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Abstract

Sequential importance sampling offers an alternative way to approximately evaluate the
permanent. It is a stochastic algorithm which seems to work in practice but has eluded analysis.
This paper offers examples where the analysis can be carried out and the first general bounds for
the sample size required. This uses a novel importance sampling proof of Brégman’s inequality
due to Lovász.

1 Introduction

Let G = (V,W,E) be a bipartite graph with |V | = |W | = n and E a set of edges from V to W .
LetM be the set of perfect matchings. Assume throughout thatM is non-empty. There is a large
literature on computing and approximating M = |M|. See [4] for background and applications
in statistics. The magisterial [12] covers every aspect of matching theory. This paper studies an
importance sampling algorithm for Monte Carlo approximation of M .

Algorithm 1. Let v1, v2, . . . , vn be an enumeration of the verticies in V . Beginning at v1 and
proceeding in order:

• Check each edge coming out of v1 to see if its removal, and the subsequent removal of the
adjacent vertices, leaves a graph allowing a perfect matching. Let J1 be the set of available
edges. Pick e ∈ J1 uniformly and delete this edge.

• Repeat with v2, forming J2, and continue until a perfect matching is found. (The last step is
forced.)

• This generates a random matching π with probability

P (π) =

n∏
i=1

|Ji|−1.

Let T (π) = 1/P (π). Then
∑

π∈M P (π) = 1 and

E (T (π)) =
∑
π∈M

T (π)P (π) = M.
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This gives an unbiased estimate of M and one proceeds to generate π1, π2, . . . , πN independently
to give T1, T2, . . . , TN . The estimate is

M̂ =
1

N

N∑
j=1

Ti.

This is a sequential importance sampling algorithm: sequential because π is built up one step at
a time, and importance sampling because 1/P (π) is used to weight π. A host of similar algorithms
are in active use to estimate things like the number of graphs with given degree sequences [1], or
the number of zero/one tables with given row and column sums [3], or the number of self-avoiding
paths in a graph [8]. See [2] or [11] for surveys.

These importance sampling algorithms have notoriously large variability and it is natural to
ask how large a sample N is required to assure M̂ is accurate, e.g., P{|M̂ −M | > ε} is small. A
fresh approach to this problem is suggested by Chatterjee and Diaconis [2]. We use their notation
in the following.

If X is a measurable space, ν a probability on X , f : X → R, with I(f) =
∫
f(x)ν(dx) < ∞.

Let µ be a second probability on X which is “easy to sample from”, and with µ� ν. Set ρ = dν/dµ
so ∫

fρ dµ =

∫
f
dν

dµ
dµ = I(f).

If X1, X2, . . . , XN is an i.i.d. sample from µ, the importance sampling estimator is

ÎN (f) =
1

N

N∑
i=1

f(Xi)ρ(Xi).

Define the Kullback–Leibler divergence by

L = D(ν | µ) =

∫
ρ log ρ dµ =

∫
log ρ dν = Eν(log Y ).

The main result of [2] shows that “eL steps are necessary and sufficient for convergence” in the
following sense:

(a) If ‖f‖2,L2(ν) <∞ and N = eL+t for t > 0,

E
∣∣∣ÎN (f)− I(f)

∣∣∣ ≤ ‖f‖2,L2(ν)

[
e−t/4 + 2P 1/2

ν

(
log ρ(Y ) > L+

t

2

)]
.

(b) Conversely, if f ≡ 1 and N = eL−t, t > 0, for any δ > 0,

P
{
ÎN (f) > (1− δ)

}
≤ e−t/2 + Pν (log ρ(Y ) ≤ L− t/2)

/
(1− δ).

Remarks. 1. To help think about this, suppose ‖f‖2,ν ≤ 1, e.g., f is the indicator function
of a set. Part (a) says that if N > eL+t and log ρ(Y ) is concentrated about its mean
(Eν{log ρ(Y )} = L), then ÎN (f) is close to I(f) with high probability. (Use Markov’s in-
equality with (a).)

2. Conversely, part (b) shows that if N = eL−t and log ρ(Y ) is concentrated about its mean,
then of course I(1) = 1, but there is only a small probability that ÎN (1) is correct.
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In the special case of perfect matchings, X is the set of perfect matchings

ν(π) = 1/|X |, µ(π) =
n∏
i=1

|Ji(π)|−1 (π ∈M in the earlier notation),

and

(1.1) ρ(π) =
dν

dµ
(π) =

n∏
i=1

|Ji(π)|
/
|X |,

(1.2) L =
1

|X |
∑
π∈M

log ρ(π) = −Eν logP (π)− log |X |.

The questions now become, “Given a graph G what is L, and is log ρ(Y ) concentrated?”
In the next section, Lovász’s proof of Brégman’s inequality is used to show that if the ordering

v1, v2, . . . , vn is chosen randomly,

N = eL ≤
∏

(di!)
1/di
/
|X |,

with di the degree of vi in G. Section 3 works out a simple example using Fibonacci permutations
where all can be computed. Section 4 suggests related research.

This paper began during a birthday conference for Donald Knuth in January 2018. Knuth had
used sequential importance sampling to estimate the number of self-avoiding walks in an n×n grid
[8] and often uses it to estimate the running time of backtracking algorithms [9]. At the conference I
presented my work with Chatterjee applied to these problems. After my talk, Laci came up and said,
“I once did some things that seem related. I hadn’t heard about your topics but maybe they will be
useful.” He sent me some class notes using sequential importance sampling as a proof technique for
Brégman’s inequality which led to the bound outlined in this section. These sequential importance
algorithms are widely used and this is the first case of a useful general theorem. Laci’s book with
Plummer is filled with a host of problems “equivalent to matchings.” Thus Hall’s marriage theorem
(When does a graph have a perfect matching?), the Gale–Ryser theorem (When are two sets of
numbers the row and column sums of a zero/one table?), and the Erdös–Gallai theorem (When is
a given set of numbers the degree sequence of a graph?) are derivable from one another. All are
used in the sequential sampling applications to guarantee that the algorithm doesn’t “get stuck.”
Are there analogs of Brégman’s inequality to these related problems? Does there exist a stochastic
proof technique that allows parallel bounds on required sample size? I know that Laci has things
to say about such questions and hope this paper will allow us to continue the conversation.

2 Brégman’s inequality

This section begins with Lovász’s communication and then applies it to sequential importance
sampling.

2.1 Lovász communication

On January 10, 2018, Lovász sent the following communication (probably course notes). There are
similar proofs of Brégman’s inequality [13] but these gave just what was needed.
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Branching counting

Let F be a rooted tree of depth k, such that all N leaves of F are on the lowest level. For every
leaf u let Pu be the path from the root to u. Let X be a random leaf, obtained by starting from
the root, and wherever we are, selecting one child uniformly. Let Y be a uniformly selected leaf.

For every path P from the root to a leaf, let d(P ) be the product of the down-degrees of its
node (except the leaf). Then

P (X = u) =
1

d(Pu)
.

Hence ∑
u

1

d(Pu)
= 1

and
E(d(PX)) = N.

The variance of the random variable d(PX) can be very large, so the following inequalities may be
more useful:

Lemma.
E(log d(PX)) ≤ logN ≤ E(log d(PY )).

Proof. Since log x is a concave function, Jensen’s inequality gives

E(log d(PY )) = − 1

N

∑
u

log
1

d(Pu)
≥ − 1

N
·N · log

1

N
= logN.

On the other hand, x log x is convex, so

E(log d(PX)) = −
∑
u

1

d(Pu)
log

1

d(Pu)
≤ N

(
− 1

N
log

1

N

)
= logN.

Note: E(log d(PX)) is the entropy of X.

Brégman’s theorem

Theorem (Brégman). Let G be a simple bipartite graph with bipartition {U,W}. Let d1, . . . , dn be
the degrees of the nodes in W . Then the number of perfect matchings in G is at most

(d1!)
1/d1 . . . (dn!)1/dn .

Proof. Let π = (v1, . . . , vn) be a permutation of W . Construct the following tree Fπ: its nodes are
those partial matchings that can be extended to a perfect matching, and match v1, . . . , vk for some
k among the nodes of W . A node’s parent is obtained by deleting the edge from vk.

For a perfect matching M , permutation π, and w ∈ W , let a(M,π,w) be the number of those
neighbors of w that are matched by M to a node in W not preceding w in π. Let Mπ,w be the
submatching of M covering exactly those nodes of W that precde w, then the degree in Fπ of Mπ,w

is at most a(M,π,w). Hence for every perfect matching M ,

log d(PM ) =
∑
w∈W

log dFπ(F (M,π,w)) ≤
∑
w∈W

log a(M,π,w).
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Hence
logN ≤ EY (log d(PY )) ≤

∑
w∈W

EY (log a(Y, π, w)).

Averaging over all permutations π,

logN ≤
∑
w∈W

EπEY (log a(Y, π, w)) =
∑
w∈W

EYEπ(log a(Y, π, w)).

In a random permutation π, the nodes in W matched with neighbors of w, the position of w is
first, second, etc., with the same probability. Hence

Eπ(log a(Y, π, w)) =
1

d(w)

d(w)∑
j=1

log j =
1

d(w)
log(d(w)!),

and so

logN ≤
∑
w∈W

EY

(
1

d(w)
log(d(w)!)

)
=
∑
w∈W

1

d(w)
log(d(w)!).

2.2 Application to importance sampling

Consider the algorithm of Section 1 where the ordering v1, v2, . . . , vn is chosen uniformly at random.
Lovász’s argument above shows

−Eν logP (π) ≤
n∑
i=1

1

di(vi)
log(di(vi)!).

Using this in expression (1.1) gives

(2.1) L ≤
n∑
i=1

1

di(vi)
log(di(vi)!)− log |X |,

so
eL ≤

∏
(di!)

1/di .

In a practical application of the algorithm one might use a deterministic ordering of the vertices,
say by increasing degree. Also, there is no need to make the choices uniform; again, matching to
low-degree edges makes some sense. As long as the chance of π is computable, 1/P (π) gives an
unbiased estimator. In the parallel problems of graphs with given degree sequences and contingency
tables, these practical choices can make a large differece. It seems difficult to give useful explicit
bounds for the N required in these variations.

3 Example: Fibonacci matchings

Here is a simple example where all the ingredients can be computed. Consider a tridiagonal
restriction matrix An: ones on the main, super-, and subdiagonal, and zeros elsewhere.

A4 =


1 1 0 0
1 1 1 0
0 1 1 1
0 0 1 1

 .
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Figure 1: Fibonacci matchings

The number of perfect matchings is the Fibonacci number Fn+1. Indeed, 1 can only be matched
to 1’ or 2’. If it is matched to 1’ the deleted graph is An−1. If it is matched to 2’, then 2 must be
matched to 1’ and the deleted graph is An−2. These matchings are illustrated in Figure 1. Thus
there are five perfect matchings consistent with A4; these are shown in Table 1 along with their
associated probabilities if the vertices are tried in order 1, 2, 3, 4 for P1(π) and 2, 3, 4, 1 for P2(π).
For larger n the possible matching probabilities can be quite different. In what follows the vertex
order 1, 2, . . . , n is studied.

Table 1: Perfect matchings

π 1234 2134 1324 1243 2143

P1(π) 1/8 1/4 1/4 1/8 1/4
P2(π) 1/6 1/6 1/3 1/6 1/6

Figure 2 shows a histogram of 1000 Ti when n = 12; then Fn+1 = 89. The mean of 86.72
is reasonable but the minimum of 24, maximum of 288, and standard deviation of 45.3 give an
indication of large variability.

Lemma 1. The random matching algorithm of Section 1 for vertex order 1, 2, . . . , n and the Fibo-
nacci restriction matrix An results in choosing matching π with probability

P1(π) =
1

2n−1−k
,

with kn = k(π) the number of transpositions in π not counting (n, n− 1).

Proof. Working in order, if 1↔ 2 is chosen then 2↔ 1 is forced. If 1↔ 1 is chosen then 2↔ 2 or
2↔ 3 is possible. This restarts after each transposition. The last move is always forced.

Corollary 1. For the ordering 1, 2, . . . , n, with ρ(π) defined at (1.1),

log ρ(π) = log 2 [(n− 1)− k(π)]− logFn+1.
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Figure 2: Histogram of importance sampling weights.

The behavior of k(π) follows from work of Diaconis et al. [4]. If κ(π) is the number of transpo-
sitions in a Fibonacci permutation, under the uniform distribution u(π) = 1/Fn+1 they show, as n
tends to infinity,

Eu(κ) =
n(
√

5− 1)

2
√

5
+O(1),

Varu(κ) =
n

5
√

5
+O(1),

Pu

{
κ−mean

s.d.
≤ x

}
−→ 1√

2π

∫ x

−∞
e−t

2/2 dt,

since k(π) = κ(π) + ε with ε = 1 or 0. This proves:

Corollary 2. Under the uniform distribution on perfect matchings, log ρ(π) is concentrated about
its mean.

It follows that the “N = eL” sample size theorems of Section 1 are in force.

Corollary 3. Let N̂1 and N̂2 be the sample sizes required from sequential importance sampling
using the fixed order, Case 1, or a random order, Case 2. Then

N̂1 =
2
n
(

1
2
+ 1

2
√
5

)
+O(n1/2)

Fn+1
=
en(0.5016... )+O(n1/2)

Fn+1
= en(0.0204)+O(n1/2),

N̂2 =
6n/3+O(1)

Fn+1
=
en(0.5973... )+O(1)

Fn+1
= en(0.1161)+O(n1/2).

7



Remarks. From these calculations, both algorithms require exponential sample sizes. However, the
exponential constants are small, 0.02 and 0.11, and the deterministic ordering is slightly better.
The Brégman is just an upper bound.

4 Final remarks

There are other methods for estimating the number of matchings in bipartite graphs, chief among
them the Markov chain Monte Carlo algorithms. See Jerrum et al. [7] and Dyer et al. [5]. These
come with provable guarantees but don’t seem to work as well in practice. A review of other
algorithms and the need for random generation (as opposed to counting) is in [4].

Use of sequential importance sampling as a proof technique, as in Lovász’s proof of Brégman’s
inequality, is interesting. Levin and Peres [10] prove inequalities of Hoffman and Sidarenko for
counting graph homomorphisms this way and Fox et al. [6] settle a graph coloring conjecture of
Tomescu this way.

Finally, there are many classes of graphs where the number of perfect matchings is known.
These include Ferris-type restrictions and dimer covering problems. These are grist for the mill
of understanding sequential importance sampling. Fortunately, the wonderful book of Lovász and
Plummer [12] can lead us through this part of the maze.
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