
Confidence Intervals of
Prescribed Precision

Summary

Charles Stein showed in 1945 that by using a two stage sequential
procedure one could give a confidence interval for the mean of a
normal distribution having a prescribed width w > 0 without knowing
the variance. I will describe this result, Stein’s second visit to this
problem in 1949, and a sample of the subsequent history of this and
related problems.

It is interesting to note that Abraham Wald, who was Stein’s thesis
advisor at Columbia University, was developing his theory of sequential
hypothesis testing in the late 1940’s, which had as its goal to use
sequential methods to test hypotheses more efficiently than could be
achieved by fixed sample methods. Stein’s contribution was to show
that some problems could be solved using sequential methods
although they had no solution with a sample of fixed size.
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Problem and Solution

Let X1,X2, . . . be independent and normally distributed with

unknown mean µ and variance σ2 > 0. Given α, we desire to find

an interval confidence I of prescribed width 2w > 0 so that

P{µ ∈ I} ≥ 1 − α for all µ, σ2.

Let X̄n denote the average of X1, . . . ,Xn and

S2
n = (n − 1)−1

∑n
1
(Xi − X̄n)2.

Let m0 > 1 be arbitrary and T = max(m0, [S
2
m0

/c] + 1). For

suitable c, X̄T ± w is the desired confidence interval.

– p. 2/9



Proof.

Since T 1/2(X̄T − µ)/σ is standard normal and independent of

S2
m0

, we have

P{|X̄T − µ| ≤ w} = P{T 1/2|X̄T − µ|/Sm0
≤ T 1/2w/Sm0

}

≥ P{T 1/2|X̄T − µ|/Sm0
≤ w/c1/2} = 1 − α,

provided we choose c so that w/c1/2 is the 1 − α/2 percentile of

the t distribution with m0 − 1 degrees of freedom.

Remark. The procedure suggested above is inefficient since it

neglects information about σ2 contained in the second sample. A

consequence is that that E(T) is often substantially larger than

necessary, especially when w/σ is small.
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Stein (1949)

Let zα denote the (1 − α/2) percentile of the standard normal distribution.

Observe that the smallest integer exceeding n0 = (σzα/w)2 is the sample size
that would be required to obtain a 1 − α confidence interval of width 2w for a

normal mean when σ is known. In 1949 Stein studied the asymptotic behavior
of the procedure where one samples sequentially until it appears that the

sample size n0 has been achieved. More precisely, let

T = min{n : n ≥ 4, (n − 1)S2

n ≤ ann2(w/zα)2.

where 0 < an = 1 − a0/n + o(1/n). Stein claimed that by choosing
ρ + a0 = 3 + (1 + z2

α)/2, one would have as w/σ → 0

P{|X̄T − µ| ≤ w} = 1 − α + 0 · n−1

0 + o(n−1

0 ) (1)

and

E(T ) = n0 + (1 + z2

α)/2 + o(1). (2)
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Cox (1952), Anscombe (1953),
Chow and Robbins (1965)

Cox (1952) discussed a variety of problems involving estimation by
two-stage sampling. In particular, he showed that any two stage
procedure like Stein’s that achieved at least approximately the desired
coverage probability would oversample asymptotically unless the first
stage was close to the target value n0.

Anscombe (1953), in ignorance of Stein’s 1949 paper, revisited the
same problem. Among a number of related results he gave a heuristic
argument identifying the constant ρ, which he computed by solving a
Wiener-Hopf integral equation numerically.

Chow and Robbins (1965) dropped the hypothesis that the X ’s are
normally distributed and obtained the same first order asymptotics as
Stein (1949) and Anscombe (1953). A flood of papers followed when it
was realized that by considering only first order asymptotic results, one
could apply the same ideas to a variety of problems. – p. 5/9



Simons (1968), Woodroofe
(1977)

Simons (1968) returned to the normal case and showed that one

could take a fixed (but not specified) number of additional

observations beyond the random number suggested by earlier

authors, and then the coverage probability would be greater than

the target 1 − α. His argument involved a clever use of

“backwards” martingales and last passage times.

Woodroofe (1977) gave a mathematically satisfactory treatment

of the Stein/Anscombe results described above. The tool that

allowed him to give a rigorous evaluation of the constant ρ

mentioned above is what has come to be called nonlinear

renewal theory developed largely for other purposes by

Woodroofe (1976a,b) and Lai and Siegmund (1977, 1979).
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Hall (1983)

Hall (1983) observed that the primary weakness of Stein’s

original two stage method was that the initial sample size has to

serve two incompatible goals. It has to be small enough not to

over sample if σ is small and large enough to estimate σ

accurately if σ is large. He suggested a three stage procedure

where the second stage tries to determine a sample size roughly

equal to c times the target sample size of n0, where 0 < c < 1,

and shows that one can achieve the probability approximation in

(1) while using only c−1 times the excess over n0 expected

number of observations.
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Lai and Siegmund (1984)

Let ǫ1, ǫ2, . . . be independent and identically distributed random

variables with mean 0 and variance σ2. For n = 1, 2, . . . assume

that Xn = βXn−1 + ǫn, where X0 is any random variable

independent of the ǫ’s, with a distribution that does not depend

on β. A commonly used estimator of β is the least squares

estimator bn = (
∑n

1
Xi−1Xi)/(

∑
i X2

i−1
). If the ǫ’s have a normal

distribution this is the maximum likelihood estimator, and the

observed Fisher information is In =
∑

i X2

i−1
.

Suppose β ∈ [−1, 1] and let Zn = I
1/2

n (bn − β). For β ∈ (−1, 1),

the process Xn is asymptotically stationary and it is well known

that Zn → N(0, σ2) as n → ∞.
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L & S cont’d

However, if β = 1, Xn =
∑n

1
ǫi, 2Zn can be re-written to equal

n−1(X2
n − X2

0
−

∑n
1

ǫ2

i )/(n
−2

∑n
1

X2

i ), which by Donsker’s

theorem converges in law to σ[W (1)2 − 1]/[
∫

1

0
W 2(t)dt]1/2,

where W (·) is standard Brownian motion, so the asymptotic

normality of bn breaks down when β is close to ±1.

Now let c > 0 and define T = Tc = min{n : In > cσ2}. Then

I
1/2

T (bT − β) → N(0, σ2)

uniformly in β ∈ [−1, 1].
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