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8.1 Outline

• 2k factorials

• Blocking

• Data analysis

• Start of fractional factorials

8.2 Review: Variables at 2 levels

Figure 8.1. Factor A at high and low level. Y-axis measures expected response E(Y ). α is the effect of
factor A, which is what you gain from moving from low to high level.

If we have one variable at two levels, we can express y at each levels by adding and
subtracting 1

2
αa:

yai = µ+
1

2
αa + εji

y(.)i = µ− 1

2
αa + ε(.)i
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8.2.1 AB Interaction

AB interaction is the effect of A at high level minus effect of A at low level of B. In symbols
representing expected values, it is (ab − b) − (a − (1)), where (ab − b) is the effect of A at
high B, and (a − (1)) that from low B. This equals ab − a − b + 1, which indicates that ab
and 1 are of the high level of AB, while a and b are of the low level of AB.

8.2.2 ABC Interaction

Similarly,

(abc− ab− ac+ a) − (bc− b− c+ 1) = (abc+ a+ b+ c) − (ab+ ac+ bc+ 1)

where LHS measures a difference between BC interaction at high and low level of A, and
RHS a difference between high and low level of ABC.

8.2.3 Variance of Interaction

If αABCD = 0 (no ABCD interaction at all), then α̂ABCD ∼ N(0, σ
2

n/2
+ σ2

n/2
). Notice that the

variance comes from the fact that it came from averaging over two levels of abc. And if the
mean is not 0, we have

α̂ABCD ∼ N(αABCD,
4σ2

n
)

The variance will be the same for other interactions because the way you calculate variance
is the same-you find the difference between half of data which is at the high level and the
other half at the low level. Everything is balanced!

But we do knot know σ2. How do we estimate σ2? Suppose we have 5 factors ABCDE.
Then, we have 10 3-factor interactions, 5 4-factor interactions, and 1 5-factor interaction.
High order interactions could be tricky-not only too small in magnitude, but also too com-
plicated to know. To avoid this issue, you can treat these 16 interactions as errors, get 16
degrees of freedom. Fit a model with one or two interactions to have s2 = σ̂2.

σ̂2 =
α̂2
ABC + α̂2

ABCD + · · · + α̂2
ABCDE

16(4/n)

Using this estimated σ2, we can calculate α̂AB√
4σ2

n

to perform t-test. The problem here is

that σ2 estimated is biased high had the αs on the numerator not been zero. We have a
smaller t-stat, thus a conservative t-test. Our hope is that bias from this is small compared
to the AB interaction effects on the numerator. What if you want to select smallest α̂s to
account for high bias? Now, selection effect drives bias down. We don’t even know if the
bias is high or low now, but can guess than selection effect is greater.
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8.2.4 Generalized Interaction

y µ A B C AB . . . ABC
(1) 1 - - - + . . . -
a 1 + - - - . . . +
b 1 - + - - . . . +
ab 1 + + - + . . . -
c 1 - - + + . . . +
ac 1 + - + - . . . -
bc 1 - + + - . . . -
abc 1 + + + + . . . +

Such table can be get from multiplying columns. In the algebra of interactions, AB×BC =
AC which makes calculation easier.

8.3 Blocking a Factorial

Ex. 2k factorial with block size of 2k−1. Why are we blocking a factorial? We might have
a constraint on block size. Idea is that block one at high level of k-factor interactions (ex.
abc if k=3), and block the other at low level of k-factor interactions.

High abc Low abc
abc ab
a bc
b ac
c (1)

Suppose every number in one block is raised, number in the other block is reduced. That
comparison will be confounded with the block variable–you don’t know if abc’s doing it or
the block variable doing it.

But each of A, B, and C can be compared within blocks, and AB, BC, AC can be
compared within blocks as well. That is, if we block like this, we sacrifice the accuracy of
ABC interaction (between block accuracy), which was considered 0 anyways. We can then
get a small σ2 estimate.

We can then replicate the experiment on blocks of high, low level of ABC. Can give low
standard error. To see the effect of ABC, take the average of High block and subtract the
average of Low block for all block pairs. Then get a standard deviation, and a test for ABC.
But other tests for main and two-factor interaction effects are better.

Example 1. Suppose we want to study ABCDEF. Consider choosing ABC, DEF, ABCDEF.
We lost a 6-factor interaction, along with 2 of 3-factor interactions. Could also choose ABCD,
CDEF, ABCD × CDEF = ABEF. In this case, we lost 4-factor interactions, which might
be better.
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