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Lecture 16 — March 8

Lecturer: Art B. Owen Scribe: Malo Marrec

16.1 Computer Experiments: Motivation

16.1.1 Problem statement

Let Y = f(X) with X ∈ Rp, Y ∈ Rq. Either f or the dimensionality of X and Y makes the
computation very slow (hours or day or example). We want to either:

• compute f(X) for some X

• find X so that f(X) is some value Y ∗

The underlying problem is that brute force computation of f is too inefficient.

To solve that problem we can fit a model to sample data points (Y )i∈[1...n] = f(Xi) , and

use it to quickly get estimates of f(X) using a estimator f̃ of f .

Example 1. Semiconductors Y is the activation threshold and the components of X are the
ion dose, the oxidation time, the channel length, ...

Example 2. Aeronautics Y is the drag profile and X is the design.

16.1.2 Is this really a statistical problem?

There is no error term in the model! We simply want an emulator f̃(x) ≈ f(x). From a
Bayesian prospective we can still interpret it as a prior model than we use to get a posterior
given data.

16.1.3 How to solve that problem

We need two things:

• How to get (̃f)?

• Where to sample (Y )i∈[1...n]? This is the design problem we will focus on in what
follows.
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16.2 Space filling designs

We can naively use a 2k design. However we would end up with corner points only, meaning
we don’t capture ”what happens in the middle”. Moreover, assume Y ≈ f1(X1) and all the
other variables are sensibly unimportant: we are wasting points on domains where f does
not vary that we could use more efficiently to describe the variation on x1.

For p = 10, assuming X ∈ [0, 1] (we can always map back the actual range of X to this).

• A full factorial 210 design only gives corner points.

• A full factorial 1010 is too expensive.

16.2.1 Random Sample

We can sample the data points using X ∼ Unif([0, 1]10). However,

• We might get empty axes

• Intuitively, we may want to use the knowledge we gain from the first few points to
drive the sampling of the others.

16.2.2 Derandomization

We can add some structure to the random sampling by stratifying. That means we will break
down the space into a grid and sample one point per row and column, just as one treatment
would only be applied in one row / column in a latin square design.

Figure 16.1: Example of Derandomization

Definition 1. Latin Hypercube
Xij =

Πj(i)−Uij

n

with i ∈ 1...n, j ∈ 1...d, Πj(i) the uniform random permutation of i ∈ 1...n and Uij ∼
Unif([0, 1]).

Note: This works for d > n and even for d >> n.

Definition 2. Orthogonal Array
Let (Aij ∈ 0, 1, ...p− 1 with n = p2 (p× p grid in any bivariable dimension).

Xij =
Πj(Aij)+Uij

p

with Uij ∼ Unif([0, 1]).
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Note: it is better to execute the computations of the sample points in random order. For
example, if the computation fails, we will still have a good change to have data spread over
the full space.

Definition 3. Bose construction See handout.

x y x+y x+2y ... x+(p-1)y
1 0 0
2 0

... ... p-1

... 1 0

... ... p-1

... p-1 0
n+ p2 p-1 p-1

Definition 4. Lattice
Xij = aj.ximodn where (aj) are ”magic constants”, subject to much discussion in the

literature.

16.2.3 Measuring the efficiency of the design

Definition 5. Local discrepancy function
δ(x) = 1

n

∑n
i=1 11xi≤x − x

We can interpret it as the points that ended up in a given [0, x] interval (first term) vs
”the points the interval deserved” second term.

Definition 6. D∗n = sup0≤x≤1 abs(δ(x))
We can interpret it as the points that ended up in a given [0, x] interval (first term) vs

”the points the interval deserved” second term.
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