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10.1 Outline

• ANCOVA (Not in book)

• 3k factorial experiments

• Response Surfaces

• Central Composite

• Box Behnken

10.2 Analysis of Covariance

Dental example from Fleiss. There are two treatments for Gingivitis. Call these treatments
1 and 2. Having less Gingivitis is better.

Table 10.1. Dentistry Example
T (Treatment) N (Sample Size) X (After) Z (Before) D (Difference)
1 74 .55 .61 .06
2 64 .39 .55 .16

Treatment 2 is better by .55 − .39 = .16. The t test gives 3.56 as the t statistic. This is
very significant. Treatment 2 has gained .10 points off Gingivitis. However, we need to take
into account that Treatment 2 ended better but also started better by .06.

Define D = Z − X. We define it as before minus after just because we want positive
numbers. D is the change or improvement from the treatment.

D̄2 − D̄1 = .1. Doing the t test for D̄ we get a t statistic of 2.91. We see that have
lost some statistical significance but our variance estimate is better. By this we mean that
V [D] < V [X]. However, this will not always happen. Now, we will explore what conditions
need to hold for the variance estimate to be better.
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V [Z̄ − X̄] − 1
n
(σ2

z + σ2
x − 2ρσzσx). Here ρ is the correlation between Z̄ and X̄.

We also have that V [X̄] − 1
n
σ2
x. We want to compare the size of these two variances to

see when we get a better estimate by taking the post minus previous.

V [Z̄−Ȳ ]

V [X̄]
= σ2−1+2ρσ where σ = σz

σx
. We want V [Z̄−Ȳ ]

V [X̄]
< 1. From this we derive that ρ > σ

2
.

D = Z −X is usually correlated with Z because if you already have the best teeth then
they cannot get much better. On other hand, if you have the worst teeth they cannot get
much worse.

Now, we want to calculate the covariance between D and Z.

Cov[D,Z]
= Cov[Z −X,Z]

= σ2
z − ρσzσx

= σ2σ2
x − ρσσ2

x

= σσ2
x(σ − ρ)

We can expect this covariance often to be positive because σ ≈ 1 (Both treatments have
roughly the same variability) and ρ is probably not going to be exactly 1.

10.2.1 Model

Now, we move on to the model for Analysis of Covariance. Zij = µ+ τi + β(Zij − Z̄..) + εij.
When β = 0, we are comparing X. When β = 1, we are comparing X − Z = −D. We get
−D because we did pre minus post instead of post minus pre.

Here we are regressing X on ANOVA (µ + τi) and Z (which is written as β(Zij − Z̄..)).
Here we are adjusting for the before value.

This model is more efficient than the regular ANOVA because it reduces the within group
error variance. A key point to note in the ANOVA model is to make sure the treatment does
not affect Z. We do not want assign treatments based on Z.
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10.3 Regression Fallacy

Suppose we have data like the one below, comparing before and after. It would appear
that the effect of treatment is a loss overall. Is that all we can say? It also appears that those
who were worst before treatment made some gains. Doesn’t that seem right? But there’s
also a post-treatment loss for those that were the highest pre-treatment. In fact, if we drew
points at each pre-treatment level, the points would form a regression line. If there exists any
correlation between x and y (before and after treatment), then we will get a flatter regression
line. So of course, we expect to see lower-than-average x align with higher-than-average y.
This is a simple statistical artifact.

Those who started off high, ended up lower. Those how started lower on average get
higher.

If someone just happened to be in the lower half before the treatment by randomness, then
it is highly unlikely that they will be in the lower half after the treatment just by randomness.

The regression fallacy can give an explanation of the placebo effect.

The following is another example of the regression fallacy. Say your elbow is itchy. On
some days it is very itchy and some days it is not very itchy. In other words, the itchiness
of our elbow is cyclic. The day your go to the doctor is when your elbow is likely to be the
itchiest. Thus, if the doctor gives you a placebo you will think that the medicine helped
when the itchiness would have went down with doing nothing.

Y = Xβ + Zγ + ε. Here Y is our response X is our experiment design. Z is are other
covariates. Here we do not want X to effect Z.
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