitrary whereas Sections 6.1 and 6.2 involved only a single
direction.

Theorem 5.1 is a statement about the sparsity of α, the ridgelet co-
efficient sequence of f . Define the p norm of an arbitrary sequence (an)
by

‖a‖p
	p

=
∑

n

|an|p. (6.14)

Recall that if |a|(m) denotes the m largest entry in the sequence (|an|), we
have ∑

n>m

|a|2(n) ≤ Kp · m−2r · ‖a‖2
	p∗ , (6.15)

where r and p∗ are related to each other via 1/p∗ = r + 1/2, e.g. compare
with Lemma 1 in [22].

To prove the theorem it is then sufficient to establish that for any p
such that 1/p < r + 1/2, (r is the exponent appearing in the statement of
Theorem 5.1), the ridgelet coefficient sequence α obeys

‖α‖	p ≤ Cp. (6.16)

To see why this implies Theorem 5.1, observe that the frame property gives
the following inequality which is classical and proved in [7], say: letting
(aλ) be a sequence in 2 we have

‖f‖2
2 ≤ A−1‖a‖2

	2 , f =
∑

λ

aλψ̃λ,

where A is the constant appearing on the left-hand side of (2.12). We
apply this inequality to the rest (f − fR

n ) and obtain

‖f − fR
n ‖2

L2
≤ A−1

∑
m>n

|α(f)|2(m),

which gives ‖f − fR
n ‖2

L2
= O(n−r′

) for any r′ > r thanks to (6.16) and
(6.15).

The strategy for proving our theorem will be to establish a key prop-
erty about the sparsity of ridgelet coefficients of sigmoidal functions. For
each p > 0, [6] proves (6.2) and, here, we simply sketch the idea behind
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this estimate. First, we show that the one-dimensional expansion of a
neuron in a nice wavelet basis is very sparse. Specifically, we prove that

σ(at − b) =
∑

k

bkϕk(t) +
∑
j≥0

∑
k

ajkψj,k(t), (6.17)

with for each p > 0,

‖b‖	∞ ≤ C∞, ‖a‖	p ≤ Cp.

Then, for θ ∈ Sd−1, we then decompose a neuron as a superposition of
ridge-wavelets by the rule

σ(a θ · x − b) =
∑

k

bkϕk(θ · x) +
∑
j≥0

∑
k

ajkψj,k(θ · x).

The point is that ridgelet coefficients of ‘ridge-wavelets’ are very sparse.
This can be quantified, and roughly speaking, this is the content of (6.6);
indeed, the infinite matrices mapping the ajk’s and bk’s into ridgelet coef-
ficients αR are nearly diagonal and preserve sparsity. A careful argument
then gives (6.2).

To prove the theorem, we then start by writing f as the telescoping
sum

f =
∑
n≥0

gn, gn = f2n − f2n−1 . (6.18)

where f2n is the best approximation using 2n neurons as in (5.1). Each
term gn is a finite linear combination of at most 2n + 2n−1 neurons whose
coefficients obey (5.2) and by assumption, the L2-norm of gn converges
to zero at the rate 2−nr. An argument which uses these two special facts
then shows

‖α(gn)‖	p ≤ Bp εp
n, (6.19)

with ∑
n

εp
n ≤ 1, 1/p < r + 1/2.

For p ≤ 1, say, the p-triangle inequality gives

‖α(f)‖p
	p

≤
∑

n

‖α(gn)‖p
	p

≤ Bp εp
n ≤ Bp, (6.20)

which is what we seeked to establish.
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§7. Ridgelets Analysis

7.1 CHA and Approximation Theory

Harmonic analysis is concerned with developing new ways for represent-
ing functions which may have great potential in approximation theory.
Typical approximation theoretic questions are about how well one can
approximate an object by finite linear combinations of given templates.
Harmonic analysis, however, brings emphasis on a whole different set of
issues. To name just a few, some of the key concepts are

• analysis,
• synthesis,
• stability, and
• discretization.

To be complete, one should add that much of the literature in CHA is also
concerned with the development of rapid algorithms for computing these
new representations. Those issues are perhaps not central in approxima-
tion theory. Nevertheless, this shift in emphasis helps in reformulating
important approximation theoretic questions, as we have seen. It also
suggests new ways of approaching these problems.

In addition, CHA provides some new tools which may very helpful
in gaining a renewed mathematical understanding of approximation the-
oretic problems. As an example, the ridgelet transform proves to be very
powerful for studying the capabilities and the limitations of ridge function
approximations. In addition, this transform is also very helpful for iden-
tifying functional classes that are well approximated by ridge functions.

7.2 Examples

To illustrate our purpose, consider the following problem. In d-dimensions,
let f be the indicator function of the unit ball

f(x) = 1{|x|≤1}, (7.1)

and let us ask about the rate of convergence of neural networks

dn(f,DNN ) as n → ∞.

This may seem like a trivial question. After all, it is hard to think of a
simpler object than f . In truth, quantifying –giving a sharp upper bound,
say– the rate of decay of

dn(f,DNN ), n → ∞

is certainly not an easy task.
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In some sense, ridgelet analysis solves this type of problem rather
effortlessly. We simply need to calculate and quantify the size of the
ridgelet coefficients of f . The degree of approximation is immediately read
off the decay of the coefficient sequence. We will carry out this program
on the example (7.1).

First, recall the definition of the Radon transform Rf of an integrable
function f (see [18] for details)

Rf(u, t) =
∫

u·x=t

f(x) dx, u ∈ Sd−1, t ∈ IR. (7.2)

One way to calculate ridgelet coefficients is to observe that the ridgelet
transform is precisely the application of a 1-dimensional wavelet trans-
form to the slices of the Radon transform where the angular variable u is
held constant and t is varying [4]. Mathematically speaking, the ridgelet
coefficient (2.4) can be expressed as

Rf (a, u, b) =
∫

Rf(u, t) a−1/2ψ

(
t − b

a

)
dt. (7.3)

Loosely speaking, ridgelet analysis is some kind of wavelet analysis in the
Radon domain.

A simple calculation then shows for f , the indicator of the unit ball,
that

Rufα(t) = cd(1 − t2)(d−1)/2. (7.4)

We now study the sparsity of the vector of ridgelet coefficients. Without
loss of generality, we will take ridgelets with a profile ψ compactly sup-
ported in the spatial domain. We will assume further that ψ is R times
differentiable and has vanishing moments through order D. Finally, let p∗

be defined by p∗ = 2 − 2/d. We show that the coefficient sequence (αR)
of f is in p for any p > p∗ provided that min(R,D) is sufficiently large.

Define g by
g(t) = (1 − t2)(d−1)/2,

and as usual let ψj,k(t) denote the one dimensional wavelet 2j/2ψ(2jt−k).
We have

|〈g, ψj,k〉| ≤ C 2−jd/2
(
1 + (|k| − 2j)

)−2
. (7.5)

The proof is a simple integration by parts and we omit it. Since αR =
cd〈g, ψj,k〉, we have

|αR| ≤ C 2−jd/2
(
1 + (|k| − 2j)

)−2
,

and, therefore, for p > p∗,∑
k

|αR|p ≤ C 2−jdp/2
∑

k

(
1 + (|k| − 2j)

)−2p ≤ C 2−jdp/2.
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We sum this inequality over the angular variable (the number of orienta-
tions is of the order 2j(d−1)), and obtain∑

	

∑
k

|αR|p ≤ C 2−jdp/2 2j(d−1).

In short,
∑

R |αR|p is finite provided dp/2 > d− 1, or equivalently p > p∗.
In fact, careful bookkeeping also gives

‖α‖w	p∗ ≤ Ap, (7.6)

where the weak-p or Marcinkiewicz quasi-norm is defined as follows: let
|θ|(n) be the nth largest entry in the sequence (|θn|); we set

|θ|w	p = sup
n>0

n1/p|θ|(n). (7.7)

It is well known that inequality (6.15) holds with the weak-p in place of
the p∗ norm, and therefore, thresholding the ridgelet series gives

‖f − fR
n ‖L2 ≤ C n− 1

2(d−1) . (7.8)

The ridgelet sequence does not belong to any weak-p space for p < p∗ and
thus, the rate n− 1

2(d−1) is the best one can hope for. In light of Theorem
5.1, this also gives a lower bound on the degree of approximation with
neural networks, provided that σ is a smooth sigmoidal function.

We may generalize this example and consider different types of sin-
gularities. For instance, let

fα = (1 − |x|)α
+, α > −1/2;

α = 0 is our previous example, α = 1 says the first derivative is discontin-
uous at |x| = 1, etc. The condition α > −1/2 ensures that fα is square-
integrable. Then, the ridgelet coefficient sequence of fα is in wp∗(α) for
1/p∗(α) − 1/2 = (α + 1/2)/(d − 1) and thresholding the ridgelet series
gives

‖f − fR
n ‖L2 ≤ C n−(α+1/2)/(d−1). (7.9)

We take another example. In two dimensions, let f now be the indi-
cator function of the unit square

f(x) = 1[0,1]2(x).

How well can we approximate f by superpositions of ridge functions?
Again, this is far from trivial. Simple calculations show that the ridgelet
sequence obeys ‖α‖w	2/3 ≤ C and, therefore,

‖f − fR
n ‖L2 ≤ C n−1. (7.10)

We might multiply examples of this kind at will but hope that the
power of the ridgelet transform is now quite clear. In another direction,
the ridgelet transforms helps identifying those functions which are well
approximated by ridge functions, as we are about to see.
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§8. Ridgelets and Linear Singularities

Traditional methods based on wavelets, Fourier series, local cosine trans-
forms, or splines fail at efficiently representing objects which are discon-
tinuous along lines in dimension 2, planes in dimension 3, and so on. To
detail this claim, let us examine a very simple example. On [0, 1]d, suppose
that we want to represent the simple object

f(x) = 1{u·x>t0} g(x) g ∈ W
s

2([0, 1]d), (8.1)

where W
s

2([0, 1]d) is the closure of C∞
0 ([0, 1]d) with respect to the W s

2 -
Sobolev norm. The object f is singular on the hyperplane u · x = t0
(u is a unit vector) but may be very smooth elsewhere. Suppose for in-
stance that one wishes to represent this object in a wavelet basis. Then,
the vector of wavelet coefficients is not sparse. In fact, the number of
wavelet coefficients exceeding 1/n is greater than c n2(1−1/d). This imme-
diately translates into lower bounds for nonlinear approximations. Letting
fW

n be the best n-term partial reconstruction of f , the L2-squared error
of such an approximation obeys

‖f − fW
n ‖2

L2
≥ c n− 1

2(d−1) . (8.2)

This lower bound holds even when g is as nice as we want, i.e., g ∈ C∞. Of
course, one could develop an ideal approximation which would track the
singularity {u · x = t0} and partition the space into two halves along this
hyperplane. One would then use specially adapted polynomials, splines,
or wavelets to those half-spaces, and obtain a degree of approximation
as if there were no singularity, i.e. of the order of n−s/d. Hence, wavelet
thresholding performs very badly vis a vis these ideal strategies.

Whereas the presence of the singularity had a dramatic effect on the
sparsity of wavelet coefficients, it does not ruin the sparsity of the ridgelet
series. Indeed, let us consider let α (αR = 〈f, ψR〉) denote the ridgelet
coefficient sequence of f . Then, [7] shows the sequence α is sparse as if f
were not singular in the sense that

#{i, s.t. |αi| ≥ 1/n} ≤ C np ‖g‖Hs , with 1/p = s/d + 1/2, (8.3)

where the constant C does not depend on f . There is a direct consequence
of this result. Consider the n-term obtained by naive thresholding. Then,

‖f − fR
n ‖ ≤ C n−s/d ‖g‖Hs , (8.4)

where, again, the constant C is independent of f . Just as wavelets are
optimal for representing objects with point-like discontinuities, ridgelets
provide optimally sparse representations of objects with discontinuities
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along hyperplanes. To my knowledge, there is not any other system with
similar features.

The bound (8.4) also highlights remarkable spatial adaptivity. Ridge-
let thresholding does not know whether or not there is a singularity and if
there is one, where it is. In addition, ridgelet thresholding does not need
to know the degree of smoothness s of smooth part of the object. And
yet, ridgelet thresholding does as just as well as an ideal approximation
which would know about the location of a possible singularity, and about
the smoothness away from the singularity.

We would like to point out that in two dimensions, both results (8.3)
and (8.4) continue to hold with orthonormal ridgelets in place of ‘pure’
ridgelets (2.11), see [7].

§9. Ridge Spaces

This section introduces a new scale of functional spaces which we believe
are not studied in classical analysis. The aim here is to show that this
new scale is closely related to ridge function approximation.

9.1 Definition

We start with a few classical definitions/conditions, and will assume that
they hold throughout the remainder of this section:
(i) ψ ∈ S(IR).

(ii) supp ψ̂ ⊂ {1/2 ≤ |ξ| ≤ 2}.
(iii) |ψ̂(ξ)| ≥ c if 3/5 ≤ |ξ| ≤ 5/3. These conditions are standard in

Littlewood-Paley theory, see [30].

As before, we let ψj denote the univariate function 2j/2ψ(2j ·) and set
Rj(u, b) as

Rj(u, b) =
∫

f(x) ψj(u · x − b) dx u ∈ Sd−1, b ∈ IR.

For s ∈ IR, p, q > 0, define

‖f‖Ṙs
p,q

=


∑

j∈ZZ

(
2js2jd/2‖Rj‖Lp

)q




1/q

, (9.1)

which is well defined for integrable functions, say. Here ‖Rj‖Lp is of course

the Lp-norm defined by ‖Rj‖Lp =
(∫

Sd−1×IR
|Rj(u, b)|p dudb

)1/p

. There
is an obvious modification in the case where q = ∞. It is not difficult to
see that these expressions are norms for 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞ and quasi
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norms in general. Note that it follows from the reproducing formula (2.8)
that for f ∈ L1 ∩ L2, ‖f‖Ṙs

p,q
= 0 if only if f = 0. Finally, one can show

that replacing ψ with ψ# obeying the properties of ψ listed introduced
above yields equivalent norms or quasi-norms.

Sobolev spaces are defined by means of the Fourier transform. Sim-
ilarly, Besov spaces may be defined by means of the wavelet transform.
Likewise, what we have done here is merely to define a norm based on the
ridgelet transform. The definition of ‖·‖Ṙs

p,q
bears much resemblance with

Besov norms. Actually if d = 1, ‖ · ‖Ṙs
p,q

is the homogeneous Besov norm
with the same indices. In higher dimensions, the quantities ‖ · ‖Ṙs

p,q
mea-

sure a very different behavior than that measured by Besov norms. We
will not explore these differences here and simply point to [3] for further
reference.

At first, the definition may seem rather internal. It is possible, how-
ever, to give an external characterization of these spaces, at least in the
case where p = q. Let Rf(u, t) be the Radon transform (7.2) of f . Then,
Section 7 showed that

Rj(u, b) = (Rf(u, ·) ∗ ψ̃j)(b),

where ψ̃j(t) = ψj(−t) allowing an automatic substitution in (9.1). Now
for p = q, this gives

‖f‖p

Ṙs
p,p

=
∫ 

∑
j

2jsp2jdp/2‖Rf(u, ·) ∗ ψ̃j‖p
Lp(IR)


 du

∼
∫

‖Rf(u, ·)‖p

Ḃ
s+(d−1)/2
p,p

du, (9.2)

where Ḃ
s+(d−1)/2
p,p stands for the usual one-dimensional homogeneous

Besov norm. This interpretation makes clear that s is a smoothness pa-
rameter and that both parameters p, q serve to measure smoothness. Here,
smoothness has to be understood in a non-classical way; we are not talk-
ing about the local behavior of a function but rather about its behavior
near lines (or if one is in dimension d > 2, near hyperplanes). We observe
that this characterization highlights an interesting aspect: the condition
does not require any particular smoothness of the Radon transform along
the directional variable u. As an aside comment, (9.2) also supports the
claim that one obtains equivalent quantities for two ψ and ψ# verifying
the properties listed at the beginning of the section.

It is interesting to notice that for p = q = 2, ‖ · ‖Rs
2,2

is an equivalent
norm for the homogeneous Sobolev norm Ẇ s

2 ,

‖f‖2
Ẇ s

2
=

∫
IRd

|f̂(ξ)|2 |ξ|2s dξ.
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This follows from (9.2) and the fact that∫
‖Rf(u, ·)‖2

Ḃ
s+(d−1)/2
2,2

∼ ‖f‖2
Ẇ s

2
,

see [51].

Definition 9.1. Let D be the unit ball of IRd, say. The space R
s

p,q(D)
will denote the closure of C∞

0 (D) of f with respect to the homogeneous
norm ‖ · ‖Ṙs

p,q
.

Other definitions, with other ‘boundary conditions’ are of course pos-
sible, see [3].

It is beyond the scope of this paper to explore the properties of the
new spaces R

s

p,q, such as investigating for instance embedding relation-
ships or interpolation properties, etc. Instead, we will show that those
new functional classes are optimally approximated by ridge functions and
especially, by ridgelet thresholding.

We mention, however, that these functional classes may model objects
with a special kind of inhomogeneity. For instance, consider a linearly
mutilated object as in Section 8 fi(x) = 1{ui·x−bi≥0} gi(x) with gi ∈ W

s

2.
and linear combinations of these. Take the class F of those f which may
be decomposed as a convex combination of our templates

f =
∑

i

aifi,
∑

|ai| ≤ 1, with ‖gi‖W 2
s
≤ C.

It turns out that this intuitive class of objects nearly corresponds to a ball
in one of our functional classes. In fact, [3] proves that there exist two
constants such that

R
(d+1)/2
1,1 (C1) ⊂ F ⊂ R

(d+1)/2
1,∞ (C2). (9.3)

Now, the bracketing classes are nearly the same which means that mem-
bership in F would be roughly equivalent to membership in a ball in
R

(d+1)/2
1,q (1 ≤ q ≤ ∞). Therefore, we should really think about these

spaces as describing the kind of spatial inhomogeneities we introduced in
Section 8.

9.2 Approximation

Let R
s

p,q(C) be the ball

R
s

p,q(C) = {f ∈ R
s

p,q, ‖f‖Ṙs
p,q

≤ C}. (9.4)

We are going to characterize the degree of approximation of these func-
tional classes in the L2 metric. We give both an upper and a lower bound
of approximation which are of the same order. We will consider a range of
indices where s > d(1/p − 1/2), as this guarantees that elements of R

s

p,q

are square integrable, see [3].
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Theorem 9.2. Consider the class R
s

p,q(C), and assume s > d(1/p −
1/2)+. Then
• For any “reasonable” dictionary D

dn(R
s

p,q(C),D) ≥ K1 n−s/d, (9.5)

where the constant K1 depends at most on s, p, q.
• Ridgelet thresholding achieves the optimal rate i.e.

sup
f∈R

s

p,q(C)

‖f − fR
n ‖L2(D) ≤ K2 n−s/d, (9.6)

where again K2 might depend on s, p, q.

Essentially, what the theorem says is that no other “reasonable” dic-
tionary exists with better approximation estimates for the classes R

s

p,q(C)
than what can be obtained via ridgelet thresholding. We must clarify,
however, the meaning of the word “reasonable”: when considering lower
approximation bounds by finite linear combinations from dictionaries, we
remark that we must only consider certain kinds of dictionaries. We quote
from [28]. “If one allows infinite dictionaries (even discrete countable
ones), we would then be considering dictionaries D = {gλ, λ ∈ Λ} enumer-
ating a dense subset of all common functional classes (including R

s

p,q(C).),
and which can perfectly reproduce any f with a singleton: d1(f,D) = 0”.
Thus when we say “reasonable dictionary,” we have in mind that one con-
siders only sequences of dictionaries whose size grow polynomially in the
number of terms to be kept in the approximation (1.3).

There are other ways of looking at the lower bound. Let F be a
compact set of functions in L2(D). We recall that the Kolmogorov ε-
entropy N(ε,F) of the class F is the minimum number of bits that is
required to specify any element f from F within an accuracy of ε. It may
be defined as follows. Let N(ε,F) be the minimum number of L2-balls of
radius ε one needs to cover F . Formally,

N(ε,F) = min{n : ∃(fi)n
i=1 such that ∀f ∈ F , inf

i
‖f − fi‖ ≤ ε};

the Kolmogorov entropy is

L(ε,F) = �log2 N(ε,F)�. (9.7)

Then inequality (9.5) says that the Kolmogorov entropy of R
s

p,q(C) is
bounded below by

L(ε, R
s

p,q(C)) ≥ c · ε−1/(s/d).



CHA and Approximation Theory 123

It also gives correponding lower bounds on rates of estimation, see [5].
Finally, following [19], it is most likely that there is no method of ap-
proximation which depends continuously on f with better properties than
(9.5).

The upper bound says that we have an asymptotically near-optimal
procedure for binary encoding elements of R

s

p,q(C): let L(ε, R
s

p,q(C)) be
the minimum number of bits necessary to store in a lossy encoding/decod-
ing system in order to be sure that the decoded reconstruction of every
f ∈ R

s

p,q(C) will be accurate to within ε (in an L2 sense). Then, a coder-
decoder based on simple uniform quantization (depending on ε) of the
coefficients αi followed by simple run length coding achieves both a dis-
tortion smaller than ε and a codelength that is optimal up to multiplicative
factors like log(ε−1).

9.3 About the lower bounds

The proof of the lower bound uses an argument which is rather classical in
statistics and perhaps in rate distortion theory. The goal is to construct a
“fat” hypercube which is embedded in the functional class you wish to ap-
proximate. More specifically, a result from [28] shows how the hypercube
embedding limits the approximation error.

Theorem 9.3. Suppose that the class F contains embedded hypercubes of
dimension n(δ) and side δ, and that

n(δ) ≥ K δ−2/(2r+1), 0 < δ < δ0.

Let Dk be a family of finite dictionaries indexed by k = k0, k0 + 1, ...
obeying the size estimate #Dk ≤ Bkβ. Let π(t) be a polynomial. Then

dn(F ,Dπ(n)) ≥ K ′ n−r.

In our situation, the construction of embedded hypercubes involves
properties of the ridgelet frame and is proved in [5]. Letting ν = (s, p, q).
We construct a sequence of cubes Hν

j indexed by j ≥ j0 and dimension of
the order of 2jd such that

Hν
j ⊂ R

s

p,q(C), ν = (s, p, q),

and of sidelength δjν obeying the hypothesis of Theorem 9.3. If ridgelets
were orthogonal, the vertices of the cube Hν

j would be properly renor-
malized ridgelets at scale j. The actual construction Hν

j involves the ‘or-
thogonalization’ of the ridgelet frame (so that the vertices are ‘perturbed
ridgelets’) and is delicate. The argument is not reproduced here.
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9.4 Proof of the upper bound

Let (ψR) be a nice ridgelet frame such that ψ is at least R times differ-
entiable and has vanishing moments up to order D. We define a discrete
norm on the coefficient sequence αR = 〈f, ψR〉 as follows

‖α‖ṙs
p,q

≡


∑

j

(
2jσ

( ∑
|R|=j

|αR|p
)1/p

)q




1/q

, σ = s + d(1/2 − 1/p).

(9.8)
Here, the notation

∑
|R|=j means that the summation extends to all those

coefficients at a fixed scale j. The norm (9.8) is, of course, the discrete
analog of (9.1). Recall that we may interpret the frame coefficients as
being the samples from the continuum of ridgelet coefficients, namely

αR = Rf (2−j , uj	, k2−j).

To have the discrete analogy, one would like to have a sampling theorem
which says that the discrete Riemann sum is equivalent to the correspond-
ing integral, i.e.

‖α‖ṙs
p,q

∼ ‖f‖Ṙs
p,q

valid for elements of R
s

p,q. Notice that we have already established this
equivalence in the case where s = 0 and p = q = 2 since the frame property
gives

‖α‖	2 ∼ ‖f‖2
L2

∼ ‖f‖2
Ṙ0

2,2
.

In fact, a slight modification of the argument underlying the proof of the
frame property (2.12) [4] would give the same equivalence for arbitrary s,
s > 0.

Lemma 9.4. Let f ∈ R
s

p,q. There is r∗(s) so that, if we use a ridgelet
frame with min(R,D) ≥ r∗(s), then there is a constant C possibly depend-
ing on s, p, q such that

‖α‖ṙs
p,q

≤ C ‖f‖Ṙs
p,q

. (9.9)

Proof: It is simpler to prove the lemma for a ridgelet frame (ψR)R∈R with
a compactly supported profile ψ. In addition, to be compactly supported,
we will assume that ψ has as many derivatives and vanishing moments as
we want.

Further, we will take ϕ# and ψ# compactly supported and obeying
(2.9) with 2K ′

ψ = (2π)−(d−1) so that the following identity holds:

f(x) =
∫

R0(u, b)ϕ#(u · x − b) du db

+
∑
j≥0

2jd

∫
R1

j (u, b)2j/2ψ#(2j(u · x − b)) du db,
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with
R0(u, b) =

∫
f(x)ϕ#(u · x − b) dx,

R1
j (u, b) =

∫
f(x)2j/2ψ#(2j(u · x − b)) dx.

We recall that the reproducing formula is valid for square integrable and
compactly supported functions, say.

Inspired by the discrete ridgelet transform, we further decompose
our reproducing formula. We keep the same notations as for the ridgelet
frames, and recall that R indexes the triples (j, , k) and uj,	 is the col-
lection of sampled orientations at scale j. At each scale j, we introduce
a Voronoi partition of the sphere, and let Sj,	 be those directions u on
Sd which are closer to uj,	 (Euclidean distance) than any other sampled
orientations uj,	′ . We then define the ‘cell’ QR by

QR = Sj,	 ⊗ [k2−j , (k + 1)2−j ].

With these notations, we set

f =
∑

R∈R0

m0
R +

∑
R∈R

m1
R,

where R0 = {R ∈ R, |R| = 0} and

m0
R =

∫
QR

R0(u, b)ϕ#(u · x − b) du db

m1
R = 2jd

∫
QR

Rj(u, b)2j/2ψ#(2j(u · x − b)) du db.

The reader will object that we have not defined cells allowing a proper
definition of m0

R; we take the same cells as those in m1
R for j = 0.

Now, let w be a C∞ window identically equal to one over D and
vanishing outside of 2D. We recall that f = fw since f is compactly
supported in D. For notational convenience, we let R1 be a copy of R
and write

αR′ =
∑

ε∈{0,1}

∑
R∈Rε

〈ψR′ ,mε
Rw〉.

We introduce some notations. Define

T1(R′, R) = sup
QR

∣∣∣∣
∫

IRd

2j/2ψ#(2j(u · x − b)) ψR′(x)w(x) dx

∣∣∣∣ . (9.10)

and
β1

R,= 2jd

∫
QR

|R1
j (u, b)| du db, (9.11)
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and similarly for T0 and β0
R. Note that per scale, there is only a finite

number of β1
R’s which are possibly nonzero because we have chosen a pair

(ϕ#, ψ#) where both are compactly supported; at scale j, β1
R vanishes

whenever k > c2−j where the constant c is a function of the support of
ψ#. A similar conclusion applies to β0

R. As a consequence, the number of
nonzero β0

R’s is at most O(1) and that of nonzero β1
R’s is at most 2jd per

scale.
Observe now that

|〈ψR′ ,mε
Rw〉| ≤ Tε(R′, R) βε

R.

This follows from

|〈ψR′ ,m1
Rw〉| =

=
∣∣∣∣2jd

∫
QR

∫
IR

R1
j (u, b)2j/2ψ#(2j(u · x − b)) ψR′(x)w(x) dx du db

∣∣∣∣
≤ 2jd

∫
QR

|R1
j (u, b)|

∣∣∣∣
∫

IR

2j/2ψ#(2j(u · x − b))ψR′(x)w(x) dx

∣∣∣∣ du db,

and similarly for ε = 0. In short,

|αR| ≤
∑

ε

∑
R′∈Rε

Tε(R,R′)βε
R′ .

Lemma 9.5. Let 1 ≤ p, q ≤ ∞ and s > d(1/2 − 1/p). The operators T0

and T1 obey

‖T0β
0‖ṙs

p,q
≤ A0 ‖β0‖	p , ‖T1β

1‖ṙs
p,q

≤ A1 ‖β1‖ṙs
p,q

.

This lemma is at the heart of the proof of (9.9) and we postpone its
demonstration. It implies

‖α‖ṙs
p,q

≤ A0‖β0‖	p + A1‖β1‖ṙs
p,q

,

and (9.9) follows from the claim that for f ∈ R
s

p,q

‖β0‖	p + ‖β1‖ṙs
p,q

≤ A ‖f‖Ṙs
p,q

. (9.12)

We shall now argue about (9.12).
Recall the general probability inequality

∫
Ω

|g(x)|µ(dx) ≤ µ(Ω)1−1/p

(∫
Ω

|g(x)|p µ(dx)
)1/p

.
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We apply this inequality and obtain

|β1
R| ≤ C

(
2jd

∫
QR

|R1
j (u, b)|p du db

)1/p

.

This follows from the ridgelet discretization which gives

sup
R

|QR| ≤ C 2−jd.

Therefore,

∑
|R|=j

|β1
R|p ≤ C 2jd

∫
Sd−1

∫
IR

|R1
j (u, b)|p du db.

Similarly ∑
R∈R0

|β0
R|p ≤ C

∫
Sd−1

∫
IR

|R0
j (u, b)|p du db.

Hence, we have proved that

‖β0‖	p + ‖β1‖ṙs
p,q

≤ C


‖R0‖Lp +


∑

j≥0

(2js2jd/2‖Rj‖Lp)q




1/q

 .

(9.13)
The right-hand side of the above inequality is the definition (9.1) but
for the coarse scale variation where the sum over the negative indices j
is replaced by the single term ‖R0‖Lp . In fact, the right-hand side of
(9.13) may be taken as the definition of the inhomogeneous Rs

p,q-norm.
For f ∈ R

s

p,q, we have

‖R0‖Lp +


∑

j≥0

(
2js2jd/2‖Rj‖Lp

)q




1/q

∼ ‖f‖Ṙs
p,q

(9.14)

where the ∼ symbol has the meaning of norm equivalence Ṙs
p,q-norm.

This norm equivalence is proved in [3], and holds for we defined R
s

p,q as
the closure of C∞

0 (D) with respect to the . The proof is straightforward
and is totally analogous to the following situation: for f ∈ W

s

2 (see Section
8 for the definition of W

s

2), we have

‖f‖W s
2

= ‖f‖L2 + ‖f‖Ẇ s
2
∼ ‖f‖Ẇ s

2
.

(The reader familiar with Besov norms will also know that if one defines
Besov spaces over the unit ball B

s

p,q by the closure of C∞
0 (D) with respect
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to the homogeneous Besov norm, say, then over that space, the homoge-
neous and inhomogeneous Besov norms are equivalent.) Of course, (9.14)
finishes the proof of Lemma 9.4.

Proof of Lemma 9.5. We have

T1(R′, R) = sup
(u,b)∈QR

K(j, u, b; j′, uR′ , bR′),

with

K(j, u,b; j′, u′, b′) =

=
∣∣∣∣
∫

IRd

2j/2ψ#(2j(u · x − b))2j′/2ψ(2j′
(u′ · x − b′) w(x) dx

∣∣∣∣ .

Recall that QR = SuR
⊗ [k2−j , (k + 1)2−j ] where the diameter of SuR

does not exceed C 2−j . Now, Lemma 14.1 below gives an upper bound
on the quantity K(j, u, b; j′, u′, b′). We then apply this lemma and take
the supremum of the right hand-side of (14.8) over the cell QR. It is easy
to verify that this gives an upper estimate as in (14.13), i.e. with the
notations of the Appendix,

T1(R′, R) ≤ C2−(j′+j)(n+1/2) δ2n+1
j (, ′)

(
1 + |k′2−j′ |

)−m

(
1 + δj(, ′)|k′2−j′

cos θ − k2−j |
)−m

.

We first show the lemma at ‘the corners’, namely for p, q ∈ {1,∞}.
We will then establish the general case by interpolation. We let αε = Tεβ

ε.
Suppose first that p = 1. Then∑

|R|=j

|α1
R| ≤

∑
R′

∑
R

T1(R,R′)|β1
R′ |.

The Appendix establishes (14.18)
∑
|R|=j

|T (R;R′)| ≤ C 2−|j−j′|((n+1/2)−d),

where n ≤ min(R,D). Therefore,
∑
|R|=j

|α1
R| ≤ C

∑
R′

2−|j−j′|((n+1/2)−d)|β1
R′ |

= C
∑
j′

2−|j−j′|((n+1/2)−d)
∑

|R′|=j′

|β1
R′ |.
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Letting

aj = 2js2−jd/2
∑
|R|=j

|α1
R|, bj = 2js2−jd/2

∑
|R|=j

|β1
R|,

we have

aj ≤ C
∑
j′

εj,j′ bj′ , εj,j′ = 2−|j−j′|((n+1/2)−d) 2(j−j′)s.

For q = ∞ we have

aj ≤ C sup
j′≥0

bj′
∑
j′≥0

εj,j′ ≤ B ‖b‖	∞ ,

provided that n is large enough so that (n + 1/2) > d. For q ≤ 1 we have
(again (n + 1/2) > d) ∑

j

εq
j,j′ ≤ Bq

q ,

and, therefore, the q-triangle inequality gives∑
j≥0

aq
j ≤

∑
j≥0

∑
j′∈ZZ

εq
j,j′b

q
j′ ≤ Bq

q ‖b‖q
	q

.

The case for p = ∞ is nearly identical. We have∑
|R′|=j′

T (R,R′) ≤ C 2−|j−j′|((n+1/2)−d),

and, therefore,

|α1
R| ≤

∑
j′

2−|j−j′|((n+1/2)−d) sup
|R′|=j′

|β1
R′ |.

Letting
aj = 2js2jd/2 sup

|R|=j

|α1
R|, bj = 2js2jd/2 sup

|R|=j

|β1
R|,

gives
aj ≤ C

∑
j′

εj,j′bj′ , εj,j′ = 2−|j−j′|(n−(s+d/2)).

We use the exact same argument as before. The q summability for any
q > 0 of εj,j′ with respect to either j or j′ (provided n > s + d/2) gives

‖a‖	q ≤ C ‖b‖	q .
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We have now proved the property for p, q ∈ {1,∞}.
We finish the proof by interpolation. The sequence norm ṙs

p,q is a
weighted norm of the type q(p). We write

α1 = T1β
1,

and as we observed earlier, at scale j the coefficients α1
R and β1

R vanish for
k ≥ c · 2j . Therefore, at each scale, there is a set of indices of cardinality
at most O(2jd) which can contribute possibly nonzero coefficients. This
shows that there is, of course, a full analogy with the Besov scale which
is also a weighted space of the type q(p) with 2jd coefficients per scale.
Therefore, the sequence spaces ṙs

p,q are clearly interpolation spaces with
the same interpolation properties as for the d-dimensional Besov scale.
The boundedness of T1 in the ṙs

p,q norm for arbitrary 1 ≤ p, q ≤ ∞ follows.
The story is nearly identical for T0. The operator T0 obeys the esti-

mates developed in the Appendix, namely (14.22). Further, the Appendix
(14.23) shows that∑

|R′|=j′

∑
|R|=0

|T0(R′, R)|p ≤ C 2−j′((n+1/2)p−d),

where n is as large as we want provided we have enough regularity and
vanishing moments. Now, using the same arguments as before, the previ-
ous estimates on T0 show that

‖T0β
0‖ṙs

p,q
≤ C ‖β0‖	p , p, q ∈ {1,∞}.

Interpolation allows the extension of the above inequality to arbitrary
parameters 1 ≤ p, q ≤ ∞.

Corollary 9.6. Assume s > d(1/p−1/2)+ and let p∗ be defined by 1/p∗ =
s/d + 1/2. Then for f in R

s

p,q(D) we have

‖α‖w	p∗ ≤ C ‖f‖Ṙs
p,q(D), (9.16)

where wp∗ is the weak-p∗ quasi-norm (7.7).

Proof: We just showed that ‖α‖ṙs
p,q

≤ C ‖f‖Ṙs
p,q(D), and we have

‖α‖w	p∗ ≤ C ‖α‖ṙs
p,q

for s > d(1/p − 1/2)+. This follows from a similar statement about
the weak-p boundedness of wavelet coefficient sequences taken from d-
dimensional Besov spaces since rs

p,q and bs
p,q-Besov balls have exactly the

same structure. The proof then consists of a minor adaptation of a result
in [22]. We do not reproduce it here.

Of course, (9.16) gives that ridgelet thresholding satisfies

‖f − fR
n ‖ ≤ C n−s/d ‖f‖Ṙs

p,q(D),

which proves (9.6), the second part of Theorem 9.2.
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§10. Beyond Ridgelets

10.1 Limitations of ridge function approximation

Ridgelet analysis may give very precise information about the degree of
approximation by finite linear combination of ridge functions. As we have
seen, we may use the ridgelet transform as a fundamental tool to identify
those target functions that are well-suited or ill-suited for ridge function
approximation. Objects with curved singularities are in the latter class.

We recall that Section 7 developed the following sharp lower bound:
letting f be the indicator function of the unit ball, we have

‖f − fR
n ‖ ∼ n−1/(2(d−1)).

This is a general phenomenon. If f is singular along a smooth mani-
fold of codimension 1, we cannot, in general, hope for better rates than
n−1/(2(d−1)). (By the way, it is remarkable that d-dimensional wavelets
give the same degree of approximation, i.e. n−1/(2(d−1).) In two dimen-
sions, this says that wavelets and ridgelets are inefficient for representing
edges as the rate is only of the order n−1/2. We are entitled to say that
they are inefficient because of the existence of other approximation strate-
gies with provably better performances, as we are about to see.

Finding nonadaptive and optimally sparse representations of objects
with curved singularities has been a special concern of mine; this is our
next stop. The beautiful thing is that although ridgelets fail at represent-
ing efficiently smooth singularities, they will be the cornerstone of refined
transforms which will not. In short, they pave the way to more sophisti-
cated constructions.

10.2 CHA and curved singularities

It is well-known that, for objects with discontinuities, wavelets offer an
improvement on traditional representations like sinusoids, but wavelets
are far from optimal.

To make this concrete, consider approximating such an f from the
best n-terms in a Fourier expansion adapted to [−π, π]2 (say). The squared
error of such an n-term expansion f̃F

n would obey

‖f − f̃F
n ‖2

2 
 n−1/2, n → ∞. (10.1)

For comparison, consider an approximation f̃W
n from the best n-terms in

a wavelet expansion; then

‖f − f̃W
n ‖2

2 
 n−1, n → ∞, (10.2)
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which is considerably better. However, from [28,25,33] we know that there
exist dictionaries of (nonorthogonal) elements, and procedures for selecting
from those dictionaries that will yield m-term approximations obeying

‖f − f̃D
n ‖2

2 
 n−2, n → ∞. (10.3)

The next section constructs tight frames of curvelets. These frames
are based on the ridgelet transform and provide optimal representations of
C2 objects smooth away from C2 curves. Indeed, thresholding the curvelet
expansion gives (10.3) up to a logarithmic factor.

§11. Curvelet Construction

We now briefly discuss the curvelet frame; for more details, see [8]. The
construction combines several ingredients, which we briefly review:

• Ridgelets, a method of analysis very suitable for objects which are
discontinuous across straight lines.

• Multiscale Ridgelets, a pyramid of analyzing elements which consists
of ridgelets renormalized and transported to a wide range of scales
and locations.

• Bandpass Filtering, a method of separating an object into a series of
disjoint scales.

Sections 2 and 3 introduced ridgelets, and we first briefly discuss multiscale
ridgelets and bandpass filtering. We then describe the combination of
these three components. There is a difference between this construction
and the one given in [8] at large scales.

11.1 Multiscale ridgelets

Think of ortho ridgelets as objects which have a “length” of about 1 and
a “width” which can be arbitrarily fine. The multiscale ridgelet system
renormalizes and transports such objects, so that one has a system of
elements at all lengths and all finer widths.

The construction begins with a smooth partition of energy function
w with w(x1, x2) ≥ 0, w ∈ C∞

0 ([−1, 1]2) obeying
∑

k1,k2
w2(x1 − k1, x2 −

k2) ≡ 1. Define a transport operator associated with index Q indicating a
dyadic square Q = (s, k1, k2) of the form [k1/2s, (k1+1)/2s)×[k2/2s, (k2+
1)/2s), by (TQf)(x1, x2) = f(2sx1−k1, 2sx2−k2). The Multiscale Ridgelet
with index µ = (Q,λ) is then

ψµ = 2s · TQ(w · ρλ)

In short, one transports the normalized, windowed orthoridgelet.
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Letting Q∫ denote the dyadic squares of side 2−s, we can define the
subcollection of Monoscale Ridgelets at scale s:

Ms = {(Q,λ) : Q ∈ Qs, λ ∈ Λ}.

It is immediate from the orthonormality of the ridgelets that each sys-
tem of monoscale ridgelets makes a tight frame, in particular obeying the
Parseval relation ∑

µ∈Ms

〈ψµ, f〉2 = ‖f‖2
L2 .

It follows that the dictionary of multiscale ridgelets at all scales, indexed
by

M = ∪s≥1Ms,

is not frameable, as we have energy blow-up:

∑
µ∈M

〈ψµ, f〉2 = ∞. (11.1)

The Multiscale Ridgelets dictionary is simply too massive to form a good
analyzing set. It lacks inter-scale orthogonality – ψ(Q,λ) is not typically or-
thogonal to ψ(Q′,λ′) if Q and Q′ are squares at different scales and overlap-
ping locations. In analyzing a function using this dictionary, the repeated
interactions with all different scales causes energy blow-up (11.1).

The construction of curvelets solves this problem by in effect disal-
lowing the full richness of the Multiscale Ridgelets dictionary. Instead of
allowing all different combinations of ‘lengths’ and ‘widths’, we allow only
those where width ≈ length2.

11.2 Subband filtering

Our remedy to the ‘energy blow-up’ (11.1) is to decompose f into sub-
bands using standard filterbank ideas. Then we assign one specific mono-
scale dictionary M∫ to analyze one specific (and specially chosen) sub-
band.

We define coronae of frequencies |ξ| ∈ [22s, 22s+2], and subband filters
Ds extracting components of f in the indicated subbands; a filter P0 deals
with frequencies |ξ| ≤ 1. The filters decompose the energy exactly into
subbands:

‖f‖2
2 = ‖P0f‖2

2 +
∑

s

‖Dsf‖2
2.

The construction of such operators is standard [61]; the coronization ori-
ented around powers 22s is nonstandard – and essential for us. Explicitly,
we build a sequence of filters Φ0 and Ψ2s = 24sΨ(22s·), s = 0, 1, 2, . . . with



134 E. J. Candès

the following properties: Φ0 is a lowpass filter concentrated near frequen-
cies |ξ| ≤ 1; Ψ2s is bandpass, concentrated near |ξ| ∈ [22s, 22s+2]; and we
have

|Φ̂0(ξ)|2 +
∑
s≥0

|Ψ̂(2−2sξ)|2 = 1, ∀ξ.

Hence, Ds is simply the convolution operator Dsf = Ψ2s ∗ f .

11.3 Definition of curvelet transform

Assembling the above ingredients, we are able to sketch the definition of
the Curvelet transform. We let M ′ consist of M merged with the collection
of integral triples (s, k1, k2, e) where s ≤ 0, e ∈ {0, 1}, indexing all dyadic
squares in the plane of side 2s > 1.

The curvelet transform is a map L2(IR2) �→ 2(M ′), yielding Curvelet
coefficients (αµ : µ ∈ M ′). These come in two types. At coarse scales we
have wavelet coefficients:

αµ = 〈Ws,k1,k2,e, P0f〉, µ = (s, k1, k2) ∈ M ′\M,

where each Ws,k1,k2,e is a Meyer wavelet, while at fine scale we have Mul-
tiscale Ridgelet coefficients of the bandpass filtered object:

αµ = 〈Dsf, ψµ〉, µ ∈ Ms, s = 1, 2, . . . .

Note well that for s > 0, each coefficient associated to scale 2−s derives
from the subband filtered version of f – Dsf – and not from f . Several
properties are immediate;
• Tight Frame:

‖f‖2
2 =

∑
µ∈M ′

|αµ|2.

• Existence of Coefficient Representers (Frame Elements): There are
γµ ∈ L2(IR2) so that

αµ ≡ 〈f, γµ〉.
• L2 Reconstruction Formula:

f =
∑

µ∈M ′

〈f, γµ〉γµ.

• Formula for Frame Elements: for s ≤ 0, γµ = P0φs,k1,k2 , while for
s > 0,

γµ = Dsψµ, µ ∈ Qs. (11.2)

In short, fine-scale curvelets are obtained by bandpass filtering of
Multiscale Ridgelets coefficients where the passband is rigidly linked
to the scale of spatial localization.
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• Anisotropy Scaling Law: By linking the filter passband |ξ| ≈ 22s to
the scale of spatial localization 2−s imposes that: (1) most curvelets
are negligible in norm (most multiscale ridgelets do not survive the
bandpass filtering Ds); (2) the nonnegligible curvelets obey length ≈
2−s while width ≈ 2−2s. In short, the system obeys approximately
the scaling relationship

width ≈ length2.

Note: it is at this last step that our 22s coronization scheme comes
fully into play.

• Oscillatory Nature. Both for s > 0 and s ≤ 0, each frame element
has a Fourier transform supported in an annulus away from 0.

§12. Curvelets and Curved Singularities

12.1 Functions which are C2 away from C2 edges

We now formally specify a class of objects with discontinuities along
edges; our notation and exposition are taken from [25,28,23]; related mod-
els were introduced some time ago in the mathematical statistics literature
by [38,39]. It is clear that nothing in the arguments below would depend
on the specific assumptions we make here, but the precision allows us to
make our arguments uniform over classes of such objects.

A star-shaped set B ⊂ [0, 1]2 has an origin b0 ∈ [0, 1]2 from which
every point of B is ‘visible’; i.e. such that the line segment {(1− t)b0 + tb :
t ∈ [0, 1]} ⊂ B whenever b ∈ B. This geometrical regularity is useful;
it forces very simple interactions of the boundary with dyadic squares at
sufficiently fine scales. We use this to guarantee that ‘sufficiently fine’ has
a uniform meaning for every B of interest.

We define Star2(A), a class of star-shaped sets with 2-smooth bound-
aries, by imposing regularity on the boundaries using a kind of polar co-
ordinate system. Let ρ(θ) : [0, 2π) → [0, 1] be a radius function and
b0 = (x1,0, x2,0) be an origin with respect to which the set of interest in
star-shaped. Define ∆1(x) = x1 − x1,0 and ∆2(x) = x2 − x2,0; then define
functions θ(x1, x2) and r(x1, x2) by

θ = tan−1(−∆2/∆1); r = ((∆1)2 + (∆2)2)1/2.

For a starshaped set, we have (x1, x2) ∈ B iff 0 ≤ r ≤ ρ(θ). In particular,
the boundary ∂B is given by the curve

β(θ) = (ρ(θ) cos(θ) + x1,0, ρ(θ) sin(θ) + x2,0). (12.1)
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θ

ρ

b0

Fig. 3. Typical star-shaped set, and associated notation.

Fig. 3 gives a graphical indication of some of the objects just de-
scribed. The class Star2(A) of interest to us can now be defined by

Star2(A) = {B : B ⊂ [
1
10

,
9
10

]2,
1
10

≤ρ(θ) ≤ 1
2
, θ ∈ [0, 2π),

ρ ∈ Hölder2(A)}.

Here the condition ρ ∈ Hölder2(A) means that ρ is continuously dif-
ferentiable and

|ρ′(θ) − ρ′(θ′)| ≤ A · |θ − θ′|, θ, θ′ ∈ [0, 2π).

The actual objects of interest to us are functions which are twice con-
tinuously differentiable except for discontinuities along edges ∂B of star-
shaped sets. We define C2

0 (A) to be the collection of twice continuously
differentiable functions supported strictly inside [0, 1]2.

Definition 12.1. Let E2(A) denote the collection of functions f on IR2

which are supported in the square [0, 1]2 and obey

f = f1 + f2 · 1B (12.2)

where B ∈ Star2(A) , and each fi ∈ C2
0 (A). We speak of E2(A) as con-

sisting of functions which are C2 away from a C2 edge.
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12.2 Near-optimality of curvelet expansions

The point is that the curvelet coefficient sequence (cµ)µ∈M of an object f
that is C2 away from a C2 edge, is in some sense, as sparse as if f were
not singular.

Theorem 12.2. Let E2(A) be the collection (12.2) of objects which are
C2 away from a C2 curve. There exists a constant C such that for every
f ∈ E2(A), the curvelet coefficient sequence (cµ)µ∈M of f obeys

#{µ, , |cµ| ≥ ε} ≤ C log(ε−1) ε−2/3. (12.3)

There is a natural companion to this theorem. Let fm be the m-term
approximation of f obtained by extracting from the curvelet series

f =
∑

µ

〈f, γµ〉γµ,

the terms corresponding to the m largest coefficients. Then,

Theorem 12.3. Under the assumptions of Theorem 12.2, we have

‖f − fm‖2
L2

≤ C m−2 (log m)3. (12.4)

The proof of Theorem 12.3 is very technical and over 35 pages long.
We cannot possibly give an idea of the argument here.

Comparing with the results (10.1)–(10.3) we see that m-term approx-
imations in the curvelet frame are almost rate optimal, and in fact perform
far better than m-term sinusoid or wavelet approximations, in an asymp-
totic sense.

12.3 Significance

I believe that Theorem 12.3 is very significant. In fact, it comes as a
little surprise. Finding optimal representations for smooth objects singular
along smooth edges has been a long standing problem in CHA. Some
expressed the belief that the way to go about singularities was to use
adaptive bases as in [25], i.e. bases that would depend upon the object to
be approximated, see the discussion in [9]. In other words, the existence of
orthobases, frames, or tight frames yielding approximation rates similar to
(12.4) by naive thresholding was thought to be highly doubtful. In some
sense, Theorem 12.3 disproves this conjecture.

Beyond Theorem 12.3, the curvelet transform introduces a new data
structure or, mathematically speaking, fundamentally new linear function-
als. It has great potential in various fields outside of approximation theory,
such as statistical estimation, mathematical analysis, partial differential
equations, scientific computing, and data processing [59,11,60,12].
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§13. Discussion

13.1 Renewed understanding

In this paper, we presented a whole set of new ideas and showed how one
can deploy these ideas to tackle central problems in approximation theory.

First, we replaced a delicate and rather ill-posed problem of con-
structing ridge function approximations by a well-posed and constructive
procedure, namely, the thresholding of ridgelet expansions. We proved
that ridgelet thresholding is a viable substitute for traditional neural net-
work approximations, as not only, it is more constructive, but it also rivals
—at least asymptotically— rates attainable by very abstract approxima-
tion neural net procedures.

Second, we were able to identify those objects that are well approxi-
mated by ridgelet thresholding. We proved that ridgelet provide optimally
sparse representations of smooth objects with discontinuities along hyper-
planes of codimension 1. We introduced a new scale of functional spaces
which have an intimate relationship with ridge-wavelet, ridge-free-knot
splines or ridgelet approximations. We explained why, in some sense, this
relationship is similar to the role that the Besov scale plays vis a vis free-
knot splines or wavelet approximations.

13.2 Multiscale geometric analysis (MGA)

At the same time, ridgelet analysis gives decisive insights about the lim-
itations and capabilities of ridge function approximation. For instance,
we proved that ridgelets are suboptimal for approximating objects with
curved inhomogeneities. In this manuscipt, we used those limitations as a
motivation for further CHA constructions such as the curvelet transform.

We would like to emphasize that there is a wealth of new multiscale
constructions which use the ridgelet transform as a core component. In
addition to the curvelet transform, we would like to mention the possibility
of constructing ridgelet packets which would involve the joint recursive
dyadic splitting of both time and frequency. It is not the scope of this
paper to discuss such constructions. However, the reader familiar with
ideas such as Recursive Dyadic Partitioning on the one hand, and the
curvelet pyramid on the other, will see that one can obtain a pyramid of
windowed and filtered ridgelets at all lengths, and widths and that fast
algorithms for searching sparse decompositions are very likely to exist.

In another direction, [24] explores a natural extension of the ideas
developed here, namely, the construction of k-plane ridgelets in spaces of
arbitrary dimension d.

There are undoubtedly many other possible multiscale constructions
and, in some sense, it is only the beginning of a new subject we thought
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–together with David Donoho– about calling MGA as in Multiscale Geo-
metric Analysis. This is a rather unexplored territory with many research
opportunities both at the theoretical and practical level.

13.3 Other connections between approximation theory
and CHA

There are other opportunities for building bridges between approxima-
tion theory and CHA. We close this paper by describing one potential
connection which is especially dear to my heart.

It seems of interest to bring together concepts of approximation and
statistical theory with those of time-frequency analysis. There are inter-
esting issues such as: how well can we approximate or estimate certain
classes of rapidly oscillating functions where the oscillation rate may be
changing over time? Can we construct approximations or estimators that
will match the best theoretical performances? Time-frequency analysis
provides a natural framework for studying these problems, but the tools
to address them remain, I believe, to be constructed.

In time-frequency analysis, signals of primary interest oscillate rapidly
and their frequency of oscillations is also rapidly changing over time.
Those signals commonly referred to as chirps take the general form

f(t) = A(t) cos(Nφ(t)); (13.2)

here N is a (large) base frequency, φ(t) is time-varying and the amplitude
A(t) is slowly varying.

The method of choice for representing chirps is to use Gabor frames
of the form

gm,n(t) = w((t − mL)/L) ei2πn L t, n,m ∈ ZZ;

that is smoothly windowed sinusoids. This representation breaks the time-
frequency plane into congruent rectangles and assigns one basis function
to each rectangle. Schematically, Gabor approximations correspond to
piecewise approximation of the instantaneous frequency. In a sense, Ga-
bor frames are as good for approximating smooth chirps as wavelets are
for approximating objects with edges. This brings up a central question:
is there a nonadaptive representation which provides optimally sparse de-
compositions of chirps just as curvelets do for objects with smooth edges?
To put it bluntly: is there something beyond Gabor? A mathematical
result in this direction – either positive or negative – would certainly be
very significant.
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13.4 Closing

During my Ph.D. at Stanford, I recall that on several occasions I asked
David Donoho the reason why he was not writing a book about the con-
nections between harmonic analysis, statistical estimation, approximation
theory and data compression. At the time (1998), he was drafting a
manuscript entitled “Harmonic analysis and data compression” [29] for
a special issue of IEEE Trans. Inform. Theory in the honor of the 50th
birthday of Shannon’s seminal paper on communication theory. He an-
swered rather vaguely.

Two years later, he obviously had a very different attitude about this
as he gave ten lectures about this same topic at the CBMS-NSF Regional
Conference 2000 in Applied Mathematics. Much of those lectures were
about ridgelets and curvelets. As if the picture suddenly became more
complete, and much richer...

§14. Appendix

14.1 Fundamental estimates

The purpose of this technical section is to show that the kernel

T (R,R′) = 〈ψR, ψR′〉L2(w), R,R′ ∈ R (14.1)

is “almost diagonal.” The fact that 〈ψR, ψR′〉L2(w) decays rapidly as the
“distance” between the indices (R,R′) increases is a crucial fact of our
analysis.

Let fu and gu′ be two ridge functions given by fu(x) = f(u · x) and
gu′(x) = g(u′ · x), respectively. Of course, 〈fu, gu′〉 makes no sense, as the
ridge functions are not square-integrable. We then take a fixed window w
in S(IRd) and look at the inner product with respect to the signed measure
w. We set

〈fu, gu′〉L2(w) =
∫

f(u · x)g(u′ · x)w(x) dx, (14.2)

and derive a simpler expression for this quantity. Let Q be an orthogonal
change of coordinates (x = Qx′) such that

u′ · x = x′
1 and u · x = (u · u′)x′

1 −
√

1 − (u · u′)2 x′
2,

and put
v = u · u′/

√
1 − (u · u′)2; (14.3)

letting θ be the angle between the unit vectors u and u′ gives

cos θ = u · u′, v = cos θ/| sin θ|. (14.4)
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With these notations, the inner product (14.2) can be rewritten as

〈fu, gu′〉L2(w) =
∫

f(x′
1 cos θ − x′

2| sin θ|) g(x′
1) w(Qx′) dx′

1dx′
2 . . . dx′

d.

(14.5)
Define wQ(x1, x2) by

∫
w(Qx) dx3 . . . dxd. Then,

〈fu, gu′〉L2(w) =
∫

f(x1 cos θ−x2| sin θ|) g(x1) wQ(x1, x2) dx1dx2. (14.6)

Examine now the partial derivatives of wQ. Let D1 be the partial
derivative with respect to the first variable, i.e. x1, and similarly for D2.
It is trivial to see that wQ belongs to S(IR2). Moreover, for any n1, n2,
and each m > 0, there is a constant C depending upon w, n1, n2, and m
such that

sup
Q

|Dn1
1 Dn2

2 wQ(x1, x2)| ≤ C (1 + |x1| + |x2|)−2m

≤ C (1 + |x1|)−m(1 + |x2|)−m.
(14.7)

In this section we will assume that ψ satisfies a few standard condi-
tions: namely, ψ is R times differentiable and for every nonnegative integer
m there is a constant C (depending on m) so that

|(Dnψ)(t)| ≤ C(1 + |t|)−m

for some constant C (depending only upon m and n). Further, we will
suppose that ψ has vanishing moments through order D. The next lemma
gives an upper bound on the inner product

K(j, u, b; j′, u′, b′) :=
∫

ψj(u · x − b)ψj′(u′ · x − b′)w(x) dx,

where ψj(t) = 2j/2ψ(t).

Lemma 14.1. Assume j′ ≥ j and suppose n < min(R,D). Then, for
each m ≥ 0, there is a constant C (depending on n and m) so that

|K(j, u, b; j′, u′, b′)| ≤ C 2−(j′+j)(n+1/2) δ2n+1
j (θ) Tj(u, b;u′, b′); (14.8)

here, θ is the angle between u and u′ and

δj(θ) = min(2j , | sin θ|−1)

and
Tj(u, b;u′, b′) = (1 + |b′|)−m (1 + δj(θ)|b′ cos θ − b|)−m

.
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Proof: Equation (14.6) gives

K(j, u, b; j′, u′, b′)

=
∫

IR2
ψj′(x1 − b′)ψj(x1 cos θ − x2| sin θ| − b)wQ(x1, x2) dx1dx2.

Suppose first that | sin θ| ≥ 2−j so that δj(θ) = | sin θ|−1. The change
of variables x′

1 = x1, x
′
2 = x1 cos θ − x2| sin θ| allows rewriting the kernel

as

K(j, u, b; j′, u′, b′)

=
∫

IR2
ψj′(x′

1 − b′) ψj(x′
2 − b) wQ(x′

1, | sin θ|−1(x′
1 cos θ − x′

2) dx′
1dx′

2.

Now let w̃Q be the function defined by w̃Q(x1, x2) = wQ(x1, | sin θ|−1

(x1 cos θ−x2)). For each pair of integers n1, n2. We check that w̃Q obeys

|Dn1
1 Dn2

2 w̃Q)(x1, x2)| = C | sin θ|−(n1+n2)

(1 + |x1| + | sin θ|−1|x1 cos θ − x2|)−2m,
(14.9)

where again, the constant C does not depend on Q. This property is
directly inherited from (14.7) and we omit the proof. Let n be an integer.
By assumption, the wavelet ψ is of class CR for R > n and has at least n
vanishing moments. It follows from standard wavelet estimates that one
can find a constant C such that

|K(j, u, b; j′, u′, b′)| ≤ C 2−(j′+j)(n+1/2)| sin θ|−(2n+1)

(1 + |b′| + | sin θ|−1|b′ cos θ − b|)−2m.
(14.10)

The proof is essentially an integration by parts. We have

K(j, u, b; j′, u′, b′) = 〈ψj′(· − b′) ⊗ ψj(· − b), w̃Q〉
= 〈D−n

1 ψj′(· − b′) ⊗ D−n
2 ψj(· − b), Dn

1 Dn
2 w̃Q〉.

Now the inequality follows from the estimate about the size of the partial
derivatives of w̃Q and the localization properties of D−nψ as for each n
and m, there is a constant C such that

|D−nψj(t)| ≤ C 2−j(n−1/2) (1 + 2j |t|)−m.

The point is that the bulk of the mass of |D−n
1 ψj′(·−b′)⊗D−n

2 ψj(·−b)| is
concentrated near the rectangle [b′± c2−j′

]× [b± c2−j ]. The upper bound
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on the function Dn
1 Dn

2 w̃Q is slowly varying over this effective support since
| sin θ|−1 ≤ 2j . The bound (14.10) follows from the fact that

‖D−n
1 ψj′(· − b′) ⊗ D−n

2 ψj(· − b)‖L1(IR2) ≤ 2−(j+j′)/2‖ψ‖L1(IR2)

and the fact that over the effective support, the upper bound is about
C (1 + |b′|+ | sin θ|−1|b′ cos θ− b|)−2m. This reasoning may be turned into
a rigorous argument and the calculations giving (14.10) are absolutely
standard, see [47] for instance.

The inequality (14.10) together with

(1+|b′|+| sin θ|−1|b′ cos θ−b|)−2m ≤ (1+|b′|)−m(1+| sin θ|−1|b′ cos θ−b|)−m

give the result for δj(θ) = | sin θ|−1.
The argument is a little different when the ridgelets are nearly par-

allel; that is, when | sin θ| ≤ 2−j or equivalently δj(θ) = 2j . We apply
Fubini’s theorem and express the inner product as

K(j, u, b; j′, u′, b′) =
∫

ψj′(t − b′) g(t) dt,

where
g(t) =

∫
IR

ψj(t cos θ − t′ sin θ − b)wQ(t, t′) dt′.

The function g is smooth and well localized. On the one hand, for any n
there is a constant C such that for any  ≤ n∣∣∣∣ d	

dt	
ψj(t cos θ − t′ sin θ − b)

∣∣∣∣ ≤ C 2j(	+1/2)(1 + 2j |t cos θ − t′ sin θ − b|)−m.

On the other,∣∣∣∣ ∂n−	

∂tn−	
w(t, t′)

∣∣∣∣ ≤ C (1 + |t| + |t′|)−2m ≤ C (1 + |t|)−m(1 + |t′|)−m.

Now, an integration by parts gives∣∣∣∣ dn

dtn
g(t)

∣∣∣∣ ≤ C 2j(n+1/2)(1 + |t|)−m(1 + 2j |t cos θ − b|)−m. (14.12)

Again, we apply classical wavelet analysis techniques for bounding the
coefficients of a smooth and well-localized function. The argument is es-
sentially an integration by parts as explained above. We write

K(j, u, b; j′, u′, b′) = 〈D−nψj′(· − b′), Dng〉,
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and use (14.12) and (14.11) to obtain

|K(j, u, b; j′, u′, b′)| =
∣∣∣∣
∫

ψj′(t − b′)g(t) dt

∣∣∣∣
≤ C2−(j′−j)(n+ 1

2 )(1 + |b′|)−m(1 + 2j |b′ cos θ − b|)−m.

This last inequality is the content of (14.8) when | sin θ| ≤ 2−j . The lemma
is proved.

For j′ ≥ j, Lemma 14.1 gives the upper bound on the entries of the
Gramm matrix (14.1)

|T (R,R′)| ≤ C2−(j′+j)(n+1/2) δ2n+1
j (, ′) L(R,R′), (14.13)

with

L(R,R′) =
(
1 + |k′2−j′ |

)−m (
1 + δj(, ′)|k′2−j′

cos θ − k2−j |
)−m

.

(14.14)
Here, δj is as before, namely,

δj(, ′) = min(2j , 1/| sin θ|)

where θ is the angle between uj,	 and uj′,	′ . The estimate for j′ < j is
obtained by symmetry.

Lemma 14.2. Suppose ψ is C∞ and has vanishing moments up to any
order. Then for any p > 0, we have

sup
R′

∑
R

|T (R,R′)|p ≤ Ap. (14.15)

(If r = min(R,D) is finite, then (14.15) holds for p > p∗ with (r+1/2)p∗ =
d.)

Proof: First, for j′ ≥ j, (14.14) gives∑
k

|L(R,R′)|p ≤
∑

k

(
1 + δj(, ′)|k′2−j′

cos θ − k2−j |
)−mp

≤ C 2j |δj(, ′)|−1,

(14.16)

provided that mp > 1. Second, for j > j′ and m large enough so that
mp > 1, we have∑

k

|L(R,R′)|p

=
∑

k

(
1 + |k2−j |

)−mp
(
1 + δj′(, ′)|k2−j cos θ − k′2−j′ |

)−mp

≤ C 2j min(1, (|δj′(, ′) cos θ|−1).
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In particular, this last upper bound gives

∑
k

|L(R,R′)|p ≤
{

C 2j , | cos θ| < 1/
√

2
C 2j |δj′(, ′)|, | cos θ| ≥ 1/

√
2.

(14.17)

We now sum the inequalities (14.16)–(14.17) over the angular vari-
able. To develop upper bound, we shall use a little lemma whose proof is
postponed.

Lemma 14.3. Let β > d − 1. Then,

∑
	

|δj(, ′)|β ≤ C 2jβ .

and, for j′ ≤ j

∑
	

|δj′(, ′)|β ≤ C 2j′β 2(j−j′)(d−1).

Suppose j′ ≥ j. The bound (14.16) yields

∑
k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2j |δj(, ′)|(2n+1)p−1.

For (2n + 1)p > d, Lemma 14.3 gives

∑
	

|δj(, ′)|(2n+1)p−1 ≤ C 2j((2n+1)p−1),

and, therefore,

∑
	

∑
k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2j(2n+1)p = C 2−(j′−j)(n+1/2)p.

Let us turn our attention to the case j′ ≤ j. For | cos θ| > 1/
√

2, the
bound (14.17) yields

∑
k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2j |δj′(, ′)|(2n+1)p−1.

For (2n + 1)p > d, Lemma 14.3 now gives

∑
	

|δj′(, ′)|(2n+1)p−1 ≤ C 2j′((2n+1)p−1) 2(j−j′)(d−1),
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and, therefore,∑
	:| cos θ|>1/

√
2

∑
k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2j′((2n+1)p 2(j−j′)d

= C 2−(j−j′)((n+1/2)p−d).

Moreover, For | cos θ| ≥ 1/
√

2, the bound (14.17) yields∑
k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2j |δj′(, ′)|(2n+1)p.

Observe that in the range | cos θ| ≥ 1/
√

2, we have |δj′(, ′)| ≤
√

2 since
δj′(, ′) ≤ 1/| sin θ|. The last inequality then becomes∑

k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2j ,

which is independent of . At scale j, the total number of orientations is
O(2j(d−1)) and, hence,∑

	:| cos θ|≤1/
√

2

∑
k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2jd.

Take 2(n + 1/2)p > d, then for j′ ≥ 0, we have 2j′(2n+1)p−d) ≥ 1 which
gives ∑

	:| cos θ|≤1/
√

2

∑
k

|T (R,R′)|p ≤ C 2−(j+j′)(n+1/2)p 2jd 2j′(2n+1)p−d)

= C 2−(j−j′)((n+1/2)p−d).

Collecting our results, we showed that for j′ ≤ j∑
	:| cos θ|>1/

√
2

∑
k

|T (R,R′)|p ≤ C 2−(j−j′)((n+1/2)p−d).

To summarize, we developed the following upper bound:

∑
|R|=j

|T (R,R′)|p ≤
{

C2−|j−j′|((n+1/2)p−d), j′ ≤ j

C2−|j−j′|(n+1/2)p, j′ ≥ j.
(14.18)

It is now clear that choosing n such that (n + 1/2)p > d gives∑
R

|T (R,R′)|p ≤ C,
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where C is independent of R′. This finishes the proof of the lemma.

Proof of Lemma 14.3: Let u0 be a fixed direction and let θ be the angle
between u0 and a running point u on the sphere. Define

Λ0 = {u, | sin θ| ≥ 1/2},
Λm = {u, 2−(m+1) ≤ | sin θ| < 2−m}, m = 1, 2, . . .

(14.19)

and let Λj,m denote the set of indices obeying

Λj,m := {, uj,	 ∈ Λm} (14.20)

with the convention that for m = j, we will say that  ∈ Λj,m if uj,	 ∈ Λm,
for some m ≥ j.

We recall that at scale j, the set of discrete angular variables {uj,	,  ∈
Λj} consists of points approximately uniformly distributed on the sphere.
In particular, for m = 0, 1, . . . , j, we have

# Λj,m ≤ C
(
1 + 2j(d−1)µ(Λm)

)
, (14.21)

where µ is the uniform probability measure on the unit sphere of IRd.
In other words, the number of points falling in the set Λm, is essentially
bounded — up to a multiplicative constant — by the total number of
sampled points on the sphere times the area of the set Λm. As one can
see, this says that the points uj,	 are approximately equi-distributed on
the sphere.

To calculate µ(Λm), we introduce the spherical coordinates defined by
x1 = cos θ1, x2 = sin θ1 cos θ2, . . ., xd = sin θ1 sin θ2 . . . sin θd−1, 0 ≤ θ1, . . .,
θd−2 ≤ π, 0 ≤ θd−1 < 2π. Let θ1 be the angle between the fixed orientation
u0 and the running point u. With these notations, the distribution of θ1 is
proportional to (sin θ1)d−2 dθ1, where the normalizing constant guarantees
that the density integrates up to one. Then,

µ(Λm) = cd

∫
2−(m+1)≤| sin θ|≤2−m

| sin θ|d−2 dθ.

This last equation gives the upper bound

µ(Λm) ≤ C 2−m(d−1),

which also holds for the special case m = 0. Therefore, from (14.21) we
deduce a bound on the cardinality of Λj,m:

#Λj,m ≤ C(1 + 2(j−m)(d−1)), m = 0, 1, 2, . . . , j.
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Observe that the above inequality is also valid in the special case where
m ∈ {0, j}.

After these preliminaries, we are in a position to prove the lemma.
Let β > d− 1. Over the subset of indices such that { : | sin θ| ≥ 2−j}, we
have

∑
	:| sin θ|≥2−j

|δj(, ′)|β ≤
j−1∑
m=0

2(m+1)β #Λj,m

≤ C

j−1∑
m=0

2(m+1)β(1 + 2(j−m)(d−1)) ≤ C 2jβ .

And for those ’s such that | sin θ| ≤ 2−j , we have∑
	:| sin θ|≤2−j

|δj(, ′)|β ≤ 2jβ #Λj,j ≤ C 2jβ .

The last two inequalities yield the first part of the lemma.
Next, assume j′ ≤ j. Over the subset of indices such that { : | sin θ| ≥

2−j′}, we have

∑
	:| sin θ|≥2−j′

|δj′(, ′)|β ≤
j′−1∑
m=0

2(m+1)β #Λj,m ≤ 2j′β 2(j−j′)(d−1).

And for those ’s such that | sin θ| ≤ 2−j′
, we have

∑
	:| sin θ|≤2−j′

|δj′(, ′)|β ≤ 2j′β
j∑

m=j′

#Λj,m ≤ C 2j′β 2(j−j′)(d−1).

The last two inequalities yield the second part of the lemma.

We close this section by proving similar estimates for the inner prod-
uct

K0(u, b; j′, u′, b′) :=
∫

φ(u · x − b)ψj′(u′ · x − b′)w(x) dx,

where ϕ is a coarse scale function as in Section 9. Let ϕ be R times
differentiable such that, for each m ≥ 0, its derivatives up to order R obey

|(Dnϕ)(t)| ≤ C(1 + |t|)−m.

The same arguments as in the proof of Lemma 14.8 show that

|K0(u, b; j′, u′, b′)| ≤ C 2−j′(n+1/2)

(1 + |b′|)−m (1 + |b′ cos θ − b|)−m
.

(14.22)
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In particular, this last inequality gives (j′ ≥ 0)

|T0(R′, R)| ≤ C 2−j′(n+1/2)
(
1 + |k′2−j′ |

)−m (
1 + |k′2−j′

cos θ − k|
)−m

,

with T0 as in Section 9. Then, for m > 1/p, we have

∑
k

|T0(R′, R)|p ≤ C 2−j′(n+1/2)p
(
1 + |k′2−j′ |

)−mp

,

and further ∑
k

∑
k′

|T0(R′, R)|p ≤ C 2−j(n+1/2)p 2j′
.

We sum the previous inequalities over the angular variables. At scale j′,
the total number of orientations is O(2j′(d−1)) and, hence,

∑
|R′|=2j′

∑
|R|=0

|T0(R′, R)|p ≤ C 2−j′(n+1/2)p 2j′d. (14.23)

It is clear that for (n + 1/2)p > d, T0 is maps bounded ∞ sequences into
p bounded sequences, say.
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