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Abstract 

For simple random walk on the integers, consider the chance that the walk has 
traveled distance k from its start gwen that its first return is at time 2n. We derive a 
limiting approximation accurate to order l ln . We give a combinatorial explanation 
for a functional equation satisfied by the limit and show this yields the functional 
equation of Riemann's zeta function. 

EXCURSION DISTANCE; RANDOM WALK LIMITING DISTRIBUTION; ZETA FUNCTION; 
FIRST RETURN DISTANCE 

1. Introduction 

Consider simple random walk on the integers: a particle starts at 0 and moves left or 
right with probability t .  Let T be the time of first return to zero, and MT the maximum 
distance from 0 reached by the walk up to time T. We prove the following result. 

Theorem 1 .  P{MTPyJ& I T = 2 n )  =F ( y )+ O(n-'I2)uniformly in y ,  where the 
distribution function F ( y ) is defined on [O, x)as 

If y takes values such that yJ& is an integer, the error is O ( n - I )uniformly. 

The Mellin transform of the limiting measure F is a well-known number-theoretic 
function introduced by Riemann: 

where for s > 1 
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The functional equation for Riemann's zeta function has the neat form T(s) = T(1 - s). 
This is given a proof and probabilistic interpretation in Section 3. Our proof proceeds by 
finding two different expressions for P{MT9 k I T = 2n), using the reflection principle 
and the discrete Fourier transform. Passing to the limit yields two formulas for F ( y ) .  
These are closely related to the functional equation for Poisson's theta function. 
Computing J ysF(dy) from the two forms of Fyields the functional equation. 

Our interest in this subject starts with the result that simple random walk returns to 0 
infinitely often (Polya (1921)). In explaining this result to non-specialist audiences, we 
ran across a question: 'Surely most returns occur by stepping once or twice away and 
then back. What is the chance that the particle gets an honest distance from its start 
before returning? 

There are two natural definitions of an honest return. 

Dejnition 1. Simple random walk has a k-space return if the particle hits 2 k before 
its first return to 0. 

Dejnition 2. Simple random walk has a k-time return if the particle stays away from 
0 for k or more steps. 

The marginal distributions of both types of k-returns are classically known. The 
chance that simple random walk has its first return to 0 a k-space return is llk. Indeed, 
the chance that the walk hits 2 k before hitting zero equalsthe chance that simple 
random walk, starting at 1, hits k before 0. This is llk, from the gambler's ruin problem 
(see e.g. Feller (1 968), p. 345). 

For k-time returns, Feller (1968), p. 78 proves 

Stirling's formula shows that for j large 

Thus P{T 2 100) = 0.08, so about 8% of all returns stay away from 0 for at least 100 
steps. In contrast, only 1% of all returns ever hit + 100 before returning. 

We became interested in the joint distribution of k-returns - given that the first 
return occurs at 2n, how far has the particle traveled from 0. For example, given that the 
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first return occurs at 100 steps, it is even odds that the maximum distance from 0 is less 
than 13. The limit result of Theorem 1 was proved after noticing the approximation was 
unusually accurate numerically. 

Section 3 discusses the connections with Riemann's zeta function. In Section 4 we give 
some analogous results for two-dimensional random walk. 

Some related literature. Exact combinatorial expressions for the problem treated by 
Theorem 1 date back to Lagrange. Feller ( 1 968), Chapters 3 and 13, discusses history. 
The limit in Theorem 1 is a special case of results in Kaigh (1976)who proved the same 
theorem for essentially any random walk on the integers. Kaigh's approach was to show 
that the limiting curve connecting the partial sums converges. Kaigh (1978)obtains the 
limiting distribution directly by a different route from ours. 

The limiting process is a non-homogeneous Markov process called Brownian excur- 
sion in Ito and McKean (1965). It is essentially the Brownian bridge on [0 ,  11, 
conditioned to be positive. Since the conditioning event is of measure 0 ,  some care is 
required: see Durrett et al. (1977). 

The distribution function F arises as a limit law for another problem involving simple 
random walk S,. Let R ,  be the range up to time n : R ,  = max,,,,, S, -min,,,,, 4. 
Gnedenko (1954)showed that as n tends to x P { R 2 ,< y ( m ) - 1 ' 2I S2, = 0 )  approaches 
F ( y ) of ( 1 . 1 ) .  Vervaat (1979)gives a rigorous proof of this equivalence. Takacs (1957) 
calculates moments in terms of the zeta function. 

Chung ( 1 976)shows that Fcan be represented as the convolution of two Kolmogorov- 
Smirnov distribution functions. See also Knight (1980). Csaki and Mohanty ( 1 981), 
( 1 986) derive expressions for the joint distribution of the maximum and other random 
variables. Biane and Yor (1987) offer a profound study of the Brownian excursion 
process. They give an amazing proof of the functional equation using properties of 
Brownian motion. 

The main new results in the present paper are the error term in Theorem 1, the 
elementary proof of the functional equation for F ( y ) ,  and the connection with Rie- 
mann's zeta function. 

2. Proof of Theorem 1 

We begin with two expressions for the probability of interest. Both are classical; (see 
e.g., Feller (1968),pp. 96, 352, 370). 

Lemma 1 .  With notation as in Theorem 1 ,  P { M T< k and T = 2 n )  equals either 

In (2.  l ) ,  the sum is over all integers j ,  but (i)is defined as 0 for b outside [0 ,a ] .  
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Proof. For (2.1), by symmetry, it is enough to count paths starting and ending at 
zero, staying positive and less than k in between. This can be done using the repeated 
reflection principle as in Takacs (1957) or Feller (1968), p. 96. 

To prove (2.2) let o = exp(2nilk) be a kth root of 1. Then for integer 1 

k - I  0 if 1 # 0 (mod k) z 
~ J I =  

j -o  k if 1 = 0 (mod k). 

Now the binomial formula yields, for any integer m ,  

Set m = n - 1. The sum in (2.1) above equals 

1 k - 1  1 k - lz (, - j / Z  + o~/2)Zm(l- o - ~ )=-2k j-02 (COS f ) z m  (1 - 0-j).
22m+lk J -0 

Now, o-j+w - ( ~ - J )=2 cos(2njlk), the central term, if there is one, vanishes, and 
cos(nj1k) = - cos(n(k -j)lk). So the terms in the sum can be paired to give the required 
answer. 

Formula (2.2) is a useful form for exact computation since there is no cancellation due 
to alternating signs. With this preparation we can prove Theorem 1. 

Proof of Theorem 1. We begin by approximating the numerator and denominator of 
the conditional probability for the case (log n) <y <(log n)llZ. First we will bound 
the upper tail of the sum in formula (2.2) for the numerator, P{MT<k and T =2n). 
Consider j > log n. Then 

and for (log n)-'I2 <y <(log n)'lZ or (nnllog n)'IZ <k <(nn log n)'IZ, this is uniformly 
bounded of order O(exp( - n log n)). 

Now we examine the terms 1 2j 2 log n, with (log n) <y <(log n)ll2. We have 
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where the implicit error terms hold uniformly in j and y within this region. It follows that 
for integer values where k = yfithe sum in ( 2 . 2 ) ,evaluated over 1 5j 5 log n , equals 

Finally 
- nj2\

j2  exp = O(exp( -
j = l o g n  J' -

uniformly in the region (log n )  'I2 <.I> < (log n ) ' I 2 .  

Combining bounds, we obtain that 

uniformly for integer values of y,'% with (log n)-Il2< y <(log n)'12. 
Stirling's formula gives from (1.3) for the denominator 

We now have for the conditional probability: 

uniformly for integer values of y ~ & ,for (log n )- "2 < y < (log n)"2 
Now consider the case y i(log n ) - "'. Then 

If y > (log n ) Il2, then similarly 
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For non-integer values of y f i ,  let k, be the largest integer satisfying k, <y f i ~ .  
Then 

p[MT5 k, I T = 2n]= P[MT5 y& I T = 2n]= + O(l lQ) .~ ( k ~ l f i )  
But 

4n 4n - nj2 
= - -5 j 2  exp (F) 2 j2 exp

y3 j -I  

Remark. The approach used to prove Theorem 1 can be extended to give a limiting 
asymptotic expansion. The paper of Kemperman ( 1  959)does something similar. 

TABLE1 

Percentage points of the distribution 


Figure 1 shows the limiting density; Table 1 gives some percentage points. Chung 
( 1  976) discusses basic properties of F. 

Figure 1 .  Density for the distribution F ( y ) = (4n/y3)Z,",, j2exp( - nj2/y2). 
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Remarks. The distribution function F defined by ( 1 . 1 )  satisfies a useful identity 
needed in Section 3. It can be written as 

This can be proved by using the functional equation for the theta function y/(x)= 

G;, exp( - ( 1  + 2 y / ( l l x ) ) l v ~ ~nj2x) .This satisfies 1 + 2y / ( x )= (see e.g. Good (1986)). 
Thus F ( y )= - 4y/ '( l ly2)ly3= 1 + 2y / ( y2 )+ 4y/ '(v2)v2which equals the right side 
of (2.3). 

A probabilistic proof of the identity (2.3) begins with (2.1). Rewritten in terms of 
m = n - 1, it equals 

The term in square brackets can be replaced by 21m - (2jk)21m2+ O ( ( j k l m ) 3 ) .The 
i-

normal approximation to the binomial gives 2 -2m(m::, ) - exp( - nj2v2) l ,  n m  for k = 

v f i .  Taking the limit termwise yields 

Using the approximation (1 .4)for P{T = 2 n )  gives (2.3). This argument is similar to 
Kaigh's ( 1 978) way of proving Theorem 1 .  It can be used to give a rate of convergence. 

3. Connections with Riemann's zeta function 

The limit distribution function F ( y ) ,  derived in Theorem 2, has an interesting 
connection with a function introduced by Riemann. This historical work of Edwards 
( 1 974) is highly recommended for those unfamiliar with analytic number theory. Other 
basic references are Titchmarsh (1951)or Ivic (1985). 

Riemann's zeta function is usually defined via 

It is shown to have an Euler product 

and an analytic continuation to the entire complex plane with a simple pole at s = 1. 
The zeta function is symmetric about the line Re s = f.This is captured in a functional 

equation. To state this succinctly, Riemann (1859)introduced the function ( ( s )defined 

by 
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with r the familiar gamma function. 
Then <(s )is an entire function, defined for all complex s ,  with no poles. The zeros of 

( ( s ) are the same as the zeros of c ( s ) in the critical strip 0 5 Re s 2 1 .  The functional 
equation of the zeta function can be written as 

The contact with the present work comes through the following. 

Theorem 2. Let F ( y )  be the distribution function defined by (1.1). Then F has 
Mellin transform 

l"xsF(dr)= 2<(s)= 2<(l - s ) .  

Proof of Theorem 2. Using ( 1 .  I ) ,  F ( y )has a density and 

" JOE -xsF(dx)= xs4nx zj2(2nj2x2 3)exp( - nj2x2)dx 
j - l  

= 4n f j2 Som + - 3xs )ex p( - nj2x2)dx.( 2 d 2 x S  + 

j - l  

The change of sum and integral is valid for s > 1 because 

and similarly 

With a change of variables, y =x2,  

= 2n 5 j' J m  (2nj2y"2+l - 3v'I2)exp( - nj2yMY 
j - l  
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The second equality in Theorem 2 can be derived by using the second form of F ( y )from 
(2.3), for s > 1 

Changing variables so y = 1/x2,this equals 

This proves the functional equation for s > 1. Since ((s) is entire, it holds for all s .  

Remark 1 .  The first identity of Theorem 2, without the probabilistic interpretation 
of F ( y ) , is in Riemann's original paper. It has formed the basis of one line of attack on 
the Riemann hypothesis. A recent paper in this direction is by Newman ( 1976)who gives 
references to earlier work by Polya and de Bruijn. 

Remark 2. By change of variable, it follows from Theorem 2,  that 2 ( ( s )  is an 
analytic Laplace transform of a probability measure; the law of the log of a random 
variable distributed according to F .  Thus, for any real numbers s, , . skythe matrix a ,  

{ ( ( s i + s j ) ) is positive definite. This remark may be new. 

Chung ( 1  974), p. 247, observes that for each real a > 1, and all real t ,  the function 
[ ( a  + i t ) / [ ( a )is an infinitely divisible characteristic function. 

For completeness, here is a simple proof of this last statement. Consider the pro- 
bability on the integers { 1, 2,  3 , .  . .) defined by 

As shown by Golomb ( 1  970), under Psdivisibility by distinct primes is independent. 
More exactly, write an integer n as a product of primes 

If n is random, then vp(n )are random variables. A key observation is that under Ps,v p ( n )  
are independent geometric random variables: 
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Now the Mellin transform of the measure P, is 

i ( s  - t)E, { N ' )  =-. 
i ( s )  

It follows that for all fixed s > 1, [(s + it)l[(s) is the characteristic function of - log N. 
But N is the product of independent variables so log N is a sum of vp log p. Since the 
geometric distribution is infinitely divisible, so is the distribution of - log N. 

The zeta measure P,is useful in probabilistic number theory. See Diaconis (1980) or 
Lloyd ( 1  984) for examples. 

Remark 3. The gamma factor r ( t s  + 1) can be interpreted as the Mellin transform 
of the square root of an exponential variable. It is natural to try to find a probabilistic 
interpretation of the Euler product (3.2). We have not succeeded at this, or at finding a 
probabilistic interpretation of Hadamard's factorization: ((s) = ((0)lTp(l - slp), where 
((0) =4 follows from (3.5), and p ranges over the roots of the equation ((s) = 0. This 
equation is proved in Chapter 2 of Edwards (1974). On Riemann's hypothesis, all roots 
lie on Re s = 4. 

We can suggest a probabilistic interpretation of the functional equation (3.4). 

Lemma 2. Let X be a random variable with densityf(y)  given in Corollary 1. Then 
X has mean 1 and the function yf(y) is again a probability density. If Y is distributed 
according to yf(y), then 11Y has the same distribution as the original X. 

Proof. From 1 = 2((0) = 2((1); X has mean 1, so yf(y) is a probability density on 
[0, cc). Now Theorem 2 and the functional equation (3.4) give, for all s ,  

so the result follows from the uniqueness of the Mellin transform. 

Remark 1. The density xf(x) has a renewal interpretation: let X,, X,, . .,be inde-
pendent and identically distributed with density f(x). Let S,,= X I  + . . . +x,,.For 
t >0, let L, be the length of the interval S,,,, - S,,, where S,, 5 t <S,,,,. 

The renewal theorem implies that as t tends to cc,L, has a limiting distribution with 
density xf(x). See Karlin and Taylor (1975), p. 195, for a clear explanation. 

Thus, our probabilistic interpretation of the functional equation is as follows: let 
XI,X,, . . ., be i.i.d. according to f. Consider the length L, of the interval containing a 
fixed point t. For large t, lIL, has approximately the same distribution as XI. 

Remark 2. As explained in the introduction, up to a scale factor, f(y) is the density 
of the maximum of the Brownian bridge, constrained to be positive. This gives some 
hope of finding a purely probabilistic proof of the functional equation, using properties 
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of Brownian motion. We have not succeeded in finding such a proof. Biane and Yor 
(1987) have found an argument along these lines. Their treatment makes quite refined 
use of the Brownian excursion process. 

Remark 3. It is natural to try to characterize positive random variables satisfying 
the functional equation. If the requirement of a density is dropped, then a point mass at 
1 has the right properties. It is not hard to give other discrete measures with these 
properties. There is a good deal of literature on characterizing the zeta function through 
the functional equation (Hamburger's theorem). This is nicely presented in Chandrasek- 
haran (1 970), Chapter 2. The additional constraints required for characterization do not 
naturally fit with the present probability interpretation. 

Remark 4. Iff is any density with distribution function F, and mean p on [0, x) ,  
then (xlp)f(x)  is again a probability density. Let G be its associated distribution 
function. It is then easy to show that G is stochastically larger than F,so F ( y )  L G(y)  for 
all y .  This allows a representation of a pair of random variables X and Y, with 
distribution functions Fand  G respectively, and X 5 Yalmost surely. Take X = F - I ( [ ' ) .  
Y = G - '(U) with U uniform on [0, 11. 

In our example, F-' or G- '  seem impossible to compute in closed form so this 
representation does not yield a useful interpretation of the result that 1IYand X have the 
same distribution. 

4. Some two-dimensional results 

Similar questions can be answered for simple random walk in two dimensions. Define 
a k-space return as a walk that hits a point at distance k or more from 0before the first 
return to 0. Here distance can be measured in the Euclidean or city block metric - the 
minimum number of steps needed to return to 0. A k- time return stays away from 0 for k 
or more steps before returning. 

It is possible to set up a recurrence, and calculate the exact probability for k-space 
returns. Some numerical results are given in Table 2. 

TABLE2 

Probability of k-space returns for simple random walk in two dimensions 


Using classical potential theory as in Section 15 of Spitzer (1964) we have been able to 
find the asymptotics of a k-space return. The following result is true for either metric. 

Theorem 3. Let Pk be the chance that simple random walk in two dimensions hits a 
point at distance k from 0 before its first return. Then 

Pk-- ?c 

2 log k 
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Spitzer (1964), p. 167 gives the asymptotics of the marginal distribution for a k-time 
return, as follows. 

Theorem 4. Let T be the first time that simple random walk in two-dimensions 
returns to 0. Then 

P { T >  k )  --- I L  

as k--m. 
log k 

Remarks. Both Theorems 3 and 4 seem very surprising numerically. For example, 
Table 3 gives numerical results for Theorem 4: 23%of the time a random walk will take 

TABLE3 

Probability of no return (from Theorem 4) 


more than a million steps to return (even though we are certain it returns eventually)! 
Using results of Kiefer (1959) we can determine the joint limiting distribution using 

the Euclidean distance. 

Theorem 5. Let S,be the partial sum of simple random walk in two dimensions. Let 

11 11 be the usual Euclidean distance. Let T be the time of first return to 0. Then 

max 1) S, 11 d t f i  1 T = 2 n } + ~ ~ ( t ~ )
l j j j 2 n  

where 

J,(x) is the Bessel function, and y,, are the positive zeros of Jo. 

Sketch of proof. Consider the first time T that the processes S, returns to 0. For large 
n ,  if T = 2n, each coordinate process will have returned to 0 many times. It can be 
argued that the coordinate processes, divided by ,/%, converge to independent 
Brownian bridges. Thus, the squared maximum has the same distribution as 

max Bl(t)2 + B2(t)2
O j I j l  

where B, are independent Brownian bridges. Kiefer (1959) showed that the law of this 
maximum is as stated. 

Remark. Kiefer (1959) gives tables for A2(t2). The 0.05, 0.5, and 0.95 points have 
t =0.71, 1.06, and 1.59 respectively. In this approximation, given that a two-dimen- 
sional walk first returns after 100 steps, it is even odds that it only traveled distance 10.6 
from its start. 
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Remark. Lajos Takacs (personal communication) has begun to study interrelation- 
ships between various limiting results in two dimensions. With notation as in Theorem 
5. he showed 

Results analogous to Theorem 5 for different metrics (e.g., city block or L") do not 
seem available at present. 
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