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Preface

These are the lecture notes for a year long, PhD level course in Probability Theory
that I taught at Stanford University in 2004, 2006 and 2009. The goal of this
course is to prepare incoming PhD students in Stanford’s mathematics and statistics
departments to do research in probability theory. More broadly, the goal of the text
is to help the reader master the mathematical foundations of probability theory
and the techniques most commonly used in proving theorems in this area. This is
then applied to the rigorous study of the most fundamental classes of stochastic
processes.

Towards this goal, we introduce in Chapter [Il the relevant elements from measure
and integration theory, namely, the probability space and the o-algebras of events
in it, random variables viewed as measurable functions, their expectation as the
corresponding Lebesgue integral, and the important concept of independence.

Utilizing these elements, we study in Chapter [2the various notions of convergence
of random variables and derive the weak and strong laws of large numbers.

Chapter Bl is devoted to the theory of weak convergence, the related concepts
of distribution and characteristic functions and two important special cases: the
Central Limit Theorem (in short CLT) and the Poisson approximation.

Drawing upon the framework of Chapter[Il we devote Chapter [ to the definition,
existence and properties of the conditional expectation and the associated regular
conditional probability distribution.

Chapter [ deals with filtrations, the mathematical notion of information progres-
sion in time, and with the corresponding stopping times. Results about the latter
are obtained as a by product of the study of a collection of stochastic processes
called martingales. Martingale representations are explored, as well as maximal
inequalities, convergence theorems and various applications thereof. Aiming for a
clearer and easier presentation, we focus here on the discrete time settings deferring
the continuous time counterpart to Chapter [

Chapter [0 provides a brief introduction to the theory of Markov chains, a vast
subject at the core of probability theory, to which many text books are devoted.
We illustrate some of the interesting mathematical properties of such processes by
examining a few special cases of interest.

In Chapter ?? we provide a brief introduction to Ergodic Theory, limiting our
attention to its application for discrete time stochastic processes. We define the
notion of stationary and ergodic processes, derive the classical theorems of Birkhoff
and Kingman, and highlight few of the many useful applications that this theory
has.
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Chapter [1 sets the framework for studying right-continuous stochastic processes
indexed by a continuous time parameter, introduces the family of Gaussian pro-
cesses and rigorously constructs the Brownian motion as a Gaussian process of
continuous sample path and zero-mean, stationary independent increments.

Chapter [8 expands our earlier treatment of martingales and strong Markov pro-
cesses to the continuous time setting, emphasizing the role of right-continuous fil-
tration. The mathematical structure of such processes is then illustrated both in
the context of Brownian motion and that of Markov jump processes.

Building on this, in Chapter [0 we re-construct the Brownian motion via the in-
variance principle as the limit of certain rescaled random walks. We further delve
into the rich properties of its sample path and the many applications of Brownian
motion to the CLT and the Law of the Iterated Logarithm (in short, LIL).

The intended audience for this course should have prior exposure to stochastic
processes, at an informal level. While students are assumed to have taken a real
analysis class dealing with Riemann integration, and mastered well this material,
prior knowledge of measure theory is not assumed.

It is quite clear that these notes are much influenced by the text books |[Bil95)
Dur10, (Wil91l, KaS97] I have been using.

I thank my students out of whose work this text materialized and my teaching as-
sistants Su Chen, Kshitij Khare, Guoqgiang Hu, Julia Salzman, Kevin Sun and Hua
Zhou for their help in the assembly of the notes of more than eighty students into
a coherent document. I am also much indebted to Kevin Ross, Andrea Montanari
and Oana Mocioalca for their feedback on earlier drafts of these notes, to Kevin
Ross for providing all the figures in this text, and to Andrea Montanari, David
Siegmund and Tze Lai for contributing some of the exercises in these notes.

AMIR DEMBO

STANFORD, CALIFORNIA
APRIL 2010



CHAPTER 1

Probability, measure and integration

This chapter is devoted to the mathematical foundations of probability theory.
Section [[Tlintroduces the basic measure theory framework, namely, the probability
space and the o-algebras of events in it. The next building blocks are random
variables, introduced in Section as measurable functions w — X (w) and their
distribution.

This allows us to define in Section [[L3]the important concept of expectation as the
corresponding Lebesgue integral, extending the horizon of our discussion beyond
the special functions and variables with density to which elementary probability
theory is limited. Section [L4] concludes the chapter by considering independence,
the most fundamental aspect that differentiates probability from (general) measure
theory, and the associated product measures.

1.1. Probability spaces, measures and c-algebras

We shall define here the probability space (€2, F,P) using the terminology of mea-
sure theory.

The sample space € is a set of all possible outcomes w € 2 of some random exper-
iment. Probabilities are assigned by A — P(A) to A in a subset F of all possible
sets of outcomes. The event space F represents both the amount of information
available as a result of the experiment conducted and the collection of all subsets
of possible interest to us, where we denote elements of F as events. A pleasant
mathematical framework results by imposing on F the structural conditions of a
o-algebra, as done in Subsection [[T.J] The most common and useful choices for
this o-algebra are then explored in Subsection [[.T.21 Subsection [[LT.3] provides fun-
damental supplements from measure theory, namely Dynkin’s and Carathéodory’s
theorems and their application to the construction of Lebesgue measure.

1.1.1. The probability space (2, F, P). We use 2% to denote the set of all
possible subsets of €. The event space is thus a subset F of 22, consisting of all
allowed events, that is, those subsets of {2 to which we shall assign probabilities.
We next define the structural conditions imposed on F.

DEFINITION 1.1.1. We say that F C 2% is a o-algebra (or a o-field), if
(a) Q€ F,

(b) If A € F then A° € F as well (where A°=Q\ A).

(¢) If A; € F fori=1,2,3,... then also | J; A; € F.

REMARK. Using DeMorgan’s law, we know that (|J, AS)¢ = (), Ai. Thus the
following is equivalent to property (c) of Definition [LT.Tt
(¢’) If Ay € F for i =1,2,3,... then also (), A; € F.

7



8 1. PROBABILITY, MEASURE AND INTEGRATION

DEFINITION 1.1.2. A pair (Q,F) with F a o-algebra of subsets of Q is called a
measurable space. Given a measurable space (2, F), a measure p is any countably
additive non-negative set function on this space. That is, u : F — [0,00], having
the properties:

(a) u(A) > u(@) =0 for all A € F.
(b) 1(U,, An) = >, 1(Ap) for any countable collection of disjoint sets A, € F.

When in addition u(Q) = 1, we call the measure p a probability measure, and
often label it by P (it is also easy to see that then P(A) <1 for all A€ F).

REMARK. When (b) of Definition is relaxed to involve only finite collections
of disjoint sets A,, we say that p is a finitely additive non-negative set-function.
In measure theory we sometimes consider signed measures, whereby g is no longer
non-negative, hence its range is [—00, 00, and say that such measure is finite when
its range is R (i.e. no set in F is assigned an infinite measure).

DEFINITION 1.1.3. A measure space is a triplet (0, F, 1), with u a measure on the
measurable space (2, F). A measure space (0, F, P) with P a probability measure
is called a probability space.

The next exercise collects some of the fundamental properties shared by all prob-
ability measures.

EXERCISE 1.1.4. Let (2, F,P) be a probability space and A, B, A; events in F.
Prove the following properties of every probability measure.

(a) Monotonicity. If A C B then P(A) < P(B).

(b) Sub-additivity. If A C U;A; then P(A) < . P(4;).

(c) Coutinuity from below: If A; T A, that is, Ay C Ay C ... and U;A; = A,
then P(A;) 1 P(A).

(d) Coutinuity from above: If A; | A, that is, A1 D Ay
then P(A;) | P(A).

V)

. and ﬂlAl = A,

REMARK. In the more general context of measure theory, note that properties
(a)-(c) of Exercise [LT.4 hold for any measure y, whereas the continuity from above
holds whenever p(A4;) < oo for all i sufficiently large. Here is more on this:

EXERCISE 1.1.5. Prove that a finitely additive non-negative set function p on a
measurable space (2, F) with the “continuity” property

B,eF, B,l0, uB,) < = u(B,)—0

must be countably additive if () < co. Give an example that it is not necessarily
so when p(2) = co.

The o-algebra F always contains at least the set () and its complement, the empty
set (). Necessarily, P(Q2) = 1 and P() = 0. So, if we take Fy = {0, Q} as our o-
algebra, then we are left with no degrees of freedom in choice of P. For this reason
we call Fy the trivial o-algebra. Fixing 2, we may expect that the larger the o-
algebra we consider, the more freedom we have in choosing the probability measure.
This indeed holds to some extent, that is, as long as we have no problem satisfying
the requirements in the definition of a probability measure. A natural question is
when should we expect the maximal possible o-algebra F = 2 to be useful?

EXAMPLE 1.1.6. When the sample space ) is countable we can and typically shall
take F = 2. Indeed, in such situations we assign a probability p,, > 0 to eachw €
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making sure that ), pw = 1. Then, it is easy to see that taking P(A) =3 4 pw
for any A C Q results with a probability measure on (,2%). For instance, when
Q is finite, we can take p, = ﬁ, the uniform measure on ), whereby computing
probabilities is the same as counting. Concrete examples are a single coin toss, for
which we have Q. = {H, T} (w = H if the coin lands on its head and w = T if it
lands on its tail), and Fy = {0,Q,H, T}, or when we consider a finite number of
coin tosses, say m, in which case Q, = {(w1,...,wp) s w; € {H,T},i=1,...,n}
is the set of all possible n-tuples of coin tosses, while F,, = 2% is the collection
of all possible sets of n-tuples of coin tosses. Another erxample pertains to the
set of all non-negative integers Q0 = {0,1,2,...} and F = 2%, where we get the
Poisson probability measure of parameter A > 0 when starting from py = Xk—’;ef)‘ for
k=0,1,2,....

When € is uncountable such a strategy as in Example will no longer work.
The problem is that if we take p, = P({w}) > 0 for uncountably many values of
w, we shall end up with P(Q2) = co. Of course we may define everything as before
on a countable subset € of  and demand that P(A)=P(AN ﬁ) for each A C Q.
Excluding such trivial cases, to genuinely use an uncountable sample space 2 we
need to restrict our o-algebra F to a strict subset of 2.

DEFINITION 1.1.7. We say that a probability space (2, F,P) is non-atomic, or
alternatively call P non-atomic if P(A) > 0 implies the existence of B€ F, B C A
with 0 < P(B) < P(A).

Indeed, in contrast to the case of countable 2, the generic uncountable sample
space results with a non-atomic probability space (c.f. Exercise [LI.27). Here is an
interesting property of such spaces (see also [Bil95, Problem 2.19)).

EXERCISE 1.1.8. Suppose P is non-atomic and A € F with P(A) > 0.

(a) Show that for every e > 0, we have B C A such that 0 < P(B) < e.
(b) Prove that if 0 < a < P(A) then there exists B C A with P(B) = a.

Hint: Fiz €, | 0 and define inductively numbers x,, and sets G, € F with Hy = (),
H, = UgenGg, 2, = sup{P(G) : G C A\H,, P(H, UG) < a} and G,, C A\H,
such that P(H, |JGr) < a and P(G,) > (1 — €,)xy,. Consider B = UpGy.

As you show next, the collection of all measures on a given space is a convex cone.

EXERCISE 1.1.9. Given any measures {un,n > 1} on (Q,F), verify that p =

Zf;l Cnlin 18 also a measure on this space, for any finite constants ¢, > 0.

Here are few properties of probability measures for which the conclusions of Ex-
ercise [[L.T4] are useful.

EXERCISE 1.1.10. A function d : X x X — [0,00) is called a semi-metric on
the set X if d(z,z) = 0, d(z,y) = d(y,x) and the triangle inequality d(x,z) <
d(z,y) + d(y, z) holds. With AAB = (AN B°) U (A°N B) denoting the symmetric
difference of subsets A and B of ), show that for any probability space (2, F,P),
the function d(A, B) = P(AAB) is a semi-metric on F.

EXERCISE 1.1.11. Consider events {A,} in a probability space (Q, F,P) that are
almost disjoint in the sense that P(A, N Ay) = 0 for all n # m. Show that then
P(UpL 4,) = ZOO P(A4y).

n=1



10 1. PROBABILITY, MEASURE AND INTEGRATION

EXERCISE 1.1.12. Suppose a random outcome N follows the Poisson probability
measure of parameter A > 0. Find a simple expression for the probability that N is
an even integer.

1.1.2. Generated and Borel o-algebras. Enumerating the sets in the o-
algebra F is not a realistic option for uncountable Q). Instead, as we see next, the
most common construction of o-algebras is then by implicit means. That is, we
demand that certain sets (called the generators) be in our o-algebra, and take the
smallest possible collection for which this holds.

EXERCISE 1.1.13.

(a) Check that the intersection of (possibly uncountably many) o-algebras is
also a o-algebra.

(b) Verify that for any o-algebras H C G and any H € H, the collection
HE ={Ae€G:ANH € H} is a o-algebra.

(c) Show that H — HH is non-increasing with respect to set inclusions, with
HY = H and H® = G. Deduce that HT9H = HH nyH’ for any pair
H H eH.

In view of part (a) of this exercise we have the following definition.

DEFINITION 1.1.14. Given a collection of subsets A, C Q (not necessarily count-
able), we denote the smallest o-algebra F such that A, € F for all a € T either by
oc({Ax}) or by o(An,a €T), and call 0({An}) the o-algebra generated by the sets
A,. That is,
c({Au})=N{G: GC2%isao—algebra, A, €G VaeTl}.

EXAMPLE 1.1.15. Suppose Q =S is a topological space (that is, S is equipped with
a notion of open subsets, or topology). An example of a generated o-algebra is the
Borel o-algebra on S defined as o({O C S open}) and denoted by Bs. Of special
importance is Bg which we also denote by B.

Different sets of generators may result with the same o-algebra. For example, tak-
ing Q = {1,2,3} it is easy to see that o({1}) = 0({2,3}) = {0, {1}, {2, 3}, {1,2,3}}.

A o-algebra F is countably generated if there exists a countable collection of sets
that generates it. Exercise[L.T.T7shows that Bg is countably generated, but as you
show next, there exist non countably generated o-algebras even on 2 = R.

EXERCISE 1.1.16. Let F consist of all A C Q such that either A is a countable set
or A° is a countable set.

(a) Verify that F is a o-algebra.
(b) Show that F is countably generated if and only if 2 is a countable set.

Recall that if a collection of sets A is a subset of a o-algebra G, then also o(A) C G.
Consequently, to show that o({A,}) = o({Bg}) for two different sets of generators
{A.} and {Bg}, we only need to show that A, € o({Bg}) for each a and that
Bg € 0({Ay}) for each 8. For instance, considering Bg = o({(a,b) : a < b € Q}),
we have by this approach that Bg = o({(a,0) : a < b € R}), as soon as we
show that any interval (a,b) is in Bg. To see this fact, note that for any real
a < b there are rational numbers ¢, < r, such that ¢, | a and 7, T b, hence
(a,b) = Un(gn,m™n) € Bg. Expanding on this, the next exercise provides useful
alternative definitions of B.
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EXERCISE 1.1.17. Verify the alternative definitions of the Borel o-algebra B:
o({(a,b):a<beR}) =c({[a,b] :a <beER}) =0c({(—00,b] : b € R})
=0({(—00,b] : b€ Q}) =0({O CRopen })

If ACRisin B of Example[[LT.T5 we say that A is a Borel set. In particular, all
open (closed) subsets of R are Borel sets, as are many other sets. However,

PROPOSITION 1.1.18. There exists a subset of R that is not in B. That is, not all
subsets of R are Borel sets.

PROOF. See [Wil91] A.1.1] or [Bil95| page 45]. O

EXAMPLE 1.1.19. Another classical example of an uncountable Q) is relevant for
studying the experiment with an infinite number of coin tosses, that is, Qoo = QY
for Q1 = {H, T} (indeed, setting H =1 and T =0, each infinite sequence w € Qoo
is in correspondence with a unique real number x € [0,1] with w being the binary
expansion of x, see Exercise [L213). The o-algebra should at least allow us to
consider any possible outcome of a finite number of coin tosses. The natural o-
algebra in this case is the minimal o-algebra having this property, or put more
formally Fo. = o({Apr,0 € Q¥ k=1,2,...}), where Apj = {w € Qoo 1 w; = 0, =
1...,k} for0=(61,...,60k).

The preceding example is a special case of the construction of a product of mea-
surable spaces, which we detail now.

ExAMPLE 1.1.20. The product of the measurable spaces (i, F;), i = 1,...,n is
the set Q@ = Qq x - - - X Q,, with the o-algebra generated by {A1 X ---x A, : A; € F;},
denoted by Fi X --- Fp,.

You are now to check that the Borel g-algebra of R? is the product of d-copies of
that of R. As we see later, this helps simplifying the study of random vectors.

EXERCISE 1.1.21. Show that for any d < oo,
BRdZBX---XBZU({(al,bl) x---x(ad,bd):ai<bi€R,i:1,...,d})

(you need to prove both identities, with the middle term defined as in Example

[L120).

EXERCISE 1.1.22. Let F = 0(Aq, € T') where the collection of sets Ay, a € T is
uncountable (i.e., T is uncountable). Prove that for each B € F there exists a count-
able sub-collection {Aq,,j = 1,2,...} C {Aa,a € '}, such that B € 0({Aq,,J =
1,2,...}).

Often there is no explicit enumerative description of the o-algebra generated by
an infinite collection of subsets, but a notable exception is

EXERCISE 1.1.23. Show that the sets in G = o({[a,b] : a,b € Z}) are all possible
unions of elements from the countable collection {{b}, (b,b+1),b € Z}, and deduce
that B # G.

Probability measures on the Borel o-algebra of R are examples of regular measures,
namely:
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EXERCISE 1.1.24. Show that if P is a probability measure on (R, B) then for any
A € B and € > 0, there exists an open set G containing A such that P(A) + ¢ >
P(G).

Here is more information about Bga.

EXERCISE 1.1.25. Show that if p is a finitely additive non-negative set function
on (RY, Bga) such that n(R%) = 1 and for any Borel set A,

w(A) =sup{u(K): K C A, K compact },

then p must be a probability measure.

Hint: Argue by contradiction using the conclusion of FExercise .13 To this end,
recall the finite intersection property (if compact K; C R® are such that Ni_, K; are
non-empty for finite n, then the countable intersection (=, K; is also non-empty).

1.1.3. Lebesgue measure and Carathéodory’s theorem. Perhaps the
most important measure on (R, B) is the Lebesgue measure, A. It is the unique
measure that satisfies A\(F') = >, _, (bx — ax) whenever F = J; _, (ax, by] for some
r<ooand a; < by <ag <bg--- <b,.. Since A(R) = oo, this is not a probability
measure. However, when we restrict 2 to be the interval (0, 1] we get

EXAMPLE 1.1.26. The uniform probability measure on (0,1], is denoted U and
defined as above, now with added restrictions that 0 < a1 and b, < 1. Alternatively,
U is the restriction of the measure X to the sub-o-algebra B 1) of B.

EXERCISE 1.1.27. Show that ((0,1], B(o,1}, U) is a non-atomic probability space and
deduce that (R, B, \) is a non-atomic measure space.

Note that any countable union of sets of probability zero has probability zero, but
this is not the case for an uncountable union. For example, U({z}) = 0 for every
z € R, but U(R) = 1.

As we have seen in Example it is often impossible to explicitly specify the
value of a measure on all sets of the o-algebra F. Instead, we wish to specify its
values on a much smaller and better behaved collection of generators A of F and
use Carathéodory’s theorem to guarantee the existence of a unique measure on F
that coincides with our specified values. To this end, we require that A4 be an
algebra, that is,

DEFINITION 1.1.28. A collection A of subsets of 2 is an algebra (or a field) if
(a) Qe A,
(b) If A € A then A° € A as well,
(c) If A,B € A then also AU B € A.

REMARK. In view of the closure of algebra with respect to complements, we could
have replaced the requirement that 2 € A with the (more standard) requirement
that § € A. As part (c) of Definition amounts to closure of an algebra
under finite unions (and by DeMorgan’s law also finite intersections), the difference
between an algebra and a g-algebra is that a o-algebra is also closed under countable
unions.

We sometimes make use of the fact that unlike generated o-algebras, the algebra
generated by a collection of sets A can be explicitly presented.

EXERCISE 1.1.29. The algebra generated by a given collection of subsets A, denoted
f(A), is the intersection of all algebras of subsets of Q containing A.
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(a) Verify that f(A) is indeed an algebra and that f(A) is minimal in the
sense that if G is an algebra and A C G, then f(A) CG.

(b) Show that f(A) is the collection of all finite disjoint unions of sets of the
form (;L, Aij, where for each i and j either A;; or AS; are in A.

We next state Carathéodory’s extension theorem, a key result from measure the-
ory, and demonstrate how it applies in the context of Example [[.T.26]

THEOREM 1.1.30 (CARATHEODORY’S EXTENSION THEOREM). If o : A — [0, 00]
is a countably additive set function on an algebra A then there exists a measure
woon (Q,0(A)) such that p = po on A. Furthermore, if uo(Q) < oo then such a
measure [ 1S unique.

To construct the measure U on B(g 1y let = (0,1] and
A={(a1,b1]U---U(ar,b;] : 0< a1 < by <---<a,<b <1,r <00}

be a collection of subsets of (0,1]. It is not hard to verify that A is an algebra, and
further that o(A) = Bgq) (c.f. Exercise [LTIT for a similar issue, just with (0, 1]
replaced by R). With Uy denoting the non-negative set function on A such that

(1.1.1) Uo( U(Gk,bk]) :Z(bk—@k)7

k=1 k=1
note that Up((0,1]) = 1, hence the existence of a unique probability measure U on
((0,1], B(g,1)) such that U(A) = Uy(A) for sets A € A follows by Carathéodory’s
extension theorem, as soon as we verify that

LEMMA 1.1.31. The set function Uy is countably additive on A. That is, if Ay is a
sequence of disjoint sets in A such that Uy Ay, = A € A, then Ug(A) = >, Uo(Ay).

The proof of Lemma [LT.3T] is based on

EXERCISE 1.1.32. Show that Uy is finitely additive on A. That is, Ug(Uj_; Ax) =
Y iy Uo(Ay) for any finite collection of disjoint sets Aq, ..., A, € A.

Proor. Let G, = U;_, Ax and H, = A\ G,. Then, H, | 0 and since
Ay, A € A which is an algebra it follows that G,, and hence H,, are also in A. By
definition, Uy is finitely additive on A, so

Uo(A) = Uo(Hn) + Uo(Gn) = Uo(Hp) + Z Uo(Ak) -
k=1
To prove that Uy is countably additive, it suffices to show that Uy(H,,) | 0, for then

Uo(4) = lim Up(Gn) = lim > Uo(Ar) =D Us(Ar).

k=1 k=1
To complete the proof, we argue by contradiction, assuming that Uy(H,,) > 2¢ for
some € > 0 and all n, where H,, | () are elements of A. By the definition of A
and Uy, we can find for each ¢ a set J; € A whose closure J, is a subset of H, and
Uo(Hy \ Ji) < g2t (for example, add to each aj in the representation of Hy the
minimum of €27¢/r and (by — ay)/2). With Uy finitely additive on the algebra A
this implies that for each n,

UO( U(HZ\JZ)) < iUo(Hg\Jg) <e.

(=1
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As H, C Hy for all £ < n, we have that

Hn\ﬂJe: U(Hn\Je)Q U(Hz\Je)-

<n <n <n

Hence, by finite additivity of Uy and our assumption that Uy(H,) > 2¢, also
Uo(() Je) = Uo(Hn) = Uo(Hn \ ) Je) = Uo(Hn) — Uo(| (He \ J2)) > €.

L<n <n L<n
In particular, for every n, the set (,.,, J¢ is non-empty and therefore so are the
decreasing sets K, = ﬂE<n Je. Since K, are compact sets (by Heine-Borel theo-

rem), the set NeJp is then non-empty as well, and since Jy is a subset of H, for all
¢ we arrive at Ny H, non-empty, contradicting our assumption that H, | 0. O

REMARK. The proof of Lemma [[LT.3T] is generic (for finite measures). Namely,
any non-negative finitely additive set function pg on an algebra A is countably
additive if uo(H,) J 0 whenever H,, € A and H,, | (). Further, as this proof shows,
when 2 is a topological space it suffices for countable additivity of uo to have for
any H € A a sequence Ji € A such that J;, C H are compact and uo(H \ Ji) — 0
as k — oo.

EXERCISE 1.1.33. Show the necessity of the assumption that A be an algebra in
Carathéodory’s extension theorem, by giving an example of two probability measures
w # v oon a measurable space (2, F) such that u(A) = v(A) for all A € A and
F=o0(A).

Hint: This can be done with Q = {1,2,3,4} and F = 2.

It is often useful to assume that the probability space we have is complete, in the
sense we make precise now.

DEFINITION 1.1.34. We say that a measure space (2, F,u) is complete if any
subset N of any B € F with uw(B) = 0 is also in F. If further u = P is a probability
measure, we say that the probability space (2, F,P) is a complete probability space.

Our next theorem states that any measure space can be completed by adding to
its o-algebra all subsets of sets of zero measure (a procedure that depends on the
measure in use).

THEOREM 1.1.35. Given a measure space (Q, F,u), let N = {N : N C A for
some A € F with u(A) = 0} denote the collection of p-null sets. Then, there
exists a complete measure space (Q, F,Ti), called the completion of the measure

space (Q, F, ), such that F={FUN:F € F,N €N} and i = yu on F.

PROOF. This is beyond our scope, but see detailed proof in [Durl0l Theorem
A.2.3]. In particular, F = o(F,N) and u(A U N) = p(A) for any N € N and
A e F (cf. |Bil95| Problems 3.10 and 10.5]). O

The following collections of sets play an important role in proving the easy part
of Carathéodory’s theorem, the uniqueness of the extension .

DEFINITION 1.1.36. A m-system is a collection P of sets closed under finite inter-
sections (i.e. if I € P and J € P then INJ € P).
A M-system is a collection L of sets containing Q2 and B\ A for any AC B A,B € L,
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which is also closed under monotone increasing limits (i.e. if A; € L and A; T A,

then A € L as well).

REMARK. One may equivalently define A-system with A¢ € £ whenever A € L,
instead of requiring that B\ A € £ whenever AC B, A,B € L.

Obviously, an algebra is a m-system. Though an algebra may not be a A-system,

PROPOSITION 1.1.37. A collection F of sets is a o-algebra if and only if it is both
a w-system and a \-system.

PRrROOF. The fact that a o-algebra is a A-system is a trivial consequence of
Definition [LT.Il To prove the converse direction, suppose that F is both a 7-
system and a A-system. Then € is in the A-system F and so is A° = Q\ A for any
A € F. Further, with F also a w-system we have that

AUB=Q\(A°NB°) e F,
for any A, B € F. Consequently, if A; € F then so are also G,, = A;U---UA,, € F.

Since F is a A-system and G, 1 |, 4j, it follows that | J, A; € F as well, completing
the verification that F is a o-algebra. (]

The main tool in proving the uniqueness of the extension is Dynkin’s m— A theorem,
stated next.

THEOREM 1.1.38 (DYNKIN’S ™ — A THEOREM). If P C L with P a w-system and
L a \-system then o(P) C L.

PROOF. A short though dense exercise in set manipulations shows that the
smallest A-system containing P is a m-system (for details see [Wil91), Section A.1.3]
or the proof of [Bil95| Theorem 3.2]). By Proposition[[LT.37it is a o-algebra, hence
contains o(P). Further, it is contained in the A-system £, as £ also contains P. O

As we show next, the uniqueness part of Carathéodory’s theorem, is an immediate
consequence of the m — A\ theorem.

PROPOSITION 1.1.39. If two measures py and ps on (Q,0(P)) agree on the 7-
system P and are such that p1(Q) = pa(Q) < oo, then uy = uo.

PRrROOF. Let £ = {A € 0(P) : p1(A4) = pu2(A)}. Our assumptions imply that

P C L and that Q € L. Further, o(P) is a A-system (by Proposition [LT.37), and
if AC B, A, B € L, then by additivity of the finite measures p; and ps,

p1(B\ A) = p1(B) — p1(A) = p2(B) — p2(A) = p2(B\ A),
that is, B\ A € L. Similarly, if A; 1 A and A; € L, then by the continuity from
below of p; and ps (see remark following Exercise [LT4]),

pi(A) = lim g (An) = lim po(An) = p2(4),

so that A € L. We conclude that £ is a A-system, hence by Dynkin’s m — A theorem,
o(P) C L, that is, p1 = uo. O

REMARK. With a somewhat more involved proof one can relax the condition
11 () = p2(Q) < oo to the existence of A, € P such that 4,, T Q and p1(4,) < 00
(c.f. [Bil95, Theorem 10.3] for details). Accordingly, in Carathéodory’s extension
theorem we can relax po(§2) < oo to the assumption that pg is a o-finite measure,
that is uo(A,) < oo for some A, € A such that A, T , as is the case with
Lebesgue’s measure A on R.
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We conclude this subsection with an outline the proof of Carathéodory’s extension
theorem, noting that since an algebra A is a m-system and ) € A, the uniqueness of
the extension to o(A) follows from Proposition [LT.39 Our outline of the existence
of an extension follows [Wil91l, Section A.1.8] (or see [Bil95, Theorem 11.3] for
the proof of a somewhat stronger result). This outline centers on the construction
of the appropriate outer measure, a relaxation of the concept of measure, which we
now define.

DEFINITION 1.1.40. An increasing, countably sub-additive, non-negative set func-
tion pu* on a measurable space (0, F) is called an outer measure. That is, u* : F —
[0, 0], having the properties:

(a) *(0) =0 and p* (A1) < p*(Az) for any Ay, Ay € F with Ay C As.
(b) * (U, An) <>, w*(Ay) for any countable collection of sets A, € F.

In the first step of the proof we define the increasing, non-negative set function
pH(B) = inf{d  po(An) : EC | JAn, Ay € A},
n=1 n

for E € F = 2, and prove that it is countably sub-additive, hence an outer measure
on F.

By definition, p*(A) < po(A) for any A € A. In the second step we prove that
if in addition A C (J,, A4,, for A, € A, then the countable additivity of yo on A
results with 110(A) < > po(Ar). Consequently, u* = po on the algebra A.

The third step uses the countable additivity of 119 on A to show that for any A € A
the outer measure p* is additive when splitting subsets of ) by intersections with A
and A¢. That is, we show that any element of A is a p*-measurable set, as defined
next.

DEFINITION 1.1.41. Let A be a non-negative set function on a measurable space
(Q,F), with \(0) = 0. We say that A € F is a A-measurable set if \(F) =
AMFNA)+ ANFnNAC) for all F € F.

The fourth step consists of proving the following general lemma.

LEMMA 1.1.42 (CARATHEODORY’S LEMMA). Let u* be an outer measure on a
measurable space (Q, F). Then the p*-measurable sets in F form a o-algebra G on
which p* is countably additive, so that (Q,G, u*) is a measure space.

In the current setting, with .4 contained in the o-algebra G, it follows that o(A) C
G on which p* is a measure. Thus, the restriction p of pu* to o(A) is the stated
measure that coincides with g on A.

REMARK. In the setting of Carathéodory’s extension theorem for finite measures,
we have that the o-algebra G of all p*-measurable sets is the completion of o(A)
with respect to p (c.f. [Bil95, Page 45]). In the context of Lebesgue’s measure U
on Bg ), this is the o-algebra E(OJ] of all Lebesgue measurable subsets of (0, 1].
Associated with it are the Lebesgue measurable functions f : (0,1] — R for which
f~YB) e E(OJ] for all B € B. However, as noted for example in [Dur10, Theorem
A.2.4], the non Borel set constructed in the proof of Proposition [[LT.18 is also non
Lebesgue measurable.

The following concept of a monotone class of sets is a considerable relaxation of
that of a A-system (hence also of a g-algebra, see Proposition [[LT.37).
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DEFINITION 1.1.43. A monotone class is a collection M of sets closed under both
monotone increasing and monotone decreasing limits (i.e. if A; € M and either

AitAorA; ] A, then Ae M).

When starting from an algebra instead of a m-system, one may save effort by
applying Halmos’s monotone class theorem instead of Dynkin’s 7 — A theorem.

THEOREM 1.1.44 (HALMOS’S MONOTONE CLASS THEOREM). If A C M with A
an algebra and M a monotone class then o(A) C M.

PRrROOF. Clearly, any algebra which is a monotone class must be a o-algebra.
Another short though dense exercise in set manipulations shows that the intersec-
tion m(A) of all monotone classes containing an algebra A is both an algebra and
a monotone class (see the proof of [Bil95, Theorem 3.4]). Consequently, m(.A) is
a o-algebra. Since A C m(A) this implies that 0(A) C m(A) and we complete the
proof upon noting that m(A) C M. O

EXERCISE 1.1.45. We say that a subset V of {1,2,3,---} has Ceséro density (V)
and write V€ CES if the limit

~(V) = lim n_1|Vﬁ{1,2,3,--- ,n},
n— oo

exists. Give an example of sets Vi € CES and Vo € CES for which V3 NV, ¢ CES.
Thus, CES is not an algebra.

Here is an alternative specification of the concept of algebra.

EXERCISE 1.1.46.
(a) Suppose that Q € A and that AN B° € A whenever A, B € A. Show that

A is an algebra.

(b) Give an example of a collection C of subsets of Q such that Q € C, if
A € C then A° € C and if A,B € C are disjoint then also AU B € C,
while C is not an algebra.

As we already saw, the o-algebra structure is preserved under intersections. How-
ever, whereas the increasing union of algebras is an algebra, it is not necessarily
the case for o-algebras.

EXERCISE 1.1.47. Suppose that A, are classes of sets such that A, C Api1-

(a) Show that if A, are algebras then so is |y, An.
(b) Provide an ezample of o-algebras A, for which |J,—, Ay is not a o-
algebra.

1.2. Random variables and their distribution

Random variables are numerical functions w — X (w) of the outcome of our ran-
dom experiment. However, in order to have a successful mathematical theory, we
limit our interest to the subset of measurable functions (or more generally, measur-
able mappings), as defined in Subsection [[21] and study the closure properties of
this collection in Subsection Subsection [[.2.3] is devoted to the characteriza-
tion of the collection of distribution functions induced by random variables.
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1.2.1. Indicators, simple functions and random variables. We start
with the definition of random variables, first in the general case, and then restricted
to R-valued variables.

DEFINITION 1.2.1. A mapping X : Q — S between two measurable spaces (2, F)
and (S,S) is called an (S, S)-valued Random Variable (R.V.) if

X 'B):={w:XWw)€eB}eF VB e S.
Such a mapping is also called a measurable mapping.

DEFINITION 1.2.2. When we say that X is a random wariable, or a measurable
function, we mean an (R, B)-valued random variable which is the most common type
of R.V. we shall encounter. We let mF denote the collection of all (R, B)-valued
measurable mappings, so X is a R. V. if and only if X € mF. If in addition Q) is a
topological space and F = o({O C Q open }) is the corresponding Borel o-algebra,
we say that X : Q — R is a Borel (measurable) function. More generally, a random
vector is an (R, Bga)-valued R.V. for some d < co.

The next exercise shows that a random vector is merely a finite collection of R.V.
on the same probability space.

EXERCISE 1.2.3. Relying on Ezercise and Theorem [L.2.9, show that X :
Q = R? is a random vector if and only if X (w) = (X1(w),..., Xa(w)) with each
X:i:Q—=RaR.V.

d
Hint: Note that X '(By x ... x Bg) = (| X; *(By).
=1

We now provide two important generic examples of random variables.

EXAMPLE 1.2.4. For any A € F the function I4(w) = Lwe4

O,we¢ A
Indeed, {w : I4(w) € B} is for any B C R one of the four sets ), A, A® or Q
(depending on whether 0 € B or not and whether 1 € B or not), all of whom are
in F. We call such R.V. also an indicator function.

is a R.V.

EXERCISE 1.2.5. By the same reasoning check that X (w) = Zﬁ;l enla, (W) is a

R.V. for any finite N, non-random ¢, € R and sets A, € F. We call any such X
a simple function, denoted by X € SF.

Our next proposition explains why simple functions are quite useful in probability
theory.

PROPOSITION 1.2.6. For every R.V. X (w) there exists a sequence of simple func-
tions Xp(w) such that X, (w) = X(w) as n — oo, for each fized w € Q.

PROOF. Let
n2"—1
fn(l') = nlm>n + Z k2_n1(k:27n)(k+1)27n] ($) N

k=0
noting that for R.V. X > 0, we have that X,, = f,(X) are simple functions. Since
X > Xpp1 > X, and X(w) — X (w) < 27" whenever X (w) < n, it follows that

Xp(w) = X (w) as n — oo, for each w.
We write a general R.V. as X (w) = X4 (w) — X_(w) where X (w) = max(X (w),0)
and X_(w) = —min(X(w),0) are non-negative R.V.-s. By the above argument
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the simple functions X,, = f,(Xt) — fn(X_-) have the convergence property we
claimed. O

Note that in case F = 29, every mapping X :  + S is measurable (and therefore
is an (S,S)-valued R.V.). The choice of the o-algebra F is very important in
determining the class of all (S,S)-valued R.V. For example, there are non-trivial
o-algebras G and F on §2 = R such that X (w) = w is a measurable function for
(Q, F), but is non-measurable for (2, G). Indeed, one such example is when F is the
Borel o-algebra B and G = o({[a,b] : a,b € Z}) (for example, the set {w: w < a}
is not in G whenever «a ¢ Z).

Building on Proposition we have the following analog of Halmos’s monotone
class theorem. It allows us to deduce in the sequel general properties of (bounded)
measurable functions upon verifying them only for indicators of elements of 7-
systems.

THEOREM 1.2.7 (MONOTONE CLASS THEOREM). Suppose H is a collection of
R-valued functions on ) such that:

(a) The constant function 1 is an element of H.

(b) H is a vector space over R. That is, if h1,ha € H and c1,c2 € R then
cihi + coho is in H.

(¢) If hy, € H are non-negative and hy, T h where h is a (bounded) real-valued
function on 2, then h € H.

If P is a m-system and Iy € H for all A € P, then H contains all (bounded)
functions on Q that are measurable with respect to o(P).

REMARK. We stated here two versions of the monotone class theorem, with the
less restrictive assumption that (c¢) holds only for bounded & yielding the weaker
conclusion about bounded elements of mo(P). In the sequel we use both versions,
which as we see next, are derived by essentially the same proof. Adapting this
proof you can also show that any collection H of non-negative functions on 2
satisfying the conditions of Theorem [[277] apart from requiring (b) to hold only
when ¢1h1 4+ coho > 0, must contain all non-negative elements of mo(P).

PROOF. Let £L ={A CQ: I € H}. From (a) we have that 2 € £, while (b)
implies that B\ A is in £ whenever A C B are both in £. Further, in view of (¢)
the collection L is closed under monotone increasing limits. Consequently, £ is a
A-system, so by Dynkin’s m-A theorem, our assumption that £ contains P results
with o(P) C L. With H a vector space over R, this in turn implies that H contains
all simple functions with respect to the measurable space (€2, o(P)). In the proof of
Proposition [[L2.6 we saw that any (bounded) measurable function is a difference of
two (bounded) non-negative functions each of which is a monotone increasing limit
of certain non-negative simple functions. Thus, from (b) and (c) we conclude that
‘H contains all (bounded) measurable functions with respect to (€2, o(P)). O

The concept of almost sure prevails throughout probability theory.

DEFINITION 1.2.8. We say that two (S,S)-valued R.V. X and Y defined on the
same probability space (Q, F,P) are almost surely the same if P{w : X(w) #

Y(w)}) = 0. This shall be denoted by X “= Y. More generally, same notation
applies to any property of R.V. For example, X (w) > 0 a.s. means that P({w :
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X (w) < 0}) = 0. Hereafter, we shall consider X and Y such that X “2'Y to be the
same S-valued R.V. hence often omit the qualifier “a.s.” when stating properties
of R.V. We also use the terms almost surely (a.s.), almost everywhere (a.e.), and
with probability 1 (w.p.1) interchangeably.

Since the o-algebra & might be huge, it is very important to note that we may
verify that a given mapping is measurable without the need to check that the pre-
image X ~!(B) is in F for every B € S. Indeed, as shown next, it suffices to do
this only for a collection (of our choice) of generators of S.

THEOREM 1.2.9. If § = 0(A) and X : Q +— S is such that X (A) € F for all
A€ A, then X is an (S,S)-valued R.V.

PROOF. We first check that 8 = {B € & : X~Y(B) € F} is a o-algebra.
Indeed,

a). 0 €S since X~ 1(0) = 0.
b). If A € S then X 1(A) € F. With F a o-algebra, X 1(A¢) = (X 1(4))° € F.
Consequently, A€ € S.
¢). If A, € 8 for all n then X~1(A,) € F for all n. With F a o-algebra, then also
XU, 4,) = U, X"1(A,) € F. Consequently, |J, A, € S.

Our assumption that A C S, then translates to S = o(A) C S, as claimed. O

The most important o-algebras are those generated by ((S,S)-valued) random
variables, as defined next.

EXERCISE 1.2.10. Adapting the proof of Theorem[1.2.9, show that for any mapping
X : QS and any o-algebra S of subsets of S, the collection {X~*(B) : B € S} is
a o-algebra. Verify that X is an (S,S)-valued R.V. if and only if {X~Y(B) : B €
S} C F, in which case we denote {X~*(B) : B € S} either by o(X) or by FX and
call it the o-algebra generated by X.

To practice your understanding of generated o-algebras, solve the next exercise,
providing a convenient collection of generators for o(X).

EXERCISE 1.2.11. If X s an (S,S)-valued R.V. and S = o(A) then o(X) is
generated by the collection of sets X 1(A) :== {X~1(A): A e A}.

An important example of use of Exercise [[L2Z.11] corresponds to (R, B)-valued ran-
dom variables and A = {(—o0, ] : € R} (or even A = {(—o0,z] : € Q}) which
generates B (see Exercise [[T.17), leading to the following alternative definition of
the o-algebra generated by such R.V. X.

DEFINITION 1.2.12. Given a function X : Q — R we denote by o(X) or by FX
the smallest o-algebra F such that X (w) is a measurable mapping from (Q, F) to
(R, B). Alternatively,

o(X)=c({w: X(w) <al,aeR)=c({w: X(w) <q¢},¢€Q).

More generally, given a random vector X = (X1,...,X,), that is, random variables
X1,..., X, on the same probability space, let o(Xy, k < n) (or FX), denote the
smallest o-algebra F such that Xp(w), k = 1,...,n are measurable on (2, F).
Alternatively,

c( X, k<n)=oc({w: Xp(w) <al,ae R k<n).
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Finally, given a possibly uncountable collection of functions X, : Q1 — R, indezxed
by v € T, we denote by o(X~,y € T) (or simply by FX), the smallest o-algebra F
such that X (w), v € ' are measurable on (2, F).

The concept of o-algebra is needed in order to produce a rigorous mathematical
theory. It further has the crucial role of quantifying the amount of information
we have. For example, (X)) contains exactly those events A for which we can say
whether w € A or not, based on the value of X (w). Interpreting Example as
corresponding to sequentially tossing coins, the R.V. X, (w) = w, gives the result
of the n-th coin toss in our experiment o, of infinitely many such tosses. The o-
algebra F,, = 2 of Example then contains exactly the information we have
upon observing the outcome of the first n coin tosses, whereas the larger o-algebra
Fe allows us to also study the limiting properties of this sequence (and as you show
next, F. is isomorphic, in the sense of Definition [L4.24] to Bjg 1))

EXERCISE 1.2.13. Let F. denote the cylindrical o-algebra for the set Qo = {0, 1}
of infinite binary sequences, as in Example L1139
(a) Show that X(w) = >0 wp2™™ is a measurable map from (Qoo, Fe) to
(10,11, By.).
(b) Conversely, let Y(z) = (w1,...,Wwn,...) where for each n > 1, w,(1) =1
while wp(z) = I(|2"x| is an odd number) when x € [0,1). Show that
Y = X! is a measurable map from ([0, 1], Bjo1]) to (Qoc, Fe)-

Here are some alternatives for Definition [[.2.12

EXERCISE 1.2.14. Verify the following relations and show that each generating
collection of sets on the right hand side is a w-system.
(a) o(X)=0c({w: X(w) < a},a € R)
(b) o(Xk,k<n)=c({w: Xp(w) <ax,1 <k<n}a,...,a, €R)
(c) o(X1,X2,...) = c({w : Xj(w) < ax,1 <k <m},a1,...,a,, € Rom €
N)
(d) o(X1,X2,...) =0, 0(Xi, k <n))

As you next show, when approximating a random variable by a simple function,
one may also specify the latter to be based on sets in any generating algebra.

EXERCISE 1.2.15. Suppose (2, F,P) is a probability space, with F = o(A) for an
algebra A.
(a) Show that inf{P(AAB): A€ A} =0 for any B € F (recall that AAB =
(ANB°)U (AN B)).
(b) Show that for any bounded random variable X and € > 0 there exists a
simple function Y = Zﬁle enla, with A, € A such that P(|X = Y| >
€) <e.

EXERCISE 1.2.16. Let F = o(Aq,a € T) and suppose there exist wi # we € €
such that for any o € T, either {w1, w2} C Ay or {w1,ws} C AS.
(a) Show that if mapping X is measurable on (Q, F) then X (w1) = X (w2).
(b) Provide an explicit o-algebra F of subsets of @ = {1,2,3} and a mapping
X : Q+— R which is not a random variable on (2, F).

We conclude with a glimpse of the canonical measurable space associated with a
stochastic process (X¢,t € T) (for more on this, see Lemma [7.1.7).
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EXERCISE 1.2.17. Fizing a possibly uncountable collection of random variables X,
indezed by t € T, let FX = o(Xy,t € C) for each C C T. Show that

m= U *

c countable

and that any R.V. Z on (Q, FX) is measurable on FX for some countable C C T.

1.2.2. Closure properties of random variables. For the typical measur-
able space with uncountable 2 it is impractical to list all possible R.V. Instead,
we state a few useful closure properties that often help us in showing that a given
mapping X (w) is indeed a R.V.

We start with closure with respect to the composition of a R.V. and a measurable
mapping.

PROPOSITION 1.2.18. If X : Q+ S is an (S, S)-valued R.V. and f is a measurable
mapping from (S,S) to (T,T), then the composition f(X): Q — T is a (T,T)-
valued R.V.

PROOF. Considering an arbitrary B € T, we know that f~!(B) € S since f is
a measurable mapping. Thus, as X is an (S,S)-valued R.V. it follows that

[FX)THB) =X (fT(B) e F.
This holds for any B € T, thus concluding the proof. O

In view of Exercise [[.2.3 we have the following special case of Proposition [[.L2.18|
corresponding to S = R™ and T = R equipped with the respective Borel o-algebras.

COROLLARY 1.2.19. Let X;, i = 1,...,n be R.V. on the same measurable space
(Q,F) and f : R™ — R a Borel function. Then, f(Xi,...,X,) is also a R.V. on
the same space.

To appreciate the power of Corollary [.2.19] consider the following exercise, in
which you show that every continuous function is also a Borel function.

EXERCISE 1.2.20. Suppose (S, p) is a metric space (for example, S =R™). A func-
tion g : S+ [—00, 00] is called lower semi-continuous (1.s.c.) if liminf,, .),0 9(y) >
g(x), for allx € S. A function g is said to be upper semi-continuous(u.s.c.) if —g
is l.s.c.

(a) Show that if g is l.s.c. then {x : g(x) < b} is closed for each b € R.
(b) Conclude that semi-continuous functions are Borel measurable.
(c) Conclude that continuous functions are Borel measurable.

A concrete application of Corollary [[.2.19] shows that any linear combination of
finitely many R.V.-s is a R.V.

EXAMPLE 1.2.21. Suppose X; are R.V.-s on the same measurable space and c; € R.
Then, Wy(w) = 1, ;i Xi(w) are also R.V.-s. To see this, apply Corollary [LZ13
for f(@1,...,2n) = > 14 ¢;im; a continuous, hence Borel (measurable) function (by
FEzercise [L2.20).

We turn to explore the closure properties of mJF with respect to operations of a
limiting nature, starting with the following key theorem.
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THEOREM 1.2.22. Let R = [—o00, 00| equipped with its Borel o-algebra
By =0 ([-00,b): beR).
If X; are R-valued R.V.-s on the same measurable space, then

inf X,,, supX,, liminfX,, limsupX,,
n n n—oo

n—oo

are also R-valued random variables.

PRroOF. Pick an arbitrary b € R. Then,
{w:inf X, (w) < b} = | J{w: Xa(w) <b} = | X, ([~00,b)) € F.
n=1 n=1

Since By is generated by {[—00,b) : b € R}, it follows by Theorem[[.2.9/that inf,, X,
is an R-valued R.V.
Observing that sup,, X, = — inf,,(—X,,), we deduce from the above and Corollary
(for f(x) = —x), that sup,, X,, is also an R-valued R.V.
Next, recall that
W = liminf X,, = su ['nf Xl} .
n—00 n I>n
By the preceding proof we have that Y, = inf;>, X; are R-valued R.V.-s and hence
so is W =sup,, ;.
Similarly to the arguments already used, we conclude the proof either by observing
that
Z = limsup X,, = inf [sup Xl} ,

n—oo n o Li>n

or by observing that limsup,, X,, = — liminf,,(—X,). (]

REMARK. Since inf,, X, sup,, Xy, limsup,, X,, and liminf,, X,, may result in val-
ues £oo even when every X,, is R-valued, hereafter we let mJF also denote the
collection of R-valued R.V.

An important corollary of this theorem deals with the existence of limits of se-
quences of R.V.

COROLLARY 1.2.23. For any sequence X, € mJF, both

Qo = {w € Q: liminf X, (w) = limsup X,, (w)}
n—o0 n—00

and
O ={w e Q:liminf X,,(w) = limsup X,,(w) € R}

n—00 n—00

are measurable sets, that is, Qo € F and Q1 € F.

ProOOF. By Theorem[[2.221we have that Z = limsup,, X,, and W = liminf,, X,
are two R-valued variables on the same space, with Z(w) > W (w) for all w. Hence,
O ={w:Z(w)—W(w)=0,Z(w) € R,W(w) € R} is measurable (apply Corollary
L2T9 for f(z,w) =2z —w), as is Qo = WL ({oo}) U Z71({—00}) U Q. O

The following structural result is yet another consequence of Theorem [[.2.27]
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COROLLARY 1.2.24. For anyd < oo and R.V.-s Y7, ...,Y; on the same measurable
space (0, F) the collection H = {h(Y1,...,Yy);h : RY +— R Borel function} is a
vector space over R containing the constant functions, such that if X, € H are
non-negative and X, T X, an R-valued function on €, then X € H.

Proor. By Example [[L2.2]] the collection of all Borel functions is a vector
space over R which evidently contains the constant functions. Consequently, the
same applies for H. Next, suppose X,, = h,(Y1,...,Yy) for Borel functions h,, such
that 0 < X,,(w) T X (w) for all w € Q. Then, h(y) = sup,, hy(y) is by Theorem
[222 an R-valued Borel function on RY, such that X = h(Yj,...,Yy). Setting
h(y) = h(y) when h(y) € R and h(y) = 0 otherwise, it is easy to check that h is a
real-valued Borel function. Moreover, with X :  +— R (finite valued), necessarily
X =h(Y,...,Yy) as well, so X € H. O

The point-wise convergence of R.V., that is X,,(w) — X (w), for every w € € is
often too strong of a requirement, as it may fail to hold as a result of the R.V. being
ill-defined for a negligible set of values of w (that is, a set of zero measure). We
thus define the more useful, weaker notion of almost sure convergence of random
variables.

DEFINITION 1.2.25. We say that a sequence of random variables X,, on the same
probability space (2, F,P) converges almost surely if P(Q) = 1. We then set
Xoo = limsup,,_, Xn, and say that X,, converges almost surely to X, or use the
notation X, 55 Xoo.

REMARK. Note that in Definition [[2:25 we allow the limit X (w) to take the
values +oo with positive probability. So, we say that X, converges almost surely
to a finite limit if P(Q;) = 1, or alternatively, if X, € R with probability one.

We proceed with an explicit characterization of the functions measurable with
respect to a o-algebra of the form o(Yy, k < n).

THEOREM 1.2.26. Let G = o(Yy, k < n) for some n < oo and R.V.-s Y1,...,Y,
on the same measurable space (2, F). Then, mG = {g(¥1,...,Y,) : g : R" —
R is a Borel function}.

Proo¥r. From Corollary we know that Z = ¢g(Y1,...,Y,) is in mgG for
each Borel function g : R® +— R. Turning to prove the converse result, recall
part (b) of Exercise [[L2Z14] that the o-algebra G is generated by the m-system P =
{Aa 1 a = (a1,...,a,) € R"} where I4, = ho(Y1,...,Y,) for the Borel function
ha(Y1s--,yn) = [1p—; lys<asr- Thus, in view of Corollary [L2:24] we have by the
monotone class theorem that H = {g(¥1,...,Y,) : g : R" — R is a Borel function}
contains all elements of mg. O

We conclude this sub-section with a few exercises, starting with Borel measura-
bility of monotone functions (regardless of their continuity properties).

EXERCISE 1.2.27. Show that any monotone function g : R — R is Borel measur-
able.

Next, Exercise [L2Z.20 implies that the set of points at which a given function g is
discontinuous, is a Borel set.

EXERCISE 1.2.28. Fiz an arbitrary function g : S — R.
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(a) Show that for any § > 0 the function g.(z,d) = inf{g(y) : p(x,y) < d} is
u.s.c. and the function g*(x,d) = sup{g(y) : p(x,y) < d} is l.s.c.

(b) Show that D, = {z : sup, g« (x, k™) < infy g*(x, k™ 1)} is exzactly the set
of points at which g is discontinuous.

(c) Deduce that the set Dy of points of discontinuity of g is a Borel set.

Here is an alternative characterization of B that complements Exercise [[.2.20

EXERCISE 1.2.29. Show that if F is a o-algebra of subsets of R then B C F if
and only if every continuous function f: R — R is in mF (i.e. B is the smallest
o-algebra on R with respect to which all continuous functions are measurable).

EXERCISE 1.2.30. Suppose X,, and X are real-valued random variables and
P({w : limsup X, (w) < Xoo(w)})=1.
n—oo

Show that for any e > 0, there exists an event A with P(A) < e and a non-random
N = N(e), sufficiently large such that X, (w) < Xeo(w)+¢ for alln > N and every
w e A°.

Equipped with Theorem [[.2.22] you can also strengthen Proposition [1.2.6]

EXERCISE 1.2.31. Show that the class mF of R-valued measurable functions, is
the smallest class containing SF and closed under point-wise limits.

Your next exercise also relies on Theorem [1.2.22]

EXERCISE 1.2.32. Given a measurable space (2, F) and T' C Q (not necessarily in
F), let Fr ={ANT: Aec F}.
(a) Check that (T, Fr) is a measurable space.
(b) Show that any bounded, Fr-measurable function (on T'), is the restriction
to I' of some bounded, F-measurable f: € — R.

Finally, relying on Theorem it is easy to show that a Borel function can
only reduce the amount of information quantified by the corresponding generated
o-algebras, whereas such information content is invariant under invertible Borel
transformations, that is

EXERCISE 1.2.33. Show that o(g(Y1,...,Ys)) C o(Yi, k < n) for any Borel func-
tion g : R™ — R. Further, if Y1,...,Y, and Z1, ..., Z,, defined on the same proba-
bility space are such that Z, = g (Y1,...,Y,), k=1,....mand¥; = hi(Z1,...,Zn),
i = 1,...,n for some Borel functions g : R® — R and h; : R™ — R, then
oY1,....Yn)=0(Z1,..., Zm).

1.2.3. Distribution, density and law. As defined next, every random vari-
able X induces a probability measure on its range which is called the law of X.

DEFINITION 1.2.34. The law of a real-valued R.V. X, denoted Px, is the proba-
bility measure on (R, B) such that Px(B) = P({w : X(w) € B}) for any Borel set
B.

REMARK. Since X is a R.V., it follows that Px(B) is well defined for all B € 5.
Further, the non-negativity of P implies that Px is a non-negative set function on
(R, B), and since X ~1(R) = €, also Px(R) = 1. Consider next disjoint Borel sets
B;, observing that X ~1(B;) € F are disjoint subsets of {2 such that

X*l(U B;) = UX*(BZ-) :
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Thus, by the countable additivity of P we have that
Px(JB) =P(JX'(B) =) P(X ! (B)) =Y Px(Bi).

This shows that Px is also countably additive, hence a probability measure, as
claimed in Definition [[L2.34]

Note that the law Px of a R.V. X : @ — R, determines the values of the
probability measure P on o(X).

DEFINITION 1.2.35. We write X 2 Y and say that X equals Y in law (or in
distribution), if and only if Px = Py.

A good way to practice your understanding of the Definitions [[.2.34] and [[.2.37] is

by verifying that if X “=" Y, then also X 2y (that is, any two random variables
we consider to be the same would indeed have the same law).

The next concept we define, the distribution function, is closely associated with
the law Px of the R.V.

DEFINITION 1.2.36. The distribution function Fx of a real-valued R.V. X is
Fx(a) =P{w: X(w) < a}) = Px((—o0,q]) Va e R

Our next result characterizes the set of all functions F' : R — [0, 1] that are
distribution functions of some R.V.

THEOREM 1.2.37. A function F : R — [0,1] is a distribution function of some
R.V. if and only if
(a) F is non-decreasing
(b) limy oo F'(z) =1 and limy— oo F(z) =0
(c) F is right-continuous, i.e. limy ., F(y) = F(z)

ProOF. First, assuming that F' = Fx is a distribution function, we show that
it must have the stated properties (a)-(c). Indeed, if 2 < y then (—o0, 2] C (—o0, y],
and by the monotonicity of the probability measure Px (see part (a) of Exercise
[LTA), we have that Fx(z) < Fx(y), proving that Fx is non-decreasing. Further,
(—o00,z] T R as = T oo, while (—oo,z]| | 0 as | —oo, resulting with property (b)
of the theorem by the continuity from below and the continuity from above of the
probability measure Px on R. Similarly, since (—oo,y| | (—o0,z] as y | = we get
the right continuity of Fix by yet another application of continuity from above of
Px.

We proceed to prove the converse result, that is, assuming F' has the stated prop-
erties (a)-(c), we consider the random variable X ~(w) = sup{y : F(y) < w} on
the probability space ((0,1],B,1},U) and show that Fx- = F. With I having
property (b), we see that for any w > 0 the set {y : F(y) < w} is non-empty and
further if w < 1 then X~ (w) < 00,80 X~ : (0,1) — R is well defined. The identity

(1.2.1) {w: X (w)<z}={w:w < F(a)},

implies that Fx-(z) = U((0, F(z)]) = F(z) for all z € R, and further, the sets
(0, F(x)] are all in B 1), implying that X ~ is a measurable function (i.e. a R.V.).
Turning to prove (L21)) note that if w < F(z) then z & {y : F(y) < w} and so by

definition (and the monotonicity of F'), X~ (w) < x. Now suppose that w > F(z).
Since F is right continuous, this implies that F(x + ¢) < w for some € > 0, hence
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by definition of X~ also X ~(w) > x + € > z, completing the proof of (L2 and
with it the proof of the theorem. O

Check your understanding of the preceding proof by showing that the collection
of distribution functions for R-valued random variables consist of all F': R — [0, 1]
that are non-decreasing and right-continuous.

REMARK. The construction of the random variable X ~(w) in Theorem [[.2.37] is
called Skorokhod’s representation. You can, and should, verify that the random
variable X (w) = sup{y : F(y) < w} would have worked equally well for that
purpose, since X (w) # X~ (w) only if X (w) > ¢ > X~ (w) for some rational g,
in which case by definition w > F(q) > w, so there are most countably many such
values of w (hence P(X* # X~) = 0). We shall return to this construction when
dealing with convergence in distribution in Section 3.2l An alternative approach to
Theorem [[.2.3Tis to adapt the construction of the probability measure of Example
[LT26 taking here 2 = R with the corresponding change to A and replacing the
right side of (LLI) with >, _,(F(bx) — F(ak)), yielding a probability measure P
on (R, B) such that P((—oo, a]) = F(«) for all « € R (c.f. [Bil95, Theorem 12.4]).

Our next example highlights the possible shape of the distribution function.

ExXAMPLE 1.2.38. Consider Example of n coin tosses, with o-algebra F,, =
2% sample space Q,, = {H, T}", and the probability measure P,,(A) = Y wed Do
where p, = 27" for each w € Q,, (that is, w = {w1,wa, -+ ,wy} for w; € {H,T}),
corresponding to independent, fair, coin tosses. Let Y (w) = If,,—py measure the
outcome of the first toss. The law of this random variable is,

1 1
Py(B) = 51(0en} + 5lp1em)

and its distribution function is

1, a>1
(1.22) Fy(a) =Py((-00,a]) =P, (Y(w)<a)=4¢3, 0<a<1
0, a<0

Note that in general o(X) is a strict subset of the o-algebra F (in Example[T.2.38
we have that o(Y) determines the probability measure for the first coin toss, but
tells us nothing about the probability measure assigned to the remaining n — 1
tosses). Consequently, though the law Px determines the probability measure P
on o(X) it usually does not completely determine P.

Example[[.2.38is somewhat generic. That is, if the R.V. X is a simple function (or
more generally, when the set {X (w) : w € Q} is countable and has no accumulation
points), then its distribution function F'y is piecewise constant with jumps at the
possible values that X takes and jump sizes that are the corresponding probabilities.
Indeed, note that (—oo,y] 1 (—o0,x) as y 1 x, so by the continuity from below of
Px it follows that

Fx(x7) = lim Fx(y) = P({w: X(w) <a}) = Fx(z) - P({w: X(w) = =}),
for any R.V. X.

A direct corollary of Theorem [[.2.37 shows that any distribution function has a
collection of continuity points that is dense in R.
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EXERCISE 1.2.39. Show that a distribution function F' has at most countably many
points of discontinuity and consequently, that for any x € R there exist yi and zy
at which F' is continuous such that zi | x and yi T x.

In contrast with Example [[.2.38 the distribution function of a R.V. with a density
is continuous and almost everywhere differentiable, that is,

DEFINITION 1.2.40. We say that a R.V. X(w) has a probability density function
fx if and only if its distribution function Fx can be expressed as

(1.2.3) Fx(a) = /_a fx(z)dx, Va € R.

By Theorem[1.2-37 a probability density function fx must be an integrable, Lebesgue
almost everywhere non-negative function, with fR fx(x)dx = 1. Such Fx is contin-
uous with ddL;((,T) = fx(x) except possibly on a set of values of x of zero Lebesque
measure.

REMARK. To make Definition precise we temporarily assume that probabil-
ity density functions fx are Riemann integrable and interpret the integral in (23]
in this sense. In Section [[.3] we construct Lebesgue’s integral and extend the scope
of Definition to Lebesgue integrable density functions fx > 0 (in particular,
accommodating Borel functions fx). This is the setting we assume thereafter, with
the right-hand-side of (LZ3) interpreted as the integral A(fx; (—00,a]) of fx with
respect to the restriction on (—oo, a] of the completion X of the Lebesgue measure on
R (c.f. Definition [[L3.59 and Example [[360)). Further, the function fx is uniquely
defined only as a representative of an equivalence class. That is, in this context we
consider f and g to be the same function when A({z : f(z) # g(z)}) = 0.

Building on Example [[.LT.26] we next detail a few classical examples of R.V. that
have densities.

EXAMPLE 1.2.41. The distribution function Fy of the R.V. of Example [1.1.24 is
1, a>1
(1.2.4) Fy(a)=PU<a)=PUe€0,a])=¢a, 0<a<1
0, a<0

1,0<u<1
and its density is fu(u) = 07 t; U <
, otherwise

The exponential distribution function is

F(x)—{o’“(’ ,

1—e ™ x>0

0, z<0
corresponding to the density f(x) = { f - 0 whereas the standard normal
e, T >

distribution has the density
2
$lz) = (2m) V2T,

with no closed form expression for the corresponding distribution function ®(x) =
J¥ ¢(u)du in terms of elementary functions.



1.2. RANDOM VARIABLES AND THEIR DISTRIBUTION 29

Every real-valued R.V. X has a distribution function but not necessarily a density.
For example X = 0 w.p.1 has distribution function Fx (&) = 14>0. Since Fx is
discontinuous at 0, the R.V. X does not have a density.

DEFINITION 1.2.42. We say that a function F is a Lebesgue singular function if
it has a zero derivative except on a set of zero Lebesgue measure.

Since the distribution function of any R.V. is non-decreasing, from real analysis
we know that it is almost everywhere differentiable. However, perhaps somewhat
surprisingly, there are continuous distribution functions that are Lebesgue singular
functions. Consequently, there are non-discrete random variables that do not have
a density. We next provide one such example.

EXAMPLE 1.2.43. The Cantor set C' is defined by removing (1/3,2/3) from [0, 1]
and then iteratively removing the middle third of each interval that remains. The
uniform distribution on the (closed) set C' corresponds to the distribution function
obtained by setting F(x) = 0 for x < 0, F(z) = 1 forx > 1, F(z) = 1/2 for
x € [1/3,2/3], then F(z) = 1/4 for x € [1/9,2/9], F(z) = 3/4 for xz € [7/9,8/9],
and so on (which as you should check, satisfies the properties (a)-(c) of Theorem
[IZ2-37). From the definition, we see that dF/dxz = 0 for almost every x ¢ C and
that the corresponding probability measure has P(C°) = 0. As the Lebesgue measure
of C' is zero, we see that the derivative of F' is zero except on a set of zero Lebesgue
measure, and consequently, there is no function f for which F(x) = ffoo fly)dy
holds. Though it is somewhat more involved, you may want to check that F' is
everywhere continuous (c.f. [Bil95 Problem 31.2]).

Even discrete distribution functions can be quite complex. As the next example
shows, the points of discontinuity of such a function might form a (countable) dense
subset of R (which in a sense is extreme, per Exercise [.L2.39).

EXAMPLE 1.2.44. Let q1,q2, ... be an enumeration of the rational numbers and set
F(z) =271 «)()
i=1

(where 1ig, ooy(x) = 1 if x > ¢; and zero otherwise). Clearly, such F' is non-
decreasing, with limits 0 and 1 as x — —oo and x — o0, respectively. It is not hard
to check that F' is also right continuous, hence a distribution function, whereas by
construction F is discontinuous at each rational number.

As we have that P({w : X (w) < a}) = Fx(«) for the generators {w : X (w) < a}
of o(X), we are not at all surprised by the following proposition.

PROPOSITION 1.2.45. The distribution function Fx uniquely determines the law
PX OfX.

ProOOF. Consider the collection 7(R) = {(—00,b] : b € R} of subsets of R. It
is easy to see that m(R) is a m-system, which generates B (see Exercise [[T1T7).
Hence, by Proposition[[LT.39 any two probability measures on (R, B) that coincide
on m(R) are the same. Since the distribution function Fx specifies the restriction

of such a probability measure Px on m(R) it thus uniquely determines the values
of Px(B) for all B € B. O

Different probability measures P on the measurable space (2, F) may “trivialize”
different o-algebras. That is,
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DEFINITION 1.2.46. If a o-algebra H C F and measure p on (2, F) are such that
either p(H) =0 or u(H®) =0 for all H € H, we call H a p-trivial o-algebra. For
probability measure ;. = P this is equivalent to requiring that P(H) € {0,1} for
all H € H. Similarly, a random variable X is called P-trivial or P-degenerate, if
there exists a non-random constant ¢ such that P(X # ¢) = 0.

Using distribution functions we show next that all random variables on a P-trivial
o-algebra are P-trivial.

PROPOSITION 1.2.47. If a random variable X € mH for a P-trivial o-algebra H,
then X is P-trivial.

PROOF. By definition, the sets {w : X (w) < a} are in H for all @ € R. Since H
is P-trivial this implies that Fx () € {0, 1} for all & € R. In view of Theorem [[.2.37]
this is possible only if Fx () = 14>, for some non-random ¢ € R (for example, set
c¢=inf{a: Fx(a) = 1}). That is, P(X # ¢) = 0, as claimed. O

We conclude with few exercises about the support of measures on (R, B).

EXERCISE 1.2.48. Let u be a measure on (R,B). A point xz is said to be in the
support of p if u(O) > 0 for every open neighborhood O of x. Prove that the support
is a closed set whose complement is the maximal open set on which u vanishes.

EXERCISE 1.2.49. Given an arbitrary closed set C C R, construct a probability
measure on (R, B) whose support is C.

Hint: Try a measure consisting of a countable collection of atoms (i.e. points of
positive probability).

As you are to check next, the discontinuity points of a distribution function are
closely related to the support of the corresponding law.

EXERCISE 1.2.50. The support of a distribution function F is the set Sp = {x € R
such that F(x 4 €) — F(x —¢€) > 0 for all ¢ > 0}.

(a) Show that all points of discontinuity of F(-) belong to Sg, and that any
isolated point of S (that is, x € Sp such that (x — §,x + ) N Sp = {z}
for some 6 > 0) must be a point of discontinuity of F(-).

(b) Show that the support of the law Px of a random variable X, as defined
in Exercise[1.2.78, is the same as the support of its distribution function
Fx.

1.3. Integration and the (mathematical) expectation

A key concept in probability theory is the mathematical expectation of ran-
dom variables. In Subsection [[L3.] we provide its definition via the framework
of Lebesgue integration with respect to a measure and study properties such as
monotonicity and linearity. In Subsection we consider fundamental inequal-
ities associated with the expectation. Subsection [[.3.3] is about the exchange of
integration and limit operations, complemented by uniform integrability and its
consequences in Subsection L34l Subsection considers densities relative to
arbitrary measures and relates our treatment of integration and expectation to
Riemann’s integral and the classical definition of the expectation for a R.V. with
probability density. We conclude with Subsection about moments of random
variables, including their values for a few well known distributions.
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1.3.1. Lebesgue integral, linearity and monotonicity. Let SF denote
the collection of non-negative simple functions with respect to the given measurable
space (S, F) and mF, denote the collection of [0, cco]-valued measurable functions
on this space. We next define Lebesgue’s integral with respect to any measure u
on (S, F), first for p € SF,, then extending it to all f € mF,. With the notation
p(f) == Js f(s)du(s) for this integral, we also denote by io(-) the more restrictive
integral, defined only on SF ., so as to clarify the role each of these plays in some of
our proofs. We call an R-valued measurable function f € mJF for which u(|f|) < oo,
a p-integrable function, and denote the collection of all u-integrable functions by
LY(S, F, i), extending the definition of the integral u(f) to all f € LY(S, F, u).

DEFINITION 1.3.1. Fix a measure space (S, F,u) and define u(f) by the following
four step procedure:

Step 1. Define po(Ia) := p(A) for each A € F.

Step 2. Any ¢ € SF4 has a representation ¢ = Y, ¢;la, for some finite n < oo,
=1
non-random ¢; € [0,00] and sets A; € F, yielding the definition of the integral via

n

po(p) = Z ap(Ar)

=1

where we adopt hereafter the convention that co x 0 =0 x co = 0.

Step 3. For f € mF4 we define

p(f) = sup{po(p) : p € SF4, 0 < f}.

Step 4. For f € mF let fy = max(f,0) € mF4 and f- = —min(f,0) € mF;.
We then set u(f) = p(f+) — u(f-) provided either pu(fy) < oo or u(f-) < co. In
particular, this applies whenever f € LY(S,F,u), for then u(f+) + p(f-) = p(f)
is finite, hence u(f) is well defined and finite valued.

We use the notation [g f(s)du(s) for u(f) which we call Lebesgue integral of f
with respect to the measure fi.

The expectation E[X] of a random variable X on a probability space (Q, F,P) is
merely Lebesgue’s integral [ X (w)dP(w) of X with respect to P. That is,
Step 1. E[I4] =P(A) for any A € F.
Step 2. Any ¢ € SF, has a representation ¢ = > ¢;14, for some non-random

=1
n < 0o, ¢; > 0 and sets A; € F, to which corresponds

E[(p] = iclE[IAL] = iClP(Al)-
=1 =1

Step 3. For X € mF, define
EX =sup{EY : Y € SF,,Y < X}.

Step 4. Represent X € mF as X = X — X_, where X; = max(X,0) € mFy and
X_ = —min(X,0) € mF,, with the corresponding definition

EX=EX, -EX_,
provided either EX| < co or EX_ < o0.
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REMARK. Note that we may have EX = oo while X (w) < oo for all w. For
instance, take the random variable X (w) = w for Q = {1,2,...} and F = 2% If
P(w=k)=ck 2 with c=[Y;—, k~?]7! a positive, finite normalization constant,
then EX =c¢> o, k™! = o0.

Similar to the notation of u-integrable functions introduced in the last step of
the definition of Lebesgue’s integral, we have the following definition for random
variables.

DEFINITION 1.3.2. We say that a random variable X is (absolutely) integrable,
or X has finite expectation, if E|X| < oo, that is, both EX < oo and EX_ < oo.
Fizing 1 < g < oo we denote by LI(Q, F,P) the collection of random variables X
on (Q,F) for which ||X||, = [E|X|1"? < co. For example, L*(Q2, F,P) denotes
the space of all (absolutely) integrable random-variables. We use the short notation
L7 when the probability space (0, F,P) is clear from the context.

We next verify that Lebesgue’s integral of each function f is assigned a unique
value in Definition [[3] To this end, we focus on pg : SF4 — [0, 00] of Step 2 of
our definition and derive its structural properties, such as monotonicity, linearity
and invariance to a change of argument on a p-negligible set.

LEMMA 1.3.3. po(p) assigns a unique value to each ¢ € SF. Further,

a). po(p) = po(¥) if ¥ € SF are such that p({s : o(s) # ¢(s)}) = 0.
b). wo is linear, that is

po(e + 1) = po(p) + po(¥) po(cp) = cpo(p),

for any p,7 € SFy and ¢ > 0.
¢). po is monotone, that is po(w) < po(v) if w(s) < Y(s) for all s € S.

PrOOF. Note that a non-negative simple function ¢ € SF| has many different
representations as weighted sums of indicator functions. Suppose for example that

(1.3.1) > ala(s)=> dils,(s),
=1 k=1

for some ¢; > 0, di, > 0, A; € F, B € F and all s € S. There exists a finite
partition of S to at most 2*+™ disjoint sets C; such that each of the sets A; and
By, is a union of some Cj, i = 1,...,2"T™. Expressing both sides of (L3.1]) as finite
weighted sums of I¢,, we necessarily have for each 7 the same weight on both sides.
Due to the (finite) additivity of x4 over unions of disjoint sets C;, we thus get after
some algebra that

(1.3.2) ZCzH(Al) = deH(Bk)-
=1 k=1

Consequently, po(p) is well-defined and independent of the chosen representation
for ¢. Further, the conclusion (IL3.2) applies also when the two sides of (L3
differ for s € C' as long as u(C) = 0, hence proving the first stated property of the
lemma.

Choosing the representation of ¢ + 1 based on the representations of ¢ and v
immediately results with the stated linearity of uo. Given this, if ¢(s) < ¢(s) for all
s, then ¢ = ¢+ for some § € SF., implying that o(¢)) = po(¢) + 10(§) > po(p),
as claimed. (|
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REMARK. The stated monotonicity of po implies that p(-) coincides with po(+) on
SF4. As po is uniquely defined for each f € SFy and f = fi when f € mF,, it
follows that u(f) is uniquely defined for each f € mFy U LL(S,F, ).

All three properties of po (hence p) stated in Lemma [[L33] for functions in SF
extend to all of mFy U L. Indeed, the facts that p(cf) = cu(f), that u(f) < u(g)
whenever 0 < f < g, and that u(f) = u(g) whenever p({s: f(s) # g(s)}) = 0 are
immediate consequences of our definition (once we have these for f,g € SF,). Since
f < g implies fy < gy and f_ > g_, the monotonicity of u(-) extends to functions
in L' (by Step 4 of our definition). To prove that p(h + g) = u(h) + u(g) for all
h,g € mF, U L! requires an application of the monotone convergence theorem (in
short MON), which we now state, while deferring its proof to Subsection [[L3.31

THEOREM 1.3.4 (MONOTONE CONVERGENCE THEOREM). If 0 < h,(s) 1 h(s) for
all s €S and hy, € mFy, then u(hy) 1T p(h) < oco.

Indeed, recall that while proving Proposition we constructed the sequence
fn such that for every g € mF, we have f,(g) € SF; and f,(g) T g. Specifying
g,h € mF, we have that f,(h) + f.(g9) € SF4+. So, by Lemma [[.3:3]

#(fn(M)+Fn(9)) = po(fr(h)+fn(9)) = mo(fn(h))+10(fn(9)) = p(fu(h)+1(fn(9)) -
Since f,(h) T h and f,(h) + fn(g) T h + g, by monotone convergence,

plh+g) = lim p(fa(h) + falg)) = lim u(fu(h)) + lim p(falg)) = u(h) + p(g) -

To extend this result to g,h € mF, UL, note that h_ +g_ = f+(h+g)_ > f for
some f € mF, such that hy+g+ = f+(h+g)4. Since u(h_) < oo and p(g-) < oo,
by linearity and monotonicity of u(-) on mF, necessarily also u(f) < oo and the
linearity of uu(h+ g) on mFy UL! follows by elementary algebra. In conclusion, we
have just proved that

PROPOSITION 1.3.5. The integral u(f) assigns a unique value to each f € mF U
LY(S, F,u). Further,

a). p(f) = pu(g) whenever p({s: f(s) # g(s)}) = 0.
b). w is linear, that is for any f,h,g € mFy U L' and ¢ > 0,

plh+g) = p(h) +ulg),  nulef) =culf).
c). 1 is monotone, that is p(f) < u(g) if f(s) < g(s) for all s €S.

Our proof of the identity u(h + g) = p(h) + p(g) is an example of the following
general approach to proving that certain properties hold for all h € L.

DEFINITION 1.3.6 (Standard Machine). To prove the validity of a certain property
for all h € LY(S,F,u), break your proof to four easier steps, following those of
Definition .31
Step 1. Prove the property for h which is an indicator function.

Step 2. Using linearity, extend the property to all SF .

Step 3. Using MON extend the property to all h € mF,.

Step 4. Estend the property in question to h € L' by writing h = hy — h_ and
using linearity.

Here is another application of the standard machine.
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EXERCISE 1.3.7. Suppose that a probability measure P on (R,B) is such that
P(B) = M(fIB) for the Lebesque measure X on R, some non-negative Borel function
f(-) and all B € B. Using the standard machine, prove that then P(h) = X(fh) for
any Borel function h such that either h > 0 or A(f|h|) < co.

Hint: See the proof of Proposition [[.3.50.

We shall see more applications of the standard machine later (for example, when
proving Proposition and Theorem [[.3.6T]).

We next strengthen the non-negativity and monotonicity properties of Lebesgue’s
integral p(-) by showing that

LEMMA 1.3.8. If u(h) = 0 for h € mF, then p({s : h(s) > 0}) = 0. Conse-
quently, if for f,g € L'(S,F,u) both u(f) = pu(g) and p({s : f(s) > g(s)}) =0,
then u({s : (5) £ g(s)}) = 0.

PROOF. By continuity below of the measure u we have that
pl{s : hs) > 0}) = lim u({s:h(s) >n"1})
(see Exercise [[LT4)). Hence, if u({s: h(s) > 0}) > 0, then for some n < oo,

0 <nu({s:h(s) >n"}) = po(n~ T +) < ().
where the right most inequality is a consequence of the definition of p(h) and the
fact that h > n~'I,~,-1 € SF,. Thus, our assumption that u(h) = 0 must imply
that u({s: h(s) > 0}) =0.
To prove the second part of the lemma, consider h= g — f which is non-negative
outside a set N € F such that u(N) = 0. Hence, h = (g — f)Ine € mF; and

0 = u(g) — u(f) = p(h) = p(h) by Proposition 3.5 implying that p({s : h(s) >
0}) = 0 by the preceding proof. The same applies for i and the statement of the
lemma follows. O

We conclude this subsection by stating the results of Proposition[[.3.5land Lemma
38 in terms of the expectation on a probability space (2, F,P).

THEOREM 1.3.9. The mathematical expectation E[X] is well defined for every R.V.
X on (Q,F,P) provided either X > 0 almost surely, or X € L*(Q2, F,P). Further,
(a) EX = EY whenever X =Y.

(b) The expectation is a linear operation, for if Y and Z are integrable R.V. then
for any constants v, B the R.V. oY + 87 is integrable and E(aY + 7Z) = a(EY ) +
B(EZ). The same applies when Y, Z > 0 almost surely and a, > 0.

(¢) The expectation is monotone. That is, if Y and Z are either integrable or
non-negative and Y > Z almost surely, then EY > EZ. Further, if Y and Z are
integrable with’Y > 7 a.s. and EY = EZ, then Y =7z,

(d) Constants are invariant under the expectation. That is, if X “= ¢ for non-
random ¢ € (—oo, 00|, then EX = c.

REMARK. Part (d) of the theorem relies on the fact that P is a probability mea-
sure, namely P(Q) = 1. Indeed, it is obtained by considering the expectation of
the simple function clg to which X equals with probability one.

The linearity of the expectation (i.e. part (b) of the preceding theorem), is often
extremely helpful when looking for an explicit formula for it. We next provide a
few examples of this.
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EXERCISE 1.3.10. Write (Q, F,P) for a random experiment whose outcome is a
recording of the results of n independent rolls of a balanced siz-sided dice (including
their order). Compute the expectation of the random wvariable D(w) which counts
the number of different faces of the dice recorded in these n rolls.

EXERCISE 1.3.11 (MATCHING). In a random matching experiment, we apply a
random permutation m to the integers {1,2,...,n}, where each of the possible n!
permutations is equally likely. Let Z; = I ;=) be the random variable indicating
whether © = 1,2,...,n is a fired point of the random permutation, and X, =
S Z; count the number of fized points of the random permutation (i.e. the
number of self-matchings). Show that E[X, (X, —1)--- (X, —k+1)] = 1 for
k=1,2,...,n.

Similarly, here is an elementary application of the monotonicity of the expectation
(i.e. part (c) of the preceding theorem).

EXERCISE 1.3.12. Suppose an integrable random variable X is such that E(X14) =
0 for each A € o(X). Show that necessarily X = 0 almost surely.

1.3.2. Inequalities. The linearity of the expectation often allows us to com-
pute EX even when we cannot compute the distribution function Fx. In such cases
the expectation can be used to bound tail probabilities, based on the following clas-
sical inequality.

THEOREM 1.3.13 (MARKOV’S INEQUALITY). Suppose 1 : R — [0,00] is a Borel
function and let . (A) = inf{e(y) : y € A} for any A € B. Then for any R.V. X,

U (A)P(X € A) SE(W(X)Ixea) < E¢(X).
PRrOOF. By the definition of #,(A) and non-negativity of 1 we have that
"/’*(A)I:EEA < w(x)IwEA < "/’(x)v
for all z € R. Therefore, ¥.(A)Ixeca < V(X)Ixea < P(X) for every w € Q.

We deduce the stated inequality by the monotonicity of the expectation and the
identity E(¢«(A)Ixea) = ¥ (A)P(X € A) (due to Step 2 of Definition [L3T)). O

We next specify three common instances of Markov’s inequality.

EXAMPLE 1.3.14. (a). Taking ¥(x) = x4 and A = [a,00) for some a > 0 we have
that .. (A) = a. Markov’s inequality is then

EX
P(X >a) < —,
a

which is particularly appealing when X >0, so EX; = EX.

(b). Taking ¥(z) = |z|? and A = (—o0, —a] U [a,o0) for some a > 0, we get that

Y« (A) = al. Markov’s inequality is then a'P(|X| > a) < E|X|?. Considering ¢ = 2

and X =Y —EY for Y € L?, this amounts to

Var(Y)
a2

which we call Chebyshev’s inequality (c.f. Definition [I.3.67] for the variance and

moments of random variable Y ).

(c). Taking ¥(z) = € for some 6 > 0 and A = [a,00) for some a € R we have

that 1. (A) = €%®. Markov’s inequality is then

P(X > a) < e EeX,

P(Y —EY|>a) <

3
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This bound provides an exponential decay in a, at the cost of requiring X to have
finite exponential moments.

In general, we cannot compute EX explicitly from the Definition [[.3.1] except
for discrete R.V.s and for R.V.s having a probability density function. We thus
appeal to the properties of the expectation listed in Theorem [[L.3.9] or use various
inequalities to bound one expectation by another. To this end, we start with
Jensen’s inequality, dealing with the effect that a convex function makes on the
expectation.

PROPOSITION 1.3.15 (JENSEN’S INEQUALITY). Suppose g(-) is a convez function
on an open interval G of R, that is,

M)+ (1 =Ng(y) 2gAz+(1-Ny) Vaz,yelG, 0<A<L

If X is an integrable R.V. with P(X € G) =1 and g(X) is also integrable, then
E(9(X)) > g(EX).

PROOF. The convexity of g(-) on G implies that g(-) is continuous on G (hence
g(X) is a random variable) and the existence for each ¢ € G of b = b(c) € R such
that

(1.3.3) g(x) > g(c) + bz — ¢), Ve e .

Since G is an open interval of R with P(X € G) =1 and X is integrable, it follows
that EX € G. Assuming ([L33) holds for ¢ = EX, that X € G a.s., and that both
X and g(X) are integrable, we have by Theorem [[.3.9] that

E(9(X)) = E(9(X)Ixec) = E[(g(c)+b(X —¢))Ixec] = g(c) +b(EX —¢) = g(EX),

as stated. To derive (L33) note that if (¢ — ha,c+ hy) C G for positive h; and ho,
then by convexity of g(-),

hy hy

hy) >

NN e ) 2900,

which amounts to [g(c + k1) — g(¢)]/h1 > [g(c) — g(c — ha)]/ha. Considering the

infimum over h; > 0 and the supremum over ho > 0 we deduce that

h>0,c+heqG g(c+ hf)L - g(C) . (DJrg)(C) = (Dig)(C) . h>0?cuPhGG g(C) - .Z(C - h) '

(c+hy)+

With G an open set, obviously (D_g)(x) > —occ and (D1g)(z) < oo for any z € G
(in particular, g(-) is continuous on G). Now for any b € [(D_g)(c), (D+g)(c)] CR
we get (L33) out of the definition of D;g and D_g. O

REMARK. Since g(-) is convex if and only if —g(-) is concave, we may as well state
Jensen’s inequality for concave functions, just reversing the sign of the inequality in
this case. A trivial instance of Jensen’s inequality happens when X (w) = x4 (w) +
ylge(w) for some z,y € R and A € F such that P(A) = A. Then,

EX = 2P(A) + yP(A°) = zA + y(1 — \),
whereas g(X (w)) = g(x)la(w) + g(y)Lac(w). So,
Eg(X) =g(@)A +g(y)(1 =) > g(zA +y(1 - ) = g(EX),

as g is convex.
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Applying Jensen’s inequality, we show that the spaces L(Q, F,P) of Definition
[[.3.2 are nested in terms of the parameter ¢ > 1.

LEMMA 1.3.16. Fizing Y € mF, the mapping q — ||Y||; = [E|Y |99 is non-
decreasing for ¢ > 0. Hence, the space L1(Q, F,P) is contained in L"(Q, F,P) for
any r <q.

PRrROOF. Fix ¢ > r > 0 and consider the sequence of bounded R.V. X, (w) =
{min(|Y (w)|,n)}". Obviously, X, and XY™ are both in L!. Apply Jensen’s In-
equality for the convex function g(x) = |#|%/" and the non-negative R.V. X,,, to
get that

(EX,)" <E(X;i) = E[{min(|Y],n)}*] < E(Y]) .

a
™

For n 1 oo we have that X,, 1 |Y|", so by monotone convergence E (|Y|")" <
(E|Y'|?). Taking the 1/g-th power yields the stated result ||Y||, < ||Y||q < oco. O

We next bound the expectation of the product of two R.V. while assuming nothing
about the relation between them.

PROPOSITION 1.3.17 (HOLDER’S INEQUALITY). Let X,Y be two random variables
on the same probability space. If p,q > 1 with % + % =1, then

(1.3.4) E[XY] < [IX|[pl[Y]lq -

REMARK. Recall that if XY is integrable then E|XY| is by itself an upper bound
on |[EXY]|. The special case of p = ¢ = 2 in Hélder’s inequality

E|XY| < VEX?VEY?,

is called the Cauchy-Schwarz inequality.

PrOOF. Fixingp>1land ¢=p/(p—1)let A= ||X]||, and { = ||Y]]4- fEA=0
then | X|? “2" 0 (see Theorem [[3.9). Likewise, if £ = 0 then |Y|? “2 0. In either
case, the inequality (IL34]) trivially holds. As this inequality also trivially holds
when either A = 0o or £ = oo, we may and shall assume hereafter that both A and
¢ are finite and strictly positive. Recall that

Y4

—+——xy>0 Ve, y >0

p q
(c.f. [Durl0, Page 21] where it is proved by considering the first two derivatives
in z). Taking z = |X|/X and y = |Y|/&, we have by linearity and monotonicity of
the expectation that

1 1 EX|P E|Y|? _ E|XY]

l=-+-= + >

poqg  APp q A&
yielding the stated inequality ([3.4). O

)

A direct consequence of Holder’s inequality is the triangle inequality for the norm
|X ||, in LP(Q, F, P), that is,

PROPOSITION 1.3.18 (MINKOWSKI'S INEQUALITY). If X|Y € LP(Q, F,P),p > 1,
then [|X + Y|l < [[X][p +[[Y]lp-
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ProoF. With | X +Y]| < |X]|+1Y], by monotonicity of the expectation we have
the stated inequality in case p = 1. Considering hereafter p > 1, it follows from
Holder’s inequality (Proposition [[317) that

E X +Y]P=E(|X+Y||X +Y]P1

<E(X[X +Y[PH) +E(Y(IX +Y[PT)

1

< (E|X[")7 (E|X +Y|?~D9)7 4 (E|[Y|")» (E|X + Y|®~D9)3
1
= (1X[lp + |IY]l,) (BIX +Y[P)7
(recall that (p — 1)¢ = p). Since X,Y € L? and
&+ yl? < (Ja| + |y))? <227V (|2” + |y?),  Va,yER, p>1,

if follows that a, = E|X + Y|P < co. There is nothing to prove unless a, > 0, in
which case dividing by (a,)'/? we get that

1-1
(BX +Y[7) e < [IX|lp + Y]]y,

giving the stated inequality (since 1 — % = %) O

REMARK. Jensen’s inequality applies only for probability measures, while both
Holder’s inequality u(|fgl) < u(|fP)/Pu(|lg|?)'/9 and Minkowski’s inequality ap-
ply for any measure u, with exactly the same proof we provided for probability
measures.

To practice your understanding of Markov’s inequality, solve the following exercise.

EXERCISE 1.3.19. Let X be a non-negative random variable with Var(X) < 1/2.
Show that then P(—1+ EX < X <2EX) > 1/2.

To practice your understanding of the proof of Jensen’s inequality, try to prove
its extension to convex functions on R”.

EXERCISE 1.3.20. Suppose g : R™ — R is a convex function and X1, Xo,..., X,
are integrable random variables, defined on the same probability space and such that
9(X1,...,X,,) is integrable. Show that then Eg(Xy,...,X,) > g(EXy,...,EX,).

Hint: Use convex analysis to show that g(-) is continuous and further that for any
¢ € R™ there exists b € R™ such that g(z) > g(c) + (b,x — ¢) for all x € R™ (with
(-,-) denoting the inner product of two vectors in R™).

EXERCISE 1.3.21. Let Y > 0 with v = E(Y?) < co.
(a) Show that for any 0 < a < EY,
(EY —a)?
E(Y?)
Hint: Apply the Cauchy-Schwarz inequality to Y Iy ~,.
(b) Show that (E|Y? —v])? < 4v(v — (EY)?).
(c) Derive the second Bonferroni inequality,

PY >a)>

n n

i 1

i=1 = 1<j<i<n

How does it compare with the bound of part (a) for Y =31 | Ia,?
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1.3.3. Convergence, limits and expectation. Asymptotic behavior is a
key issue in probability theory. We thus explore here various notions of convergence
of random variables and the relations among them, focusing on the integrability
conditions needed for exchanging the order of limit and expectation operations.
Unless explicitly stated otherwise, throughout this section we assume that all R.V.
are defined on the same probability space (2, F,P).

In Definition we have encountered the convergence almost surely of R.V. A
weaker notion of convergence is convergence in probability as defined next.

DEFINITION 1.3.22. We say that R.V. X,, converge to a given R.V. X in prob-
ability, denoted X, % Xoo, if P({w : [ Xp(w) — Xao(w)| > €}) = 0 as n — oo, for
any fized € > 0. This is equivalent to | X, — X0l 20, and is a special case of the
convergence in p-measure of fn, € mF to foo € mF, that is p({s : | fn(8) — foo(s)| >
€}) = 0 as n — oo, for any fized € > 0.

Our next exercise and example clarify the relationship between convergence almost
surely and convergence in probability.

EXERCISE 1.3.23. Verify that convergence almost surely to a finite limit implies
convergence in probability, that is if X, “3 Xo € R then X, 5 X

REMARK 1.3.24. Generalizing Definition [[.L3.22] for a separable metric space (S, p)
we say that (S, Bs)-valued random variables X, converge to X, in probability if and
only if for every € > 0, P(p(X,, Xoo) > €) — 0 as n — oo (see [Dud89l Section
9.2] for more details). Equipping S = R with a suitable metric (for example,
plz,y) = |p(x) — p(y)| with ¢(z) = z/(1 + |z|) : R ~ [=1,1]), this definition
removes the restriction to X, finite in Exercise

In general, X,, LA X~ does not imply that X, 2 X

EXAMPLE 1.3.25. Consider the probability space ((0,1], B, U) and Xp(w) =
1, tptsn) (W) with s, L 0 as n — oo slowly enough and t,, € [0,1 — s,] are such
that any w € (0,1] is in infinitely many intervals [t,, t, + sn]. The latter property
applies if t, = (i — 1)/k and s, = 1/k whenn =k(k—1)/2+1i,i=1,2,...,k and
k=1,2,... (plot the intervals [t,,t, + sn| to convince yourself). Then, X, 50
(since s, = U(X,, # 0) — 0), whereas fizing each w € (0, 1], we have that X, (w) =
1 for infinitely many values of n, hence X,, does not converge a.s. to zero.

Associated with each space L1(2, F, P) is the notion of L? convergence which we
now define.

DEFINITION 1.3.26. We say that X,, converges in L9 to X, denoted X, L—q> Xoo,
if Xn,Xoo € LT and || X;, — Xool|lqg = 0 as n — o0 (e, E(|X,, — Xx|?) — 0 as

n — oo.
REMARK. For ¢ = 2 we have the explicit formula
1, — X[ = B(X2) - 2E(X,, X) + E(X?).
Thus, it is often easiest to check convergence in L2.

The following immediate corollary of Lemma [[.3.16] provides an ordering of L9
convergence in terms of the parameter q.

COROLLARY 1.3.27. If X», 5 Xoo and q > 7, then Xn % Xoo.
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Next note that the L? convergence implies the convergence of the expectation of
| X2

EXERCISE 1.3.28. Fizing q > 1, use Minkowski’s inequality (Proposition [[L318),

to show that if X, =R Xoo, then E|X,|">E|X|? and for ¢ = 1,2,3,... also
EX? - EXZ.

Further, it follows from Markov’s inequality that the convergence in L?¢ implies
convergence in probability (for any value of ¢).

PROPOSITION 1.3.29. If X, 25 Xoo, then X, 2 Xoo.
PRrROOF. Fixing q > 0 recall that Markov’s inequality results with
P(|Y]>¢) <e “E[[Y|],

for any R.V. Y and any ¢ > 0 (c.f part (b) of Example [L3.14). The assumed
convergence in L? means that E[|X,, — X|? — 0 as n — oo, so taking Y =Y, =
X — Xoo, we necessarily have also P(|X,, — Xo| > ¢) — 0 as n — oo. Since € > 0

is arbitrary, we see that X, LN X as claimed. O

The converse of Proposition [[L3.29 does not hold in general. As we next demon-
strate, even the stronger almost surely convergence (see Exercise[[.3.23)), and having
a non-random constant limit are not enough to guarantee the L? convergence, for
any g > 0.

EXAMPLE 1.3.30. Fizing q¢ > 0, consider the probability space ((0,1],Bo,1},U)
and the R.V. Y, (w) = nl/qI[O)nq](w). Since Y (w) = 0 for all n > ng and some
finite ng = no(w), it follows that Yy, (w) “3 0 as n — oo. However, E[|Y,|] =
nU([0,n7Y]) = 1 for all n, so Y, does not converge to zero in L9 (see Emercise

1.3.28).

Considering Example [[L3.25, where X, LS 0 while X, does not converge a.s. to
zero, and Example which exhibits the converse phenomenon, we conclude
that the convergence in L? and the a.s. convergence are in general non comparable,
and neither one is a consequence of convergence in probability.

Nevertheless, a sequence X,, can have at most one limit, regardless of which con-
vergence mode is considered.

EXERCISE 1.3.31. Check that if Xp = X and X, “3 Y then X 2 Y.

Though we have just seen that in general the order of the limit and expectation
operations is non-interchangeable, we examine for the remainder of this subsection
various conditions which do allow for such an interchange. Note in passing that
upon proving any such result under certain point-wise convergence conditions, we
may with no extra effort relax these to the corresponding almost sure convergence
(and the same applies for integrals with respect to measures, see part (a) of Theorem

[[39 or that of Proposition [[L3.1]).

Turning to do just that, we first outline the results which apply in the more
general measure theory setting, starting with the proof of the monotone convergence
theorem.
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ProOOF OF THEOREM [[L34]l By part (c) of Proposition [[30] the proof of
which did not use Theorem [[.3.4] we know that u(h,,) is a non-decreasing sequence
that is bounded above by p(h). It therefore suffices to show that

nlgrolo p(hn) = sup{po(¥) : ¥ € SF1, ¢ < hn}

(1.3.5) > sup{uo(p) : ¢ € SF4, 0 < h} = p(h)

(see Step 3 of Definition [[3T]). That is, it suffices to find for each non-negative
simple function ¢ < h a sequence of non-negative simple functions 1, < h,, such
that uo(1n) — wo(p) as n — oco. To this end, fixing ¢, we may and shall choose
without loss of generality a representation ¢ = > ¢;l4, such that 4; € F are
=1

disjoint and further ¢;u(A;) > 0 for I =1,...,m (see proof of Lemma[[.3:3)). Using
hereafter the notation f.(A) = inf{f(s) : s € A} for f € mF; and A € F, the
condition ¢(s) < h(s) for all s € S is equivalent to ¢; < h.(4;) for all I, so

po(9) <D hu(A)p(A) = V.
=1

Suppose first that V' < oo, that is 0 < h.(A;)p(A4;) < oo for all I. In this case, fixing
A < 1, consider for each n the disjoint sets A; xn = {s € A; : hn(s) > M (4))} € F
and the corresponding

’@[U\Jl(s) = Z Al (Al)IAl,/\,n (S) € SF+ )
=1
where ¥ n(s) < hyp(s) for all s € S. If s € A; then h(s) > M. (4;). Thus, hy, T h
implies that A; x, T A; as n — o0, for each . Consequently, by definition of p(h,,)
and the continuity from below of p,

lim M(hn) > lim MO(wk,n) =AV.

Taking A 1 1 we deduce that lim,, p(hy) >V > po(p). Next suppose that V' = oo,
so without loss of generality we may and shall assume that h.(A41)u(A1) = oc.
Fixing z € (0,h.(A1)) let A1 5 = {s € A1 : hy(s) > x} € F noting that Ay ;. T
Ap as n — oo and Y n(s) = xla,, . (5) < hy(s) for all n and s € S, is a non-
negative simple function. Thus, again by continuity from below of p we have that

Jim pu(hy) > 1 pio(4,n) = 2p(Ar).

Taking x 1 h.(A1) we deduce that lim,, p1(hy) > ha(A1)p(A1) = 0o, completing the
proof of (L33) and that of the theorem. O

Considering probability spaces, Theorem [[.3.4] tells us that we can exchange the
order of the limit and the expectation in case of monotone upward a.s. convergence
of non-negative R.V. (with the limit possibly infinite). That is,

THEOREM 1.3.32 (MONOTONE CONVERGENCE THEOREM). If X,, > 0 and X, (w) 1
Xoo(w) for almost every w, then EX,, 1 EX .

In Example we have a point-wise convergent sequence of R.V. whose ex-
pectations exceed that of their limit. In a sense this is always the case, as stated
next in Fatou’s lemma (which is a direct consequence of the monotone convergence
theorem).
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LEMMA 1.3.33 (FATOU’S LEMMA). For any measure space (S, F, ) and any f, €
mF, if fn(s) > g(s) for some p-integrable function g, all n and p-almost-every
s €S, then

(1.3.6) liminf p(f,) > p(liminf f,).
n—oo n—oo

Alternatively, if fn(s) < g(s) for all n and a.e. s, then

(1.3.7) lim sup u(fr) < p(limsup f,).
n—oo n—oo

PROOF. Assume first that f, € mFy and let h,(s) = infx>, fx(s), noting
that h, € mJF, is a non-decreasing sequence, whose point-wise limit is h(s) :=
liminf,, o fn(s). By the monotone convergence theorem, u(h,) T p(h). Since
fn(8) > hy(s) for all s € S, the monotonicity of the integral (see Proposition [[3.5])
implies that u(f,) > p(hy) for all n. Considering the liminf as n — oo we arrive
at (L3.6).

Turning to extend this inequality to the more general setting of the lemma, note
that our conditions imply that f, = g + (f, — g)4 for each n. Considering the
countable union of the p-negligible sets in which one of these identities is violated,
we thus have that

h:=liminf f,, < g + liminf(f, — g) .
n—oo n—oo
Further, u(f,) = u(g) + u((fn — g)+) by the linearity of the integral in mF, U L*.
Taking n — oo and applying (L36) for (f, — ¢g)+ € mF4 we deduce that
liminf p(fn) > p(g) + plimint (£, = 9)1) = p(g) + p(h — g) = u(h)

(where for the right most identity we used the linearity of the integral, as well as
the fact that —g is p-integrable).

Finally, we get (IL3.7) for f, by considering (L3.6]) for — f,. d

REMARK. In terms of the expectation, Fatou’s lemma is the statement that if
R.V. X,, > X, almost surely, for some X € L! and all n, then

(1.3.8) hnrr_1)1£fE(Xn) > E(hnn_l,é%f Xn),

whereas if X,, < X, almost surely, for some X € L' and all n, then
(1.3.9) limsup E(X,,) < E(limsup X,,).
n—oo n—oo

Some text books call (39) and (L37) the Reverse Fatou Lemma (e.g. [Wil91),
Section 5.4]).

Using Fatou’s lemma, we can easily prove Lebesgue’s dominated convergence the-
orem (in short DOM).

THEOREM 1.3.34 (DOMINATED CONVERGENCE THEOREM). For any measure space
(S, F, 1) and any f,, € mF, if for some p-integrable function g and p-almost-every
s € S both fn(s) = fools) as n — oo, and |fn(s)| < g(s) for all n, then f is
w-integrable and further u(|frn — foo|) = 0 as n — oo.

ProoF. Up to a p-negligible subset of S, our assumption that |f,| < g and
fn = foo, implies that | foo| < g, hence fo is p-integrable. Applying Fatou’s lemma
370 for |frn — fool < 2g such that limsup,, | frn — foo| = 0, we conclude that

0 < limsup p(lfn — fool) < plimsup [fn — fool) = pu(0) =0,
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as claimed. O

By Minkowski’s inequality, u(|frn — foo|) — 0 implies that u(|fn]) = p(|f]). The
dominated convergence theorem provides us with a simple sufficient condition for
the converse implication in case also f, — f a.e.

LEMMA 1.3.35 (SCHEFFE’S LEMMA). If f,, € mF converges a.e. to foo € mF and
u((fnl) = (| fool) < 00 then p([fn — fool) = 0 as n — oo.

REMARK. In terms of expectation, Scheffé’s lemma states that if X,, “3° X, and
1
E|X,| = E|[Xs| < 00, then X,, & X as well.

PROOF. As already noted, we may assume without loss of generality that
fn(s) = foo(s) for all s € S, that is g,(s) = fn(s) — foo(s) = 0 as n — oo,
for all s € S. Further, since u(|fn|) = p(|fool) < 00, we may and shall assume also
that f,, are R-valued and p-integrable for all n < oo, hence g,, € L*(S, F, i) as well.

Suppose first that f,, € mF, for all n < co. In this case, 0 < (gn)— < foo for all
n and s. As (gn)-(s) — 0 for every s € S, applying the dominated convergence
theorem we deduce that u((g,)—) — 0. From the assumptions of the lemma (and
the linearity of the integral on L'), we get that u(g,) = u(fn) — p(fs) — 0 as
n — oo. Since |x| = z 4+ 2z_ for any x € R, it thus follows by linearity of the
integral on L' that u(|gn|) = p(gn) + 21((gn)—) — 0 for n — oo, as claimed.

In the general case of f,, € mJF, we know that both 0 < (f,,)+(s) = (foo)+(s) and
0 < (fn)=(s5) = (foo)—(s) for every s, so by (L3.0) of Fatou’s lemma, we have that

pllfool) = n(foo)+) + ml(foo)-) < liminf u((fn) ) + lim inf p((fn)+)
< lminflp((fn)-) + p((fa)+)] = T p(|fal) = p(lfool) -

Hence, necessarily both u((fn)+) = p#((foo)+) and u((frn)-) — 1((foo)—). Since
|z —y| <|zy —ys|+|z— —y—]| for all z,y € R and we already proved the lemma

for the non-negative (f,)_ and (fy)+, we see that
Jim pu([fo = fool) < Hm p(|(fn)+ = (foo) 4 1) + lim pu(|(fn)~ = (foo)-1) = 0,
concluding the proof of the lemma. O

We conclude this sub-section with quite a few exercises, starting with an alterna-
tive characterization of convergence almost surely.

EXERCISE 1.3.36. Show that X,, “3 0 if and only if for each € > 0 there is n
so that for each random integer M with M(w) > n for all w € Q we have that
P({w: [Xpro) (@) > 2}) < e.

EXERCISE 1.3.37. Let Y, be (real-valued) random variables on (0, F,P), and Ny
positive integer valued random variables on the same probability space.

(a) Show that Yn, (w) = Yy, () (w) are random variables on (Q, F).

(b) Show that if Y;, 3 Yoo and Ny, 3 0o then Yy, “5 Yio.

(c) Provide an example of Yy, 250 and Ny %3 o such that almost surely
Yn, =1 for all k.

(d) Show that if Yy, 3 Yoo and P(Ny, > 1) — 1 as k — oo, for every fived
r < 00, then Yn, LN Y.



44 1. PROBABILITY, MEASURE AND INTEGRATION

In the following four exercises you find some of the many applications of the
monotone convergence theorem.

EXERCISE 1.3.38. You are now to relax the non-negativity assumption in the mono-
tone convergence theorem.

(a) Show that if E[(X1)-] < 00 and X, (w) T X (w) for almost every w, then
EX, + EX.
(b) Show that if in addition sup,, E[(X,)+] < oo, then X € L*(Q, F,P).

EXERCISE 1.3.39. In this exercise you are to show that for any R.V. X >0,

(1.3.10) EX = ImEs X for BsX = D J6P({w: 6 < X(w) < (j+1)3}) .
j=0

First use monotone convergence to show that Es X converges to EX along the

sequence 0, = 27%. Then, check that Es;X < E,X +n for any 6,1 > 0 and deduce

from it the identity (L.310).

Applying (L.310Q) verify that if X takes at most countably many values {x1,x2,...},
then EX = Y. o,P{w : X(w) = x;}) (this applies to every R.V. X > 0 on a
countable ). More generally, verify that such formula applies whenever the series
is absolutely convergent (which amounts to X € L*).

EXERCISE 1.3.40. Use monotone convergence to show that for any sequence of

non-negative R.V. Y,
o0

E(i Y,)=> EY,.

EXERCISE 1.3.41. Suppose X,,, X € L*(Q, F,P) are such that

(a) X, >0 almost surely, E[X,]=1, E[X,logX,] <1, and
(b) E[X,.)Y] = E[XY] as n — oo, for each bounded random variable Y on
(6, F).

Show that then X > 0 almost surely, E[X] =1 and E[X log X] < 1.
Hint: Jensen’s inequality is handy for showing that E[X log X] < 1.

Next come few direct applications of the dominated convergence theorem.

EXERCISE 1.3.42.

(a) Show that for any random variable X , the function t — Ble~1*=X1] is con-
tinuous on R (this function is sometimes called the bilateral exponential
transform ).

(b) Suppose X > 0 is such that EX? < oo for some ¢ > 0. Show that then
¢ Y (EX?—1) = Elog X as q | 0 and deduce that also g~ logEX? —
Elog X as ¢ 0.

Hint: Fizing * > 0 deduce from convexity of q — x? that ¢~'(z? — 1) | logz as
q40.

EXERCISE 1.3.43. Suppose X is an integrable random variable.

(a) Show that E(|X|I{x>n}) — 0 as n — oo.
(b) Deduce that for any € > 0 there exists § > 0 such that

sup{E[| X |14] : P(4) <} <e.
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(c) Provide an example of X > 0 with EX = oo for which the preceding fails,
that is, P(Ar) — 0 as k — oo while E[X14,] is bounded away from zero.

The following generalization of the dominated convergence theorem is also left as
an exercise.

EXERCISE 1.3.44. Suppose gn(-) < fu(:) < hn(:) are p-integrable functions in the
same measure space (S,F,u) such that for p-almost-every s € S both g,(s) —
Goo(8), fn(8) = foo(8) and hy(s) = hoo(s) as n — oo. Show that if further g and
heo are p-integrable functions such that p(gn) = p(goo) and p(hy) — p(hoo), then
foo is p-integrable and p(fn) — p(foo)-

Finally, here is a demonstration of one of the many issues that are particularly
easy to resolve with respect to the L?(Q, F, P) norm.

EXERCISE 1.3.45. Let X = (X(t))ter be a mapping from R into L*(Q, F,P).
Show that t — X (t) is a continuous mapping (with respect to the norm || - ||2 on
L3(Q, F,P)), if and only if both

u(t) = BIX()] and r(s,t) = BIX(s)X(8)] — u(s)p(t)
are continuous real-valued functions (r(s,t) is continuous as a map from R? to R).

1.3.4. L'-convergence and uniform integrability. For probability theory,
the dominated convergence theorem states that if random variables X, % X, are
such that | X,| <Y for all n and some random variable Y such that EY < oo, then

1
Xoo € L' and X,, & X... Since constants have finite expectation (see part (d) of
Theorem [[L3.9), we have as its corollary the bounded convergence theorem, that is,

COROLLARY 1.3.46 (Bounded Convergence). Suppose that a.s. |X,(w)| < K for
some finite non-random constant K and all n. If X, 3 Xoo, then Xoo € L' and

1
X, 5 x...

We next state a uniform integrability condition that together with convergence in
probability implies the convergence in L'.

DEFINITION 1.3.47. A possibly uncountable collection of R.V.-s {Xa, 0 € T} is
called uniformly integrable (U.I.) if

(1.3.11) lim sup E[|Xo|lx,>m] = 0.
M—oo ¢

Our next lemma shows that U.L. is a relaxation of the condition of dominated
convergence, and that U.IL still implies the boundedness in L* of {X,,« € Z}.

LEMMA 1.3.48. If | Xo| <Y for all « and some R. V.Y such that EY < oo, then
the collection {Xo} is U.L In particular, any finite collection of integrable R.V. is
U.L

Further, if {X} is U.L then sup, E|X,| < co.

PRrROOF. By monotone convergence, E[Y Iy <y 1 EY as M 1 oo, for any R.V.
Y > 0. Hence, if in addition EY < oo, then by linearity of the expectation,
E[ny>M] J/ 0 as M T Q. NOW, if |Xa| < Y then |Xa|I|Xa\>M < YIy>M,
hence E[|Xo|1 x,|>nm] < E[Y Iy~ ], which does not depend on «, and for Y € L!
converges to zero when M — oo. We thus proved that if | X,| <Y for all a and
some Y such that EY < oo, then {X,} is a U.L collection of R.V.-s
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For a finite collection of R.V.-s X; € L', i =1,... k, take Y = | X1| + | Xao|+---+
| X)| € L' such that |X;| <Y for i = 1,...,k, to see that any finite collection of
integrable R.V.-s is U.I.

Finally, since

E|Xo| = B[ Xall x,|<m] + El| Xoll x,>0m] £ M +supE[| Xo|l|x, > M)

we see that if {X,,a € Z} is U.L then sup, E|X,| < cc. O

We next state and prove Vitali’s convergence theorem for probability measures,
deferring the general case to Exercise [L3.53

THEOREM 1.3.49 (VITALI’S CONVERGENCE THEOREM). Suppose X, 2 Xoo. Then,

1
the collection {X,} is U.L if and only if X, L Xoo which in turn is equivalent to
Xy, being integrable for all n < oo and E|X,| — E|X|.

REMARK. In view of Lemma [[L3.48 Vitali’s theorem relaxes the assumed a.s.
convergence X,, — X of the dominated (or bounded) convergence theorem, and
of Scheffé’s lemma, to that of convergence in probability.

PROOF. Suppose first that | X,,| < M for some non-random finite constant M
and all n. For each e > 0let B, . = {w : | X, (w) — Xoo(w)| > €}. The assumed
convergence in probability means that P(B,.) — 0 as n — oo (see Definition
[322). Since P(|Xo| > M 4+ ¢) < P(B,.), taking n — oo and considering
e = ¢ex | 0, we get by continuity from below of P that almost surely |Xo| < M.
So, | X, — Xoo| < 2M and by linearity and monotonicity of the expectation, for any
n and € > 0,

E|Xn — Xoo| = E[| X, — X00|IB$%E] +E[|X, - X00|IBn,s]
< Elelp. | +E(2MIp, | <c+2MP(B,.).
Since P(B,,,.) — 0 as n — o0, it follows that limsup,,_, . E|X,, — Xo| < e. Taking
e } 0 we deduce that E|X,, — X| — 0 in this case.

Moving to deal now with the general case of a collection {X,} that is U.L, let
oum(z) = max(min(z, M), —M). As |opm(x)—par(y)| < |z—y| for any x,y € R, our
assumption X,, 2 X implies that om (Xn) N onm(Xoo) for any fixed M < oco.
With |par(+)] < M, we then have by the preceding proof of bounded convergence

1
that @ (X5) L oom (Xoo). Further, by Minkowski’s inequality, also E|pa (X,)| —
Elpym(Xs)|- By Lemma [[348 our assumption that {X,} are U.I. implies their
L' boundedness, and since |p(2)| < |2 for all 2, we deduce that for any M,

(1.3.12) oo > c:=supE|X,| > li_>m Eloym (Xn)| = Elom(Xoo)| -

With |om(Xoo)| T | Xso| as M 1 oo, it follows from monotone convergence that
Elom(Xoo)| T E|Xoo|, hence E|Xo| < ¢ < oo in view of (I312). Fixing ¢ >
0, choose M = M(e) < oo large enough for E[|X|I|x_|>m] < €, and further
increasing M if needed, by the U.IL. condition also E[| X, |l x,|>m] < € for all n.
Considering the expectation of the inequality |2 — ()] < |2|I5)> s (Which holds
for all z € R), with x = X, and = X, we obtain that

E|X,, — Xoo| < Bl X0 — 01(Xa)| + Bl (Xn) = oa1(Xoo)| + El Xow = o1 (Xo0)|
<2+ E|om(Xn) —om(Xoo)l -
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1
Recall that o (X,,) L, om(Xoo), hence limsup,, E| X, — Xo| < 2e. Taking e — 0
completes the proof of L! convergence of X,, to X.

1
Suppose now that X, L Xoo. Then, by Jensen’s inequality (for the convex
function g(x) = |z]),

[E|X| — B[ X[ < B[ [Xn| = [Xoo| [] < E[Xpn = Xoo| = 0.

That is, E|X,,| = E|X| and X,, n < co are integrable.
It thus remains only to show that if X,, & X, all of which are integrable and
E|X,| — E|X| then the collection {X,} is U.I. To the end, for any M > 1, let

Yy () = |2l <pr—1 + (M = 1)(M = [z} T —1,01 (2])
a piecewise-linear, continuous, bounded function, such that ¢y (x) = |z| for |z| <
M —1 and ¢p(z) = 0 for |z| > M. Fixing € > 0, with X integrable, by dominated
convergence E| X o | —Et,, (X)) < € for some finite m = m(e). Further, as |1, (x)—
Ym(y)| < (m —1)|z — y| for any z,y € R, our assumption X,, = X, implies that
Ym(Xn) 2 m(Xs). Hence, by the preceding proof of bounded convergence,
followed by Minkowski’s inequality, we deduce that Ei,,(X,) — E¢,,(X) as
n — oo. Since |z|ljzj>m < |z — ¥ (z) for all z € R, our assumption E|X,, | —
E|X | thus implies that for some ny = ng(e) finite and all n > ng and M > m(e),
< E|Xoo| — BV (Xoo) +€ < 26.
As each X, is integrable, E[|X,|Ix,|>n] < 2¢ for some M > m finite and all n

(including also n < mg(€)). The fact that such finite M = M (e) exists for any € > 0
amounts to the collection {X,,} being U.I O

The following exercise builds upon the bounded convergence theorem.

EXERCISE 1.3.50. Show that for any X > 0 (do not assume E(1/X) < 00), both
(a) lim yE[X 1Ix-,] =0 and
Y—r00
() limyE[X 'Ix-,] =0.
y40

Next is an example of the advantage of Vitali’s convergence theorem over the
dominated convergence theorem.

EXERCISE 1.3.51. On ((0,1], B(o,1),U), let Xy (w) = (n/logn)(gn-1y(w) for n >
2. Show that the collection {X,} is U.L such that X, 3 0 and EX,, — 0, but

there is mo random wvariable Y with finite expectation such that' Y > X, for all
n > 2 and almost all w € (0,1].

By a simple application of Vitali’s convergence theorem you can derive a classical
result of analysis, dealing with the convergence of Cesaro averages.

EXERCISE 1.3.52. Let U, denote a random variable whose law is the uniform
probability measure on (0,n], namely, Lebesque measure restricted to the interval
(0,n] and normalized by =" to a probability measure. Show that g(U,) = 0 as
n — oo, for any Borel function g(-) such that |g(y)| — 0 as y — oo. Further,
assuming that also sup, |g(y)| < oo, deduce that Elg(Uy,)| = n~" [;"|g(y)|dy — 0
as n — co.
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Here is Vitali’s convergence theorem for a general measure space.

EXERCISE 1.3.53. Given a measure space (S,F, ), suppose fn, foo € mF with
w(|fnl) finite and p(|fr — fool > €) = 0 as n — oo, for each fized € > 0. Show
that pu(|frn — fool) = 0 as n — oo if and only if both sup, u(|fullf,|>k) — 0 and
sup,, (| fnlla,) = 0 for k — oo and some {A} C F such that p(AS§) < oo.

We conclude this subsection with a useful sufficient criterion for uniform integra-
bility and few of its consequences.

EXERCISE 1.3.54. Let f > 0 be a Borel function such that f(r)/r — 0o asr — co.
Suppose Ef (| X4|) < C for some finite non-random constant C' and all « € Z. Show
that then { X, : a € T} is a uniformly integrable collection of R.V.

EXERCISE 1.3.55.
(a) Construct random wvariables X, such that sup, E(|X,|) < oo, but the
collection {X,} is not uniformly integrable.
(b) Show that if {X,} is a U.L collection and {Y,} is a U.IL collection, then
{X,, +Y,} is also U.L
(¢) Show that if X,, > Xo and the collection {X,} is uniformly integrable,
then E(Xp1a) = E(Xoola) as n — oo, for any measurable set A.

1.3.5. Expectation, density and Riemann integral. Applying the stan-
dard machine we now show that fixing a measure space (S, F, ), each non-negative
measurable function f induces a measure fu on (S,F), with f being the natural
generalization of the concept of probability density function.

PROPOSITION 1.3.56. Fiz a measure space (S,F,u). Fvery f € mFy induces
a measure fi on (S,F) via (fu)(A) = u(flg) for all A € F. These measures
satisfy the composition relation h(fu) = (hf)u for all fyh € mFy. Further, h €
LY(S, F, fu) if and only if fh € LY(S, F,pu) and then (fu)(h) = u(fh).

PRrOOF. Fixing f € mF, obviously fu is a non-negative set function on (S, F)
with (fu)(0) = p(fIy) = u(0) = 0. To check that fu is countably additive, hence
a measure, let A = Ui Ay for a countable collection of disjoint sets A; € F. Since
Sor_y fLla, T fla, it follows by monotone convergence and linearity of the integral
that,

p(fLa) = lim p(y " fla) = Tim D> u(fIa) =Y u(fla,)
k=1 k=1 k

Thus, (fu)(A) = >, (fu)(Ax) verifying that fpu is a measure.
Fixing f € mFy, we turn to prove that the identity

(1.3.13) (Fu)(h1a) = p(FhLa) vAeF,

holds for any h € mF,. Since the left side of (L3.I3)) is the value assigned to A
by the measure h(fu) and the right side of this identity is the value assigned to
the same set by the measure (hf)u, this would verify the stated composition rule
h(fur) = (hf)u. The proof of (L3I3)) proceeds by applying the standard machine:
Step 1. If h = Ip for B € F we have by the definition of the integral of an indicator
function that

(fu)(Ipla) = (fu)(Tang) = (f)(ANB) = u(flanp) = p(fIs1a),
which is (L313).
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Step 2. Take h € SF represented as h = >,_, ¢Ip, with ¢, > 0 and B, € F.
Then, by Step 1 and the linearity of the integrals with respect to fu and with
respect to u, we see that

n

(fu)(hia) = Zcz(fu) Ip,14) = Zcm fIp1a) = ZClIBLIA w(fhla),

=1

again yielding (L313).

Step 3. For any h € mF, there exist h, € SF; such that h, T h. By Step 2 we
know that (fu)(hnla) = p(fhnla) for any A € F and all n. Further, h,Ia 1 his
and fhpIa 1 fhIa, so by monotone convergence (for both integrals with respect to

f/'L and /’L)u
(fu)(hia) = Jim (fp)(hnla) = lim pw(fhnla) = p(fhia),

completing the proof of (L3I3) for all h € mF.
Writing h € mF as h = hy — h_ with hy = max(h,0) € mF; and h_ =
—min(h,0) € mF,, it follows from the composition rule that

/hid(fﬂ) = (fu)(hels) = ha (fp)(S) = ((he f)p)(S) = u(fhils) = /fhidﬂ-

Observing that fhy = (fh)x when f € mF;, we thus deduce that h is fu-
integrable if and only if fh is p-integrable in which case [hd(fu) = [ fhdp, as
stated. O

Fixing a measure space (S, F,u), every set D € F induces a o-algebra Fp =
{A e F:ACD}. Let up denote the restriction of u to (D,Fp). As a corollary
of Proposition we express the integral with respect to pp in terms of the
original measure p.

COROLLARY 1.3.57. Fizing D € F let hp denote the restriction of h € mF to
(D, Fp). Then, up(hp) = u(hlp) for any h € mF,. Further, hp € L*(D, Fp, up)
if and only if hIp € LY(S,F, ), in which case also up(hp) = p(hip).

PRrROOF. Note that the measure Ippu of Proposition coincides with pp
on the o-algebra Fp and assigns to any set A € F the same value it assigns to
AND € Fp. By Definition [[37] this implies that (Ipu)(h) = up(hp) for any
h € mF,. The corollary is thus a re-statement of the composition and integrability

relations of Proposition [[L3.50] for f = Ip. O

REMARK 1.3.58. Corollary justiﬁes using hereafter the notation [, fdu or
wu(f; A) for p(fIa), or writing E =[,X (w) for E(X14). With this
notation in place, Proposition [L.3 states that each Z > 0 such that EZ =1
induces a probablhty measure Q = ZP such that Q(4 f 4 ZdP for all A € F,
and then Eq(W) := [WdQ = E(ZW) whenever W 2 0 or ZW € LY (Q, F,P)

(the assumption EZ =1 translates to Q(Q) = 1).

Proposition[I.3.50is closely related to the probability density function of Definition
[[.2.400 En-route to showing this, we first define the collection of Lebesgue integrable
functions.
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DEFINITION 1.3.59. Consider Lebesque’s measure A on (R, B) as in Section 13,

and its completion X\ on (R,B) (see Theorem [[.1.35). A set B € B is called
Lebesgue measurable and f : R — R is called Lebesgue integrable function if
f € mB, and X(|f]) < co. As we show in Proposition any mon-negative
Riemann integrable function is also Lebesgue integrable, and the integral values
coincide, justifying the notation fB x)dx for X(f; B), where the function f and
the set B are both Lebesgue measurable.

EXAMPLE 1.3.60. Suppose f is a non-negative Lebesgue integrable function such
that [, f(x)dz = 1. Then, P = fX of Pmposztzon [L.758 is a probability measure
n (R, B) such that P(B) = A(f; B) = [ f(@)dx for any Lebesque measurable set
B By Theorem [1.2.37 it is easy to Uemfy that F( ) = P((—00,a]) is a distribution
function, such that F(a f f(z)dz. That is, P is the law of a R.V. X : R —
R whose probability denszty functwn is f (c.f. Definition and Proposition
[Z.2.45)-
Our next theorem allows us to compute expectations of functions of a R.V. X
in the space (R, B, Px), using the law of X (c.f. Definition [.2.34) and calculus,
instead of working on the original general probability space. One of its immediate

consequences is the “obvious” fact that if X 2 Y then Eh(X) = Eh(Y) for any
non-negative Borel function h.

THEOREM 1.3.61 (CHANGE OF VARIABLES FORMULA). Let X : Q — R be a ran-
dom variable on (2, F,P) and h a Borel measurable function such that Ehy(X) <
oo or Eh_(X) < co. Then,

(1.3.14) /Q h(X () dP (w) = /R h(@)dPx ().

PROOF. Apply the standard machine with respect to h € mB:
Step 1. Taking h = Ig for B € B, note that by the definition of expectation of
indicators

Eh(X)=E[[p(X(w))] =P({w: X(w) € B}) = Px(B) = /h(a:)dPX(:c).

Step 2. Representing h € SFy as h = >, ¢iIp, for ¢; > 0, the identity (I.3.14)
follows from Step 1 by the linearity of the expectation in both spaces.

Step 8. For h € mB,, consider h,, € SF; such that h, T h. Since h,(X(w)) T
h(X (w)) for all w, we get by monotone convergence on (Q, F, P), followed by ap-
plying Step 2 for h,, and finally monotone convergence on (R, B, Px), that

/Q WX (@)APw) = Tim [ ho(X(w))dP(w)

n—oo Q

— tim [ h(@)dPx(x) = /R h(@)dPx (@),

n—oo R

as claimed.

Step 4. Write a Borel function h(z) as hy(z) — h—(x). Then, by Step 3, (L314)
applies for both non-negative functions h; and h_. Further, at least one of these
two identities involves finite quantities. So, taking their difference and using the
linearity of the expectation (in both probability spaces), lead to the same result for
h. O
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Combining Theorem [[.3.61] with Example [[L3.60, we show that the expectation of
a Borel function of a R.V. X having a density fx can be computed by performing
calculus type integration on the real line.

COROLLARY 1.3.62. Suppose that the distribution function of a R.V. X is of
the form (IZ3) for some Lebesgue integrable function fx(x). Then, for any
Borel measurable function h : R — R, the R V. h(X ) is integrable if and only if
J|n(2)|fx (z)dz < 0o, in which case Eh(X) = [ h(z)fx(x)dz. The latter formula
applies also for any non-negative Borel functzon h(- )

PRrOOF. Recall Example [[.3.60] that the law Px of X equals to the probability
measure fxA. For h > 0 we thus deduce from Theorem [[3.61] that Eh(X) =
fxA(h ) Which by the composition rule of Proposition [L3.56] is given by A(fxh) =
[ h(x x)dz. The decomposition h = hy — h_ then completes the proof of the
general case O

Our next task is to compare Lebesgue’s integral (of Definition [L3]) with Rie-
mann’s integral. To this end recall,

DEFINITION 1.3.63. A function f : (a,b] — [0, 00| is Riemann integrable with inte-
gral R(f) < oo if for any € > 0 there exists 6 = d(e) > 0 such that | Y=, f(x))A(Ji) —
R(f)| < e, for any x; € J; and {J;} a finite partition of (a,b] into disjoint subin-
tervals whose length A(J;) < 0.

Lebesgue’s integral of a function f is based on splitting its range to small intervals
and approximating f(s) by a constant on the subset of S for which f(-) falls into
each such interval. As such, it accommodates an arbitrary domain S of the function,
in contrast to Riemann’s integral where the domain of integration is split into small
rectangles — hence limited to R?. As we next show, even for S = (a,b], if f >0
(or more generally, f bounded), is Riemann integrable, then it is also Lebesgue
integrable, with the integrals coinciding in value.

PROPOSITION 1.3.64. If f(x) is a non-negative Riemann integrable function on
an interval (a,b], then it is also Lebesque integrable on (a,b] and \(f) = R(f).

PROOF. Let f.(J) = inf{f(x) : ¢ € J} and f*(J) = sup{f(z) : z € J}.
Varying x; over J; we see that

(1.3.15) R(f)—e< Zf*(Jl)A(Jl) < Zf*(JzV\(Jz) < R(f) +e,
l l

for any finite partition II of (a, b] into disjoint subintervals J; such that sup; A(J;) <
d. For any such partition, the non-negative simple functions ((II) = ", f.(Ji)1,
and u(II) = =, f*(Ji)I;, are such that ((II) < f < wu(II), whereas R(f) —¢ <
A)) < Mu(M)) < R(f) + e, by (L3TI5). Consider the dyadic partitions II,,
of (a,b] to 2" intervals of length (b — a)2~™ each, such that II,4; is a refinement
of II,, for each n = 1,2,.... Note that u(IL,)(z) > u(ll,4+1)(x) for all z € (a,b)
and any n, hence u(Il,))(z) | uoo(z) a Borel measurable R-valued function (see
Exercise IEBII) Similarly, £(I1,,)(x) 1 feo(z) for all z € (a,b], with {5 also Borel
measurable, and by the monotonicity of Lebesgue’s integral,

R(f) < Im M(IL,)) < Mlfx) < Aluse) < lim Mu(IL,)) < R(f).

We deduce that A(ue) = A(loo) = R(f) for use > f > loo. The set {x € (a,b] :
f(z) # loo(x)} is a subset of the Borel set {z € (a,b] : uso(x) > loo(z)} whose
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Lebesgue measure is zero (see Lemma [[L38). Consequently, f is Lebesgue measur-
able on (a,b] with A\(f) = M(fso) = R(f) as stated. O

Here is an alternative, direct proof of the fact that Q in Remark [[L3.58 is a
probability measure.

EXERCISE 1.3.65. Suppose E|X| < co and A = J,, An for some disjoint sets
A, e F.

(a) Show that then
> E(X;A,) =E(X;4),
n=0

that is, the sum converges absolutely and has the value on the right.

(b) Deduce from this that for Z > 0 with EZ positive and finite, Q(A) :=
EZI4A/EZ is a probability measure.

(c) Suppose that X and Y are non-negative random variables on the same
probability space (0, F,P) such that EX = EY < oo. Deduce from the
preceding that if EXITy = EY 14 for any A in a w-system A such that
F=0(A), then X 2 Y.

EXERCISE 1.3.66. Suppose P is a probability measure on (R,B) and f > 0 is a
Borel function such that P(B) = [ f(z)dz for B = (—o0,b], b € R. Using the
T — X theorem show that this identity applies for all B € B. Building on this result,
use the standard machine to directly prove Corollary [L.362 (without Proposition
1.3.50).

1.3.6. Mean, variance and moments. We start with the definition of mo-
ments of a random variable.

DEFINITION 1.3.67. If k is a positive integer then EX* is called the kth moment
of X. When it is well defined, the first moment mx = EX is called the mean. If
EX? < oo, then the variance of X is defined to be

(1.3.16) Var(X) = E(X —mx)? = EX? - m% <EX?.

Since E(aX 4 b) = aEX + b (linearity of the expectation), it follows from the
definition that

(1.3.17) Var(aX +b) = E(aX +b— E(aX +b))? = a’E(X — mx)? = a? Var(X)
We turn to some examples, starting with R.V. having a density.

EXAMPLE 1.3.68. If X has the exponential distribution then
EXF = / zFe %de = k!
0

for any k (see Example [I.2Z]] for its density). The mean of X is mx = 1 and
its variance is EX? — (EX)? = 1. For any X\ > 0, it is easy to see that T = X/\
has density fr(t) = e 150, called the exponential density of parameter \. By
(1-3:17) it follows that mr = 1/X and Var(T) = 1/X2.

Similarly, if X has a standard normal distribution, then by symmetry, for k odd,

1 > 2
EXF=— 2Fe 2y =0
\/27T /—oo ’
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whereas by integration by parts, the even moments satisfy the relation
1 o 2
1.3.18 EX? = —/ 2 pe ™ 2dy = (20 — 1)EX*72
(1.3.18) =/ (2~ 1)
for£=1,2 .... In particular,

Var(X) =EX?=1.
Consider G = 0 X + p, where o > 0 and p € R, whose density is

1 _w=w?
foly) = o= =

We call the law of G the normal distribution of mean u and variance o2 (as EG = u
and Var(G) = 0?).

Next are some examples of R.V. with finite or countable set of possible values.

EXAMPLE 1.3.69. We say that B has a Bernoulli distribution of parameter p €
0,1] if P(B=1)=1-P(B =0)=p. Clearly,
EB=p-1+(1—-p)-0=0p.
Further, B2 = B so EB> =EB = p and
Var(B) = EB* — (EB)? = p — p* = p(1 - p).

Recall that N has a Poisson distribution with parameter A > 0 if

k

A
P(N:k)ZFe”\ for k=0,1,2,...

(where in case A =0, P(N =0) = 1). Observe that for k=1,2,..

*)

n

E(N(N—l)---(N—k+1))=in(n—l)---(n—kﬂLl)%eﬂ
=k '

—\k — AR — \E
- Z me -
n==k

Using this formula, it follows that EN = X\ while
Var(N) = EN? — (EN)? = \.
The random variable Z is said to have a Geometric distribution of success proba-
bility p € (0,1) if
P(Z=k)=pAd—-p)* 1 for k=1,2,...
This is the distribution of the number of independent coin tosses needed till the first

appearance of a Head, or more generally, the number of independent trials till the
first occurrence in this sequence of a specific event whose probability is p. Then,

- 1
EZ =) kp(l-p)*'=-
k=1 p

EZ(Z-1)=Y k(k—1)p(l—p)' = 2(1-p)
k=2

p2

1-p
Var(Z)=EZ(Z —1)+EZ — (EZ)? = et
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EXERCISE 1.3.70. Consider a counting random variable N, = Z?:l Iy,.
(a) Provide a formula for Var(N,) in terms of P(A;) and P(A; N A;) for
i .
(b) Using your formula, find the variance of the number N, of empty bozes
when distributing at random r distinct balls among n distinct boxes, where
each of the possible n" assignments of balls to boxes is equally likely.

EXERCISE 1.3.71. Show that if P(X € [a,b]) = 1, then Var(X) < (b—a)?/4.

1.4. Independence and product measures

In Subsection[[.Z.J] we build-up the notion of independence, from events to random
variables via o-algebras, relating it to the structure of the joint distribution func-
tion. Subsection considers finite product measures associated with the joint
law of independent R.V.-s. This is followed by Kolmogorov’s extension theorem
which we use in order to construct infinitely many independent R.V.-s. Subsection
is about Fubini’s theorem and its applications for computing the expectation
of functions of independent R.V.

1.4.1. Definition and conditions for independence. Recall the classical
definition that two events A, B € F are independent if P(AN B) = P(A)P(B).

For example, suppose two fair dice are thrown (i.e. Q = {1,2,3,4,5,6}? with
F = 2% and the uniform probability measure). Let E; = {Sum of two is 6} and
Ey = {first die is 4} then E; and Es are not independent since

5

P(E1) =P({(1,5) (2,4) 3,3) (4,2) (5, 1)}) = 55, P(B2) =P({w:wi1=4}) = %

and
1
P(E1NEy) = P({(4,2)}) = 5 # P(E1)P(E2).
However one can check that Ep and F3 = {sum of dice is 7} are independent.

In analogy with the independence of events we define the independence of two
random vectors and more generally, that of two o-algebras.

DEFINITION 1.4.1. Two o-algebras H,G C F are independent (also denoted P-
independent ), if

P(GNH)=P(GPH), VGeG VHeH,

that is, two o-algebras are independent if every event in one of them is independent
of every event in the other.

The random vectors X = (X1,...,Xp) and Y = (Y1,...,Y:,) on the same prob-
ability space are independent if the corresponding o-algebras o(Xy,...,X,) and
o(Y1,...,Yy) are independent.

REMARK. Our definition of independence of random variables is consistent with
that of independence of events. For example, if the events A, B € F are indepen-
dent, then so are I4 and I. Indeed, we need to show that o(l4) = {0,Q, A, A°}
and o(Ig) = {0, 9, B, B¢} are independent. Since P((}) = 0 and 0 is invariant under
intersections, whereas P(€2) = 1 and all events are invariant under intersection with
Q, it suffices to consider G € {A, A°} and H € {B, B°}. We check independence
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first for G = A and H = B¢. Noting that A is the union of the disjoint events
AN B and AN B° we have that
P(ANB°) =P(A) —P(ANB)=P(A)[1 — P(B)] =P(A)P(B°),

where the middle equality is due to the assumed independence of A and B. The
proof for all other choices of G and H is very similar.

More generally we define the mutual independence of events as follows.

DEFINITION 1.4.2. Events A; € F are P-mutually independent if for any L < oo
and distinct indices i1,19,...,1L,

L
P(A, NA,N---NA4;,) = H P(Azk)
k=1

We next generalize the definition of mutual independence to o-algebras, random
variables and beyond. This definition applies to the mutual independence of both
finite and infinite number of such objects.

DEFINITION 1.4.3. We say that the collections of events A, C F with o € T
(possibly an infinite index set) are P-mutually independent if for any L < co and
distinct aq, o, ..., a5 € Z,

L
P(A NAyn---nAL) = [[P(Ax), VA€ Ao, k=1,...,L.
k=1

We say that random wvariables Xo, o € I are P-mutually independent if the o-
algebras o(X,), a € T are P-mutually independent.

When the probability measure P in consideration is clear from the context, we say
that random wvariables, or collections of events, are mutually independent.

Our next theorem gives a sufficient condition for the mutual independence of
a collection of o-algebras which as we later show, greatly simplifies the task of
checking independence.

THEOREM 1.4.4. Suppose G; = o(A;) C F fori = 1,2,--- ,n where A; are 7-
systems. Then, a sufficient condition for the mutual independence of G; is that A;,
i=1,...,n are mutually independent.

PrOOF. Let H = A;, NA;,N---NA;,, where i1,1i9,...,i, are distinct elements
from {1,2,...,n—1} and A; € A; for i = 1,...,n — 1. Consider the two finite
measures p1(A) = P(AN H) and ps(A4) = P(H)P(A) on the measurable space
(©,G,). Note that

() = PQN H) = P(H) = P(H)P(Q) = 12(Q)
If A € A,,, then by the mutual independence of A;, i = 1,...,n, it follows that

L
pa(A) =P(A;, N A, N A, NN A, nA) = ([]P(4:,))P(4)
k=1

= P(A“ n Aig n---N AZL)P(A) = ,U,Q(A) .

Since the finite measures pq(-) and pa(-) agree on the m-system A, and on €, it
follows that 3 = pe on G, = o(A,) (see Proposition [LT.39). That is, P(GNH) =
P(G)P(H) for any G € G,,.
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Since this applies for arbitrary A; € A;, ¢ = 1,...,n — 1, in view of Definition
[L4.3] we have just proved that if Aj, As,..., A, are mutually independent, then
Ai, Az, ..., G, are mutually independent.

Applying the latter relation for G,,, A, ..., A,—1 (which are mutually independent
since Definition [[L43]is invariant to a permutation of the order of the collections) we
get that G,,, A1, ..., An_2,G,_1 are mutually independent. After n such iterations
we have the stated result. (|

Because the mutual independence of the collections of events A, o € Z amounts
to the mutual independence of any finite number of these collections, we have the
immediate consequence:

COROLLARY 1.4.5. If w-systems of events Ay, a € I, are mutually independent,
then o(Aq), a € I, are also mutually independent.

Another immediate consequence deals with the closure of mutual independence
under projections.

COROLLARY 1.4.6. If the w-systems of events Ho g, (o, 8) € J are mutually
independent, then the o-algebras Go, = 0 (UgHa,g), are also mutually independent.

PrOOF. Let A, be the collection of sets of the form A = N7, H; where H; €
Ha,p; for some m < co and distinct 31, ..., Bm. Since Hq, g are m-systems, it follows
that so is A, for each a.. Since a finite intersection of sets Ay € Aq,, k=1,...,Lis
merely a finite intersection of sets from distinct collections H, g, (x), the assumed
mutual independence of H, g implies the mutual independence of A,. By Corollary
[CZ3 this in turn implies the mutual independence of o(A,). To complete the proof,
simply note that for any 3, each H € H, g is also an element of A,, implying that
Ga Co(Ay). O

Relying on the preceding corollary you can now establish the following character-
ization of independence (which is key to proving Kolmogorov’s 0-1 law).

EXERCISE 1.4.7. Show that if for each n > 1 the o-algebras FX = o(X1,...,Xp)
and 0(X,4+1) are P-mutually independent then the random variables X1, Xa, X3, . ..
are P-mutually independent. Conversely, show that if X1, X2, X3,... are indepen-
dent, then for each n > 1 the o-algebras FX and TX = o(X,,r > n) are indepen-
dent.

It is easy to check that a P-trivial o-algebra #H is P-independent of any other
o-algebra G C F. Conversely, as we show next, independence is a great tool for
proving that a o-algebra is P-trivial.

LEMMA 1.4.8. If each of the o-algebras G, C Gi11 is P-independent of a o-algebra
H C o(Ugs1 Gk) then H is P-trivial.

REMARK. In particular, if H is P-independent of itself, then H is P-trivial.

PRrROOF. Since Gy C Gi41 for all k£ and Gy, are o-algebras, it follows that 4 =
Ug>1 Gk is a m-system. The assumed P-independence of H and G for each k
yields the P-independence of H and A. Thus, by Theorem [.44] we have that
H and o(A) are P-independent. Since H C o(A) it follows that in particular
P(H)=P(HNH)=P(H)P(H) for each H € H. So, necessarily P(H) € {0,1}
for all H € H. That is, H is P-trivial. O
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We next define the tail o-algebra of a stochastic process.

DEFINITION 1.4.9. For a stochastic process {X;} we set T,X* = o(X,,7 > n) and
call TX = N, T,X the tail o-algebra of the process {X}.

As we next see, the P-triviality of the tail o-algebra of independent random vari-
ables is an immediate consequence of Lemmal[[.4.8] This result, due to Kolmogorov,
is just one of the many 0-1 laws that exist in probability theory.

COROLLARY 1.4.10 (KOLMOGOROV’S 0-1 LAW). If { X} are P-mutually indepen-
dent then the corresponding tail o-algebra TX is P-trivial.

PROOF. Note that F* C F, and T C FX = o(Xp,k > 1) = (U1 F)
(see Exercise [LZT4l for the latter identity). Further, recall Exercise [L41 that for
any n > 1, the o-algebras 7,X and FX are P-mutually independent. Hence, each of

the o-algebras FX is also P-mutually independent of the tail o-algebra 7%, which
by Lemma [[.4.8] is thus P-trivial. O

Out of Corollary [L4.6] we deduce that functions of disjoint collections of mutually
independent random variables are mutually independent.

COROLLARY 1.4.11. If R.V. X}, ;, 1 <k <m, 1 < j <I(k) are mutually indepen-
dent and fr, : R‘®) — R are Borel functions, then Y, = Je(Xi1, oo, X)) are
mutually independent random variables for k =1,...,m.

ProoF. We apply Corollary for the index set J = {(k,j) : 1 < k <
m,1 < j <I(k)}, and mutually independent m-systems Hy ; = (X ;), to deduce
the mutual independence of G, = o(U;Hg, ;). Recall that Gy = o (X 5,1 < j <I(k))
and o(Yy) C Gy (see Definition and Exercise [LZ33]). We complete the proof
by noting that Yj are mutually independent if and only if o(Yy) are mutually
independent. ([l

Our next result is an application of Theorem [[.4.4] to the independence of random
variables.

COROLLARY 1.4.12. Real-valued random wvariables X1, Xs,...,X,, on the same
probability space (Q, F,P) are mutually independent if and only if

(1.4.1) P(X; <21, X S 2m) = [[P(Xi < 23), V2, 2m €R.
i=1

PROOF. Let A; denote the collection of subsets of Q of the form X; *((—oc, b])
for b € R. Recall that A; generates o(X;) (see Exercise [L2.11]), whereas (L.4.1)
states that the m-systems A; are mutually independent (by continuity from below
of P, taking x; 1 oo for i # 41,7 # i2,...,7 # iy, has the same effect as taking a
subset of distinct indices iy, ...,ir from {1,...,m}). So, just apply Theorem [[.Z4]
to conclude the proof. |

The condition (L4I]) for mutual independence of R.V .-s is further simplified when
these variables are either discrete valued, or having a density.

EXERCISE 1.4.13. Suppose (X1,...,X,,) are random wvariables and (S1,...,Sm)
are countable sets such that P(X; € S;) =1 fori=1,...,m. Show that if

P(Xy=a1,...,Xpm =2m) = [[P(Xi = z;)
=1
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whenever x; € S;, i1 =1,...,m, then X1,..., X, are mutually independent.

EXERCISE 1.4.14. Suppose the random vector X = (X1,..., X,,) has a joint prob-
ability density function fx(z) = g1(z1) - gm(zm). That is,

P((XlaaXm)eA):/gl(Il)gﬂ’L(Im)dxldx’m; VAGBR”)
A

where g; are non-negative, Lebesgue integrable functions. Show that then X1, ..., Xm
are mutually independent.

Beware that pairwise independence (of each pair Ay, A; for k # j), does not imply
mutual independence of all the events in question and the same applies to three or
more random variables. Here is an illustrating example.

EXERCISE 1.4.15. Consider the sample space Q = {0,1,2}2 with probability mea-
sure on (,2%) that assigns equal probability (i.e. 1/9) to each possible value of
w = (wi,ws) € Q. Then, X(w) = w1 and Y(w) = we are independent R.V.
each taking the values {0, 1,2} with equal (i.e. 1/3) probability. Define Zy = X,
Z1 = (X +Y)mod3 and Z; = (X + 2Y )mod3.

(a) Show that Zy is independent of Z1, Zy is independent of Za, Z1 is inde-
pendent of Za, but if we know the value of Zy and Z1, then we also know
Zs.

(b) Construct four {—1,1}-valued random variables such that any three of
them are independent but all four are not.
Hint: Consider products of independent random variables.

Here is a somewhat counter intuitive example about tail o-algebras, followed by
an elaboration on the theme of Corollary L4171}

EXERCISE 1.4.16. Let o(A, A") denote the smallest o-algebra G such that any
function measurable on A or on A’ is also measurable on G. Let Wy, W1, Wa, ...
be independent random variables with P(W,, = +1) = P(W,, = —1) = 1/2 for all
n. For each n > 1, define X,, := WoWi.. . W,.

(a) Prove that the variables X1, Xo, ... are independent.
(b) Show that S = o (TyW, TX) is a strict subset of the o-algebra F = N (T, T,X).
Hint: Show that Wy € mF is independent of S.

EXERCISE 1.4.17. Consider random variables (X;;,1 < i,5 < n) on the same
probability space. Suppose that the o-algebras R1,..., Ry, are P-mutually indepen-
dent, where R; = 0(X;;,1 < j <mn) fori=1,...,n. Suppose further that the
o-algebras C1,...,Cp are P-mutually independent, where C; = o(X; ;,1 < i < n).
Prove that the random variables (X; ;,1 <i,5 < n) must then be P-mutually inde-
pendent.

We conclude this subsection with an application in number theory.

EXERCISE 1.4.18. Recall Euler’s zeta-function which for real s > 1 is given by
C(s) = Y opeq k5. Fizing such s, let X and Y be independent random variables
withP(X =k)=PY =k)=k"5/((s) fork=1,2,....

(a) Show that the events D, = {X is divisible by p}, with p a prime number,
are P-mutually independent.

(b) By considering the event {X = 1}, provide a probabilistic ezplanation of
Euler’s formula 1/¢(s) = [[,(1 —1/p®).
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(c) Show that the probability that no perfect square other than 1 divides X is

precisely 1/((2s).
(d) Show that P(G = k) = k=25/((2s), where G is the greatest common
divisor of X and Y.

1.4.2. Product measures and Kolmogorov’s theorem. Recall Example
[LT20 that given two measurable spaces (21, F1) and (Q2, F2) the product (mea-
surable) space (€, F) consists of = Qy x Qs and F = F; x Fa, which is the same
as F = o(A) for

m
A={ 4 45 % B;: 4; € 1, B € Faym < oo},
j=1
where throughout, [+ denotes the union of disjoint subsets of 2.
We now construct product measures on such product spaces, first for two, then
for finitely many, probability (or even o-finite) measures. As we show thereafter,
these product measures are associated with the joint law of independent R.V.-s.

THEOREM 1.4.19. Given two o-finite measures v; on (2, F;), i = 1,2, there exists
a unique o-finite measure po on the product space (2, F) such that

Q(L'H Aj XBj)ZZI/l(Aj)I/Q(Bj), VA] Efl,BjE]‘—g,m<OO.

We denote s = v1 X vy and call it the product of the measures v1 and vs.

PRrROOF. By Carathéodory’s extension theorem, it suffices to show that A is an
algebra on which ps is countably additive (see Theorem for the case of finite
measures). To this end, note that Q = Q; x Qs € A. Further, A is closed under
intersections, since

UA X Bj) ﬂUCxD) U[(A-xB-) (C; x D;)]
_UA NC;) x (B;ND;).

It is also closed under complementation, for
UA x Bj) ﬂACxB U (4; x BS) U (AS x BS)].

By DeMorgan s law, A is an algebra.

Note that countable unions of disjoint elements of A are also countable unions of
disjoint elements of the collection R = {A x B : A € F1,B € Fa} of measurable
rectangles. Hence, if we show that

(1.4.2) > vi(Aj)(By) = > v (Ci)va(Dy),
j=1 i
whenever ErJ;n:l A; x B; =,(C; x D;) for some m < oo, A;,C; € Fy and B, D; €
Fo, then we deduce that the value of us(F) is independent of the representation
we choose for £ € A in terms of measurable rectangles, and further that po is
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countably additive on A. To this end, note that the preceding set identity amounts
to

ZIA )1, (y ZIC 2)Ip,(y)  Vre,ye s,

Hence, ﬁxing x € Qq, we have that p(y) =252, Ia, (), (y) € SF4 is the mono-
tone increasing limit of ¥, (y) = > i, I, (z)Ip, (y ) € SF; as n — oo. Thus, by
linearity of the integral with respect to v and monotone convergence,

g(z) = ZVQ(Bj)IAj () = wa(p) = nhﬁngo va () = hm ZIG vo(D;) .
j=1
We deduce that the non-negative g(z) € mJF; is the monotone increasing limit of
the non-negative measurable functions h,(z) = Y"1, v2(D;)Ic, (z). Hence, by the
same reasoning,

Zy2 =vi(g) = lim vi(hn) =Y (D)1 (Ci),

proving m) and the theorem. O

It follows from Theorem by induction on n that given any finite collection
of o-finite measure spaces (9;, Fi,v;), ¢ = 1,...,n, there exists a unique product
measure i, = V1 X -+ X U, on the product space (Q,F) (i.e., Q =y x -+ x Q,
and F =0(A1 X -+ X Ap; A; € Fiyi=1,...,n)), such that

(143) /J,n(Al X e XAn):HVi(Ai) VAiE]:i, t1=1,...,n.

REMARK 1.4.20. A notable special case of this construction is when Q; = R with
the Borel o-algebra and Lebesgue measure A\ of Section The product space
is then R™ with its Borel o-algebra and the product measure is A", the Lebesgue
measure on R™.

The notion of the law Px of a real-valued random variable X as in Definition
[L234 naturally extends to the joint law Px of a random vector X = (Xq,...,X,,)
which is the probability measure Px =P o X' on (R", Bgn).

We next characterize the joint law of independent random variables Xy, ..., X,
as the product of the laws of X; fori=1,....n

PROPOSITION 1.4.21. Random variables X1, ..., X, on the same probability space,
having laws v; = Px,, are mutually independent if and only if their joint law is
fhn = V1 X o X Uy

PRrOOF. By Definition[[[Z3and the identity (L43), if X4, ..., X,, are mutually
independent then for B; € B,

P&(BlX"'XBn):P(XlGBl,...,XneBn)

=[[PXieBi)=[]wi(Bi) =v1x - xvu(Byx -+ X By).

i=1 i=
This shows that the law of (X1,...,X,,) and the product measure p,, agree on the
collection of all measurable rectangles By X - - - X B,,, a m-system that generates Bgn
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(see Exercise [[T.2T]). Consequently, these two probability measures agree on Bgn

(c.f. Proposition [[.T.39)).

Conversely, if Px = vy X - -+ X v, then by same reasoning, for Borel sets B;,

P(ﬁ{w:Xi(w)eBi}):PK(Bl><~--><Bn):u1><-~-><un(B1><---><Bn)

— HUi(Bi) = HP({w : Xi(w) € Bi}),

i=1
which amounts to the mutual independence of X, ..., X,,. (I

We wish to extend the construction of product measures to that of an infinite col-
lection of independent random variables. To this end, let N = {1,2,...} denote the
set of natural numbers and RN = {x = (21, 7,...) : 2; € R} denote the collection
of all infinite sequences of real numbers. We equip RN with the product o-algebra
B. = 0(R) generated by the collection R of all finite dimensional measurable rectan-
gles (also called cylinder sets), that is sets of the form {x:x1 € B1,...,2z, € By},
where B; € B,i=1,...,n € N (e.g. see Example [[.T.T9).

Kolmogorov’s extension theorem provides the existence of a unique probability
measure P on (RN, B.) whose projections coincide with a given consistent sequence
of probability measures p,, on (R™, Bgn).

THEOREM 1.4.22 (KOLMOGOROV’S EXTENSION THEOREM). Suppose we are given
probability measures p, on (R™, Bgn) that are consistent, that is,

tnt1(B1 X -+ X By X R) = pp(B1 X -+ X By) VB;eB, i=1,...,n< o
Then, there is a unique probability measure P on (RN, B..) such that
(144) PHw:w;€Bi=1,...,n}) =pup(B1 XX Bp,)VB; € B, i <n < o0

PROOF. (sketch only) We take a similar approach as in the proof of Theorem
419 That is, we use (L44) to define the non-negative set function Py on the
collection R of all finite dimensional measurable rectangles, where by the consis-
tency of {u,} the value of Py is independent of the specific representation chosen
for a set in R. Then, we extend Py to a finitely additive set function on the algebra

A:{LﬂEj:EjGR,m<oo},
j=1

in the same linear manner we used when proving Theorem[[.4.19 Since A generates
B. and Po(RN) = p,,(R™) = 1, by Carathéodory’s extension theorem it suffices to
check that Py is countably additive on A. The countable additivity of Py is verified
by the method we already employed when dealing with Lebesgue’s measure. That
is, by the remark after Lemma [[LT3T] it suffices to prove that Po(H,) | 0 whenever
H, € Aand H, | (. The proof by contradiction of the latter, adapting the
argument of Lemma [[.T.3T] is based on approximating each H € A by a finite
union Ji C H of compact rectangles, such that Po(H \ J;) — 0 as k — oo. This is
done for example in [Bil95l Page 490]. O

EXAMPLE 1.4.23. To systematically construct an infinite sequence of independent
random variables {X;} of prescribed laws Px, = v;, we apply Kolmogorov’s exten-
sion theorem for the product measures i, = v1 X --- X v, constructed following
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Theorem [1.7.19 (where it is by definition that the sequence p, is consistent). Al-
ternatively, for infinite product measures one can take arbitrary probability spaces
(Q, Fi,vi) and directly show by contradiction that Po(H,) | 0 whenever H, € A
and Hy, | 0 (for more details, see [Str93| Exercise 1.1.14]).

REMARK. As we shall find in Sections and [Z.I] Kolmogorov’s extension the-
orem is the key to the study of stochastic processes, where it relates the law of
the process to its finite dimensional distributions. Certain properties of R are key
to the proof of Kolmogorov’s extension theorem which indeed is false if (R, B) is
replaced with an arbitrary measurable space (S, S) (see the discussions in [Durl0]
Subsection 2.1.4] and [Dud89 notes for Section 12.1]). Nevertheless, as you show
next, the conclusion of this theorem applies for any B-isomorphic measurable space

S, S).

DEFINITION 1.4.24. Two measurable spaces (S,S) and (T,T) are isomorphic if
there exists a one to one and onto measurable mapping between them whose inverse
is also a measurable mapping. A measurable space (S,S) is B-isomorphic if it is
isomorphic to a Borel subset T of R equipped with the induced Borel o-algebra
T={BNT:BeB}.

Here is our generalized version of Kolmogorov’s extension theorem.

COROLLARY 1.4.25. Given a measurable space (S,S) let SN denote the collection
of all infinite sequences of elements in S equipped the product o-algebra S, generated
by the collection of all cylinder sets of the form {s: s1 € Ay,...,s, € A, }, where
A;eS fori=1,...,n. If (S,8) is B-isomorphic then for any consistent sequence
of probability measures v, on (S™,8™) (that is, Vpt1(Ar X -+ - X Ay X S) = vy, (A1 X
<o X Ap) for all n and A; € S), there exists a unique probability measure Q on
(SN, S.) such that for alln and A; € S,

(1.4.5) Q({s:s;€A;,i=1,...,n}) =vp(41 X --- X 4,) .
Next comes a guided proof of Corollary [L4.25 out of Theorem

EXERCISE 1.4.26.
(a) Verify that our proof of Theorem [I-1.22 applies in case (R, B) is replaced
by T € B equipped with the induced Borel o-algebra T (with RN and B.
replaced by TN and T, respectively).
(b) Flizing such (T, T) and (S,S) isomorphic to it, let g : S — T be one to
one and onto such that both g and ¢g~' are measurable. Check that the

one to one and onto mappings gn(s) = (g(s1),...,9(sn)) are measurable
and deduce that ji,,(B) = vyn(g,, *(B)) are consistent probability measures
on (T™, T™).

(¢) Consider the one to one and onto mapping goo(s) = (g(s1),...,9(sn),-..)
from SN to TN and the unique probability measure P on (TN, T.) for
which [IT4)) holds. Verify that S, is contained in the o-algebra of subsets
A of SN for which goo(A) is in T. and deduce that Q(A) = P(goo(A)) is
a probability measure on (SN, S,).

(d) Conclude your proof of Corollary [1.4.25] by showing that this Q is the
unique probability measure for which (1.4.9) holds.

REMARK. Recall that Carathéodory’s extension theorem applies for any o-finite
measure. It follows that, by the same proof as in the preceding exercise, any
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consistent sequence of o-finite measures v, uniquely determines a o-finite measure
Q on (SN, 8.) for which (LZ3E) holds, a fact which we use in later parts of this text
(for example, in the study of Markov chains in Section [G.]).

Our next proposition shows that in most applications one encounters B-isomorphic
measurable spaces (for which Kolmogorov’s theorem applies).

PRrROPOSITION 1.4.27. If S € Bys for a complete separable metric space M and S
is the restriction of Byr to S then (S,S) is B-isomorphic.

REMARK. While we do not provide the proof of this proposition, we note in passing
that it is an immediate consequence of [Dud89l Theorem 13.1.1].

1.4.3. Fubini’s theorem and its application. Returning to (2, F, u) which
is the product of two o-finite measure spaces, as in Theorem [[LZ.19, we now prove
that:

THEOREM 1.4.28 (FUBINI’S THEOREM). Suppose p = p1 X po is the product of
the o-finite measures p1 on (X, X) and po on (Y,Y). If he mF for F=Xx Y is
such that h > 0 or [ |h|dp < oo, then,

(1.4.6) /XxvhdMZ/X [/Y h(z,y) dug(y)} du (z)

:/Y [/X h(z,y) dul(:b)] dp2(y)

REMARK. The iterated integrals on the right side of (.46 are finite and well
defined whenever [ |h|dy < co. However, for h ¢ mFy the inner integrals might
be well defined only in the almost everywhere sense.

PRrOOF OF FUBINI’'S THEOREM. Clearly, it suffices to prove the first identity
of (L44]), as the second immediately follows by exchanging the roles of the two
measure spaces. We thus prove Fubini’s theorem by showing that

(1.4.7) y = h(z,y) em), VaeX|

(1.4.8) x = fr(x) = /Yh(:t,y) dus(y) € mX,

so the double integral on the right side of (LZ4.8]) is well defined and

(1.4.9) /thdu:/th(x)dul(x).

We do so in three steps, first proving (LZ47)- ([L49) for finite measures and bounded
h, proceeding to extend these results to non-negative h and o-finite measures, and
then showing that (L6 holds whenever h € mF and [ |h|dp is finite.
Step 1. Let H denote the collection of bounded functions on X x Y for which (L4.7)-
(CZ9) hold. Assuming that both p;(X) and us(Y) are finite, we deduce that H
contains all bounded h € mF by verifying the assumptions of the monotone class
theorem (i.e. Theorem [[271) for H and the m-system R = {Ax B: A€ X,B € )}
of measurable rectangles (which generates F).

To this end, note that if h = Iy and E = Ax B € R, then either h(x,-) = Ig(-) (in
casex € A), or h(z,-) is identically zero (when x & A). With Ip € m) we thus have
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(CZ70) for any such h. Further, in this case the simple function fj,(z) = p2(B)I4(z)
on (X, %) is in mX and

| dedu= el B) = pa(B)n(4) = [ S o).
XxY X

Consequently, I € H for all £ € R; in particular, the constant functions are in H.

Next, with both m) and mX vector spaces over R, by the linearity of h — fj
over the vector space of bounded functions satisfying (LZ7) and the linearity of
frn—= p1(fr) and b — p(h) over the vector spaces of bounded measurable f;, and
h, respectively, we deduce that H is also a vector space over R.

Finally, if non-negative h,, € H are such that h, 1 h, then for each x € X the
mapping y — h(z,y) = sup, hn(z,y) is in mY; (by Theorem [222). Further,
fr, € mX, and by monotone convergence f,, T fn (for all z € X), so by the same
reasoning fp € mX;. Applying monotone convergence twice more, it thus follows
that

p(h) = sup p(hy) = sup pa(fn,) = pa(fn),

so h satisfies (LLT)—(T49). In particular, if h is bounded then also h € H .

Step 2. Suppose now that h € mFy. If pu; and pe are finite measures, then
we have shown in Step 1 that (CZ7)-(CZ3) hold for the bounded non-negative
functions h, = h An. With h, 1 h we have further seen that (L4.1)-(T49) hold
also for the possibly unbounded h. Further, the closure of (L4.8]) and (L49) with
respect to monotone increasing limits of non-negative functions has been shown
by monotone convergence, and as such it extends to o-finite measures 1 and puo.
Turning now to o-finite p; and peo, recall that there exist F, = A, x B, € R
such that A, 1 X, B, 1Y, pu1(4,) < co and ps(B,) < co. As h is the monotone
increasing limit of h,, = hlg, € mJF, it thus suffices to verify that for each n
the non-negative f,(x) = [y hn(z,y)dp2(y) is measurable with ju(h,) = p1(fn).
Fixing n and simplifying our notations to £ = F,, A = A, and B = B,, recall
Corollary [[357 that p(hy,) = pg(hg) for the restrictions hg and pug of h and u to
the measurable space (E, Fg). Also, as E = A X B we have that Fg = X4 x V5
and pug = (u1)a X (u2)p for the finite measures (u1)a and (p2)p. Finally, as
fn(®) = frp(x) = [ he(z,y)d(u2)5(y) when z € A and zero otherwise, it follows
that 1 (fn) = (1) A(fry). We have thus reduced our problem (for h,,), to the case
of finite measures ug = (u1)a X (u2)p which we have already successfully resolved.
Step 3. Write h € mJF as h = hy — h_, with hy € mF;. By Step 2 we know that
y = hi(z,y) € mY for each x € X, hence the same applies for y — h(z,y). Let
X denote the subset of X for which [ |h(z,y)|du2(y) < oo. By linearity of the
integral with respect to pe we have that for all x € X

(1.4.10) fn(@) = fo, () = fo_(2)

is finite. By Step 2 we know that f,, € mX, hence Xo = {z : f (z) + fu_(x) <
oo} is in X. From Step 2 we further have that pq(fny.) = w(hy) whereby our
assumption that [ |h|dp = pi(fn, + fn_) < oo implies that pq(X§) = 0. Let
fu(z) = Jny () — fa_(x) on Xy and fa(z) = 0 for all z ¢ Xo. Clearly, f, € mX
is p1-almost-everywhere the same as the inner integral on the right side of (.4.6]).
Moreover, in view of (LZI0) and linearity of the integrals with respect to p; and
p we deduce that

p(h) = p(hy) = p(h=) = pa(fay) — () = pa(fn) s
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which is exactly the identity (C406). O

Equipped with Fubini’s theorem, we have the following simpler formula for the
expectation of a Borel function h of two independent R.V.

THEOREM 1.4.29. Suppose that X and Y are independent random wvariables of
laws 1 = Px and ps = Py. If h : R? — R is a Borel measurable function such
that h > 0 or E|h(X,Y)| < oo, then,

(1.4.11) EACX,Y) = [[ [ o) dua(@)] daty)

In particular, for Borel functions f,g: R +— R such that f,g > 0 or E|f(X)| < oo
and E|g(Y)] < oo,

(1.4.12) E(f(X)g(Y)) = Ef(X) Eg(Y)

PROOF. Subject to minor changes of notations, the proof of Theorem [.3.61]
applies to any (S, S)-valued R.V. Considering this theorem for the random vector
(X,Y) whose joint law is p1 x pz (c.f. Proposition [L421]), together with Fubini’s
theorem, we see that

BUXY) = [ bl  pa)es) = [[ [ b din@)] ity

which is (L4II)). Take now h(z,y) = f(z)g(y) for non-negative Borel functions
f(z) and g(y). In this case, the iterated integral on the right side of (LZII]) can
be further simplified to,

E(F(09) = [ [ [ 1@)9to) dis @] dnato) = [ 9w [ £0) dpa(0)] diat)

= [E5 (X050 duaty) = BI ) Eg(Y)

(with Theorem [[.3.61] applied twice here), which is the stated identity (L4.12]).
To deal with Borel functions f and g that are not necessarily non-negative, first
apply (L4T2)) for the non-negative functions | f| and |g| to get that E(|f(X)g(Y)]) =
E|f(X)|E|g(Y)| < co. Thus, the assumed integrability of f(X) and of g(Y") allows
us to apply again (LTI for h(z,y) = f(x)g(y). Now repeat the argument we
used for deriving (412 in case of non-negative Borel functions. O

Another consequence of Fubini’s theorem is the following integration by parts for-
mula.

LEMMA 1.4.30 (INTEGRATION BY PARTS). Suppose H(x) = [ h(y)dy for a
non-negative Borel function h and all x € R. Then, for any random variable X,

(1.4.13) EH(X) = /Rh(y)P(X > y)dy.

PROOF. Combining the change of variables formula (Theorem [[3.61]), with our
assumption about H(-), we have that

/ H(z)dPx (z / [ / h(y) o>y dN(y) | dPx (z) |

where A denotes Lebesgue’s measure on (R, B). For each y € R, the expectation of
the simple function = — h(z,y) = h(y)Ily>, with respect to (R B, Px) is merely
h(y)P(X > y). Thus, applying Fubini’s theorem for the non-negative measurable
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function h(z,y) on the product space R x R equipped with its Borel o-algebra Bz,
and the o-finite measures p; = Px and ps = A, we have that

BH() = [ [ [ h)Lesy aPx(@)]axe) = [ HoPOX > i)y,

R

as claimed. O

Indeed, as we see next, by combining the integration by parts formula with Hoélder’s
inequality we can convert bounds on tail probabilities to bounds on the moments
of the corresponding random variables.

LEMMA 1.4.31.
(a) For any r > p >0 and any random variable Y >0,

EY? = / py? ' P(Y > y)dy = / py? T P(Y > y)dy
0 0
== ];9)/ py"~ E[min(Y/y, 1)"]dy.
0

(b) If X,Y > 0 are such that P(Y > y) <y 'E[XIy>,] for all y > 0, then
IYllp < qll Xl for any p>1 and g = p/(p — 1).
(c) Under the same hypothesis also EY <1+ E[X(logY)4].

PROOF. (a) The first identity is merely the integration by parts formula for
hy(y) = pyP~ 11,50 and H,(z) = 2P1,>¢ and the second identity follows by the
fact that P(Y = y) = 0 up to a (countable) set of zero Lebesgue measure. Finally,
it is easy to check that Hy(x) = [; hp(2,y)dy for the non-negative Borel function
hyr(z,y) = (1 — p/r)py? ' min(z/y,1)"1;>01y>0 and any r > p > 0. Hence,
replacing h(y)I;>, throughout the proof of Lemma[[.430 by h, -(x,y) we find that
E[H,(X)] = [, E[hp(X,y)]dy, which is exactly our third identity.

(b) In a similar manner it follows from Fubini’s theorem that for p > 1 and any
non-negative random variables X and Y

EXY?P | =E[XH, ,(Y)] = E[/

hp—l(y)XIYZydy] :/hp—l(y)E[XIYZy]dy'
R R

Thus, with y~'h,(y) = gh,—1(y) our hypothesis implies that

BY? = [ h@P(Y = 0)dy < [ ahyor (B Iy, Jdy = GBLXY? ).
R R
Applying Holder’s inequality we deduce that

EY? < qE[XY?'] < ql|X[|,|[Y"" "]l = ql| X |l,[EY?]/

where the right-most equality is due to the fact that (p — 1)g = p. In case YV
is bounded, dividing both sides of the preceding bound by [EY”]l/ 7 implies that
IY]l, < ql|X|lp- To deal with the general case, let ¥V, =Y An, n =1,2,... and
note that either {Y;, > y} is empty (for n < y) or {Y¥,, > y} = {Y > y}. Thus, our
assumption implies that P(Y,, > y) < y 'E[XIy,>,] for all y > 0 and n > 1. By
the preceding argument [|Y, ||, < ¢||X]||, for any n. Taking n — oo it follows by
monotone convergence that ||Y||, < ¢||X|,.
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(c) Considering part (a) with p = 1, we bound P(Y" > y) by one for y € [0,1] and
by y 'E[X Iy>,] for y > 1, to get by Fubini’s theorem that

EY :/ P(Y > y)dy < 1+/ y 'E[XIy>,]dy
0 1
=1+ E[X/ y ys,dyl =1+ E[X(logY)4].
1
(]

We further have the following corollary of (LZI2)), dealing with the expectation
of a product of mutually independent R.V.

COROLLARY 1.4.32. Suppose that X1, ..., X, are P-mutually independent random
variables such that either X; > 0 for all i, or E|X;| < oo for all i. Then,

(1.4.14) E(HXZ) - [[Ex..
i=1 i=1
that is, the expectation on the left exists and has the value given on the right.

Proor. By Corollary [L4.17] we know that X = X; and Y = X5--- X, are
independent. Taking f(z) = |z| and g(y) = |y| in Theorem [[L4.29] we thus have
that E|X; --- X,| = E|X;|E|X2---X,,| for any n > 2. Applying this identity

iteratively for X, ..., X,, starting with { = m, then l =m+1,m+2,...,n—1
leads to
(1.4.15) E|X, - Xa| = [] EIXxl,

k=m

holding for any 1 < m < n. If X; > 0 for all 4, then |X;| = X; and we have (L4.14)
as the special case m = 1.

To deal with the proof in case X; € L' for all i, note that for m = 2 the identity
(CZTI9) tells us that E|Y| = E|Xz2--- X,| < 00, so using Theorem with
f(z) =z and ¢g(y) = y we have that E(X;--- X,,) = (EX1)E(X2--- X,,). Iterating
this identity for Xj,..., X, starting with [ = 1, then [ = 2,3,...,n — 1 leads to
the desired result (LZ414). O

Another application of Theorem [[.4.29] provides us with the familiar formula for
the probability density function of the sum X +Y of independent random variables
X and Y, having densities fx and fy respectively.

COROLLARY 1.4.33. Suppose that R.V. X with a Borel measurable probability
density function fx and R. V.Y with a Borel measurable probability density function
fy are independent. Then, the random wvariable Z = X +Y has the probability
density function

f2(2) = /R fx(z = w) frW)dy.

ProOF. Fixing z € R, apply Theorem [[.429 for h(z,y) = 1(4y<z), to get
that

Fz(z) =P(X +Y <z)=Eh(X,Y) :/
R

[ [ Heapx ()] apy ).
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Considering the inner integral for a fixed value of y, we have that

/R (e, y)dPx () = / I sornmy) (2)dPx (2) = Px((~00, 2 — ]) = /  fx(@)de,

where the right most equality is by the existence of a density fx(z) for X (c.f.
Definition L2ZA0). Clearly, [~ Y fx(z)dz = [°__ fx(¥ — y)dz. Thus, applying
Fubini’s theorem for the Borel measurable function g(z,y) = fx(z —y) > 0 and

the product of the o-finite Lebesgue’s measure on (—oo,z] and the probability
measure Py, we see that

Fz(z Fx(z — y)dz|dPy (y) fx(x —y)dPy (y)| da
AN Jerven=[ [

(in this application of Fubini’s theorem we replace one iterated integral by another,
exchanging the order of integrations). Since this applies for any z € R, it follows
by definition that Z has the probability density

. /fo(z —y)dPy (y) = Bfx(z - ).

With Y having density fy, the stated formula for fz is a consequence of Corollary
L.o.02 (]

DEFINITION 1.4.34. The expression [ f(z —y)g(y)dy is called the convolution of
the non-negative Borel functions f and g, denoted by f * g(z). The convolution of
measures (1 and v on (R, B) is the measure px v on (R,B) such that p* v(B) =
J w(B —z)dv(z) for any B € B (where B—x = {y:z+y € B}).

Corollary states that if two independent random variables X and Y have
densities, then so does Z = X +Y, whose density is the convolution of the densities
of X and Y. Without assuming the existence of densities, one can show by a similar
argument that the law of X + Y is the convolution of the law of X and the law of
Y (c.f. [Durl0, Theorem 2.1.10] or [Bil95, Page 266]).

Convolution is often used in analysis to provide a more regular approximation to
a given function. Here are few of the reasons for doing so.

EXERCISE 1.4.35. Suppose Borel functions f,g are such that g is a probability
density and [ |f(z)|dz is finite. Consider the scaled densities gn(-) = ng(n-), n > 1.
(a) Show that f * g(y) is a Borel function with [ |f = g(y)|dy < [|f(z)|dz
and if g is uniformly continuous, then so is f x g.
(b) Show that if g(x) = 0 whenever |xz| > 1, then f*g,(y) = f(y) asn — oo,
for any continuous f and each y € R.

Next you find two of the many applications of Fubini’s theorem in real analysis.

EXERCISE 1.4.36. Show that the set Gy = {(z,y) € R? : 0 <y < f(x)} of points
under the graph of a non-negative Borel function f R — [0,00) is in Bge and
deduce the well-known formula A x \(Gy) = [ f(z ), for its area.

EXERCISE 1.4.37. Forn > 2, consider the unit sphere S"‘l ={zeR": |zl =1}
equipped with the topology induced by R™. Let the surface measure of A € Bgn—1 be
v(A) =nA"(Co1(A)), for Cop(A) = {ra :r € (a,b], x € A} and the n-fold product
Lebesgue measure A" (as in Remark[1.4.20).
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(a) Check that Cyp(A) € Brn and deduce that v(-) is a finite measure on
S™=L (which is further invariant under orthogonal transformations).

(b) Verify that \*(Cop(A)) = “=2"1(A) and deduce that for any B € Bgn

n

A"(B) = / [/ Lyen dv(z)|r" tdA(r).
0 Sn-1
Hint: Recall that \*(yB) = 4" A\"(B) for any v > 0 and B € Bgn.

Combining (L4.12) with Theorem [[L2.26 leads to the following characterization of
the independence between two random vectors (compare with Definition [4T]).

EXERCISE 1.4.38. Show that the R™-valued random variable (X1,...,X,) and the
R™-valued random variable (Y1,...,Yy,) are independent if and only if

Eh(Xy,...,Xn)g(Y1,...,Yn) = E(h(Xy,..., Xu)E(9(Y1,...,Yn)),
for all bounded, Borel measurable functions g : R™ — R and h : R® — R.

Then show that the assumption of h(-) and g(-) bounded can be relazed to both
h(X1,...,X,) and g(Yi,...,Yy,) being in L' (Q, F,P).

Here is another application of (LAI2):

EXERCISE 1.4.39. Show that E(f(X)g(X)) > (Ef(X))(Eg(X)) for every random
variable X and any bounded non-decreasing functions f,g: R — R.

In the following exercise you bound the exponential moments of certain random
variables.

EXERCISE 1.4.40. Suppose Y is an integrable random variable such that E[eY] is
finite and E[Y] = 0.
(a) Show that if |Y| < k then
logE[eY] < v 2(e” — k — 1)E[Y?].

Hint: Use the Taylor expansion of e¥ —Y —1.
(b) Show that if E[Y?e"Y] < k?E[e“Y] for all u € [0,1], then

log E[e¥] < logcosh(k).

Hint: Note that ¢(u) = log E[e*Y] is convez, non-negative and finite on
[0, 1] with (0) =0 and ¢'(0) = 0. Verify that ©" (u) + ¢’ (u)? < k% while
#(u) = log cosh(ku) satisfies the differential equation ¢ (u)+¢' (u)? = k2.

As demonstrated next, Fubini’s theorem is also handy in proving the impossibility
of certain constructions.

EXERCISE 1.4.41. Ezxplain why it is impossible to have P-mutually independent
random variables Up(w), t € [0,1], on the same probability space (Q, F,P), having
each the uniform probability measure on [—1/2,1/2], such that t — Uy(w) is a Borel
function for almost every w € €.

Hint: Show that E[(f; Us(w)dt)*] =0 for all r € [0,1].

Random variables X and Y such that E(X?) < co and E(Y?) < oo are called
uncorrelated if E(XY) = E(X)E(Y). Tt follows from ([LZI2) that independent
random variables X, Y with finite second moment are uncorrelated. While the
converse is not necessarily true, it does apply for pairs of random variables that
take only two different values each.
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EXERCISE 1.4.42. Suppose X and Y are uncorrelated random variables.

(a) Show that if X =I5 andY = Ip for some A, B € F then X and Y are
also independent.

(b) Using this, show that if {a,b}-valued R.V. X and {c,d}-valued R.V. Y
are uncorrelated, then they are also independent.

(c) Give an example of a pair of R.V. X andY that are uncorrelated but not
independent.

Next come a pair of exercises utilizing Corollary [L4.372

EXERCISE 1.4.43. Suppose X andY are random variables on the same probability
space, X has a Poisson distribution with parameter A > 0, and Y has a Poisson
distribution with parameter u > \ (see Ezample [[.3.69).

(a) Show that if X andY are independent then P(X >Y) < exp(—(\/p —
V)?).

(b) Taking i = Y\ for v > 1, find I(y) > 0 such that P(X > Y) <
2exp(—AlI(7)) even when X andY are not independent.

EXERCISE 1.4.44. Suppose X andY are independent random variables of identical
distribution such that X > 0 and E[X] < co.

(a) Show that E[X~1Y] > 1 unless X (w) = ¢ for some non-random c and
almost every w € €.
(b) Provide an exzample in which E[X Y] = co.

We conclude this section with a concrete application of Corollary [[L4.33, comput-
ing the density of the sum of mutually independent R.V., each having the same
exponential density. To this end, recall

DEFINITION 1.4.45. The gamma density with parameters o > 0 and X > 0 is given
by
fr(s) =T(a) A% lem*1 o,
where I'(a) = fooo s le~%ds is finite and positive. In particular, « = 1 corresponds
to the exponential density fr of Example .30

EXERCISE 1.4.46. Suppose X has a gamma density of parameters ay and A and'Y
has a gamma density of parameters ag and X. Show that if X andY are indepen-
dent then X +Y has a gamma density of parameters cy + as and A. Deduce that
if T1, ..., T, are mutually independent R.V. each having the exponential density of
parameter X, then W, = >""" | T; has the gamma density of parameters o =n and

A



CHAPTER 2

Asymptotics: the law of large numbers

Building upon the foundations of Chapter [[l we turn to deal with asymptotic
theory. To this end, this chapter is devoted to degenerate limit laws, that is,
situations in which a sequence of random variables converges to a non-random
(constant) limit. Though not exclusively dealing with it, our focus here is on the
sequence of empirical averages n™' Y | X; as n — oo.

Section 2.1] deals with the weak law of large numbers, where convergence in prob-
ability (or in L? for some ¢ > 1) is considered. This is strengthened in Section
to a strong law of large numbers, namely, to convergence almost surely. The key
tools for this improvement are the Borel-Cantelli lemmas, to which Section is
devoted.

2.1. Weak laws of large numbers

A weak law of large numbers corresponds to the situation where the normalized
sums of large number of random variables converge in probability to a non-random
constant. Usually, the derivation of a weak low involves the computation of vari-
ances, on which we focus in Subsection 2.1l However, the L? convergence we
obtain there is of a somewhat limited scope of applicability. To remedy this, we
introduce the method of truncation in Subsection and illustrate its power in
a few representative examples.

2.1.1. L? limits for sums of uncorrelated variables. The key to our
derivation of weak laws of large numbers is the computation of variances. As a
preliminary step we define the covariance of two R.V. and extend the notion of a
pair of uncorrelated random variables, to a (possibly infinite) family of R.V.

DEFINITION 2.1.1. The covariance of two random variables X,Y € L*(Q, F,P) is
Cov(X,Y)=E[(X —EX)(Y —EY)|=EXY —EXEY,

so in particular, Cov(X, X) = Var(X).
We say that random variables X, € L?(Q, F,P) are uncorrelated if

E(X.X5) = E(X.)E(X;5) Ya # 3,

or equivalently, if

Cov(Xa,Xp) =0 Va # 8.

As we next show, the variance of the sum of finitely many uncorrelated random
variables is the sum of the variances of the variables.

LEMMA 2.1.2. Suppose X1, ..., X, are uncorrelated random variables (which nec-
essarily are defined on the same probability space). Then,

(2.1.1) Var(Xy + -+ X,,) = Var(Xy) + - - + Var(X,,) .

71
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PRrROOF. Let S, = > X;. By Definition [[3.67 of the variance and linearity of
i=1
the expectation we have that
Var(S,) = E([S, — ES,*) =E(D_X; - > EX)]*) =E(>_(X; - EX,)]?).
i=1 i=1 i=1
Writing the square of the sum as the sum of all possible cross-products, we get that

n

Var(S,,) = Z E[(X; - EX;)(X; — EX})]

ij=1
=) Cov(X;, X;) = Cov(X;, X;) =Y Var(X;),
=1 i=1 i=1
where we use the fact that Cov(X;, X;) = 0 for each ¢ # j since X; and X; are
uncorrelated. 0

Equipped with this lemma we have our

n
THEOREM 2.1.3 (L? WEAK LAW OF LARGE NUMBERS). Consider S, = >. X;

=1
for uncorrelated random variables Xy, ..., X,,.... Suppose that Var(X;) < C and
2
EX; =T for some finite constants C, T, and all i = 1,2,.... Then, n~ 19, L% as

— yZ—
n — oo, and hence also n=1S, = 7.

PROOF. Our assumptions imply that E(n=1S,) = 7, and further by Lemma
212 we have the bound Var(S,) < nC. Recall the scaling property (L317) of the
variance, implying that

_ _ _ 1 C
E[(n 1S, — 36)2} = Var (n7'S,) = FVar(Sn) < — = 0

2
as n — oo. Thus, n=19, Lz (recall Definition [[L3.26]). By Proposition [[.3.29 this
implies that also n=1S, 5 7. O

The most important special case of Theorem 2.1.3is,

ExamMpPLE 2.1.4. Suppose that Xi,...,X, are independent and identically dis-
tributed (or in short, i.i.d.), with EX? < co. Then, EX? = C and EX; = mx are
both finite and independent of i. So, the L? weak law of large numbers tells us that

2
n~LS, L—> my, and hence also n~1S, N mx.
REMARK. As we shall see, the weaker condition E|X;| < oo suffices for the conver-
gence in probability of n=1S,, to mx. In Section 23] we show that it even suffices

for the convergence almost surely of n=15,, to mx, a statement called the strong
law of large numbers.

EXERCISE 2.1.5. Show that the conclusion of the L? weak law of large numbers
holds even for correlated X;, provided EX; =T and Cov(X;, X;) < r(|i —j|) for all
i,7, and some bounded sequence r(k) — 0 as k — co.

With an eye on generalizing the L? weak law of large numbers we observe that
LEMMA 2.1.6. If the random variables Z,, € L*(Q, F,P) and the non-random b,
2
are such that b;;>Var(Z,) — 0 as n — oo, then b, (Z, — EZ,) 5o.
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PROOF. We have E[(b,,*(Z, — EZ,))?] = b, 2 Var(Z,) — 0. O

EXAMPLE 2.1.7. Let Z,, = Y _, Xi for uncorrelated random variables {X}. If
Var(Xk)/k — 0 as k — oo, then Lemma [21.0] applies for Z, and b, = n, hence
n~YZ,—EZ,) — 0 in L? (and in probability). Alternatively, if also Var(Xy) — 0,
then Lemma [Z1.0 applies even for Z, and b, =n"1/2.

Many limit theorems involve random variables of the form S, Z Xn.k, that is,

the row sums of triangular arrays of random variables {X,, , : k = 1 .,n}. Here
are two such examples, both relying on Lemma [2.1.0]

EXAMPLE 2.1.8 (COUPON COLLECTOR’S PROBLEM). Consider i.i.d. random vari-
ables Uy, Us, . .., each distributed uniformly on {1,2,...,n}. Let [{Uy,...,U}| de-
note the number of distinct elements among the first I variables, and 7} = inf{l :
{Ui,...,U}| = k} be the first time one has k distinct values. We are interested
in the asymptotic behavior as n — oo of T,, = 1)}, the time it takes to have at least
one representative of each of the n possible values.

To motivate the name assigned to this example, think of collecting a set of n
different coupons, where independently of all previous choices, each item is chosen
at random in such a way that each of the possible n outcomes is equally likely.
Then, T, is the number of items one has to collect till having the complete set.

Setting 7' = 0, let X, = 1} — 7/’ denote the additional time it takes to get
an item different from the first k — 1 distinct items collected Note that X, i has
a geometric distribution of success probabzlzty Gnk =1 — =, hence EX,, , = q;}c

and Var(X, ;) < qn’,c (see Example[[.3.69). Since

n

Tn:Tg—Tg:Z( _Tkl ZXnka

k=1
we have by linearity of the expectation that

n

ETn:Z(1—k—) —nzé "= n(logn +7a),

k=1
n n
where v, = Y 071 — fl x~Ldx is between zero and one (by monotonicity of x —

x1). Further, X, is independent of each earlier waiting time X,, j, j =1,...,k—
1, hence we have by Lemma 212 that

Var(T, ZVar n.k gg(l——>2§n2§£—2_

for some C' < 0. Applymg Lemma [21.8 with b, = nlogn, we deduce that

T, — n(logn + v,) L

nlogn
Since v/ logn — 0, it follows that
Tn 2
5%

nlogn

and Ty, /(nlogn) — 1 in probability as well.
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One possible extension of Example2.1.§ concerns infinitely many possible coupons.
That is,

EXERCISE 2.1.9. Suppose {&x} are i.i.d. positive integer valued random variables,
with P(§&1=1)=p; >0 fori=1,2,.... Let D; = |{&,...,&}| denote the number

of distinct elements among the first | variables.

(a) Show that D, “3 oo asn — co.

(b) Show that n~"ED,, — 0 as n — oo and deduce that n='D,, 2 0.
Hint: Recall that (1 —p)™ > 1 —np for any p € [0,1] and n > 0.

EXAMPLE 2.1.10 (AN OCCUPANCY PROBLEM). Suppose we distribute at random
r distinct balls among n distinct boxes, where each of the possible n™ assignments
of balls to boxes is equally likely. We are interested in the asymptotic behavior of
the number N, of empty boxes when r/n — a € [0,00], while n — oo. To this

end, let A; denote the event that the i-th box is empty, so N, = Zn: Ia,. Since
P(A4;) = (1 —1/n)" for each i, it follows that E(n='N,) = (1 — 117;1)T — e ™
Further, EN? = i P(A;NAj) and P(A; N A;) = (1 —2/n)" for each i # j.
Hence, splitting t/“zgzltm according to i = j or i # j, we see that

1 1 1 1 1 2 1
V IN)==EN’ - (1-)=-(1-)+1-)1=->)-(1-=)>.
ar(n ™ N,) = BNZ — (1= ) = T(1 = 2y (1= (1~ 27— (1 )
As n — oo, the first term on the right side goes to zero, and with r/n — «, each of
the other two terms converges to e 2. Consequently, Var(n=tN,,) — 0, so applying
Lemma [2.1.4] for b, =n we deduce that
Ny, _
— e
n

[e3%

in L? and in probability.

2.1.2. Weak laws and truncation. Our next order of business is to extend
the weak law of large numbers for row sums .S, in triangular arrays of independent
X, which lack a finite second moment. Of course, with S,, no longer in L2, there
is no way to establish convergence in L2. So, we aim to retain only the convergence
in probability, using truncation. That is, we consider the row sums S, for the
truncated array Yn,k = XnykIIXn,k\Sbna with b, — oo slowly enough to control the
variance of S,, and fast enough for P(S,, # S,) — 0. As we next show, this gives

the convergence in probability for S,, which translates to same convergence result
for S,,.

THEOREM 2.1.11 (WEAK LAW FOR TRIANGULAR ARRAYS). Suppose that for each
n, the random variables X, i, k = 1,...,n are pairwise independent. Let X, 1 =
XnkaIXn,k‘Sbn for non-random b,, > 0 such that as n — oo both

n

(a) > P(|Xnk| > bn) =0,
k=1
and

(b) b2 32 Var(Xnx) — 0.
k=1

Then, b1 (S, — a,) 20 as n — oo, where S, = > Xnk and a, = S EX,, .
k=1 k=1
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PROOF. Let S, = > "}_, X, k. Clearly, for any £ > 0,

{|S"T;“n| >5}g{sn¢§n}u{|§"b7;“"\ >5} .

Consequently,

(2.1.2) P(\S"T;""pa)gP(sn;A?nHP(\Mbg).

bn
To bound the first term, note that our condition (a) implies that as n — oo,

n

P(S, # 50) < P(|J Xk £ Xu))

k=1

NE

<Y P(Xpn # Xng) =Y P(IXnk| > by) = 0.

1 k=1

n

>
Il

Turning to bound the second term in (ZI.2]), recall that pairwise independence
is preserved under truncation, hence Ymk, k =1,...,n are uncorrelated random
variables (to convince yourself, apply (LZI2) for the appropriate functions). Thus,
an application of Lemma [2.1.2] yields that as n — oo,

Var(b,'S,) =b,% > Var(X,x) = 0,
k=1
by our condition (b). Since a,, = ES,,, from Chebyshev’s inequality we deduce that
for any fixed € > 0,

P(‘Snbi;an’ >e) <=2 Var(b,'Sa) = 0,

as n — co. In view of (2.I1.2)), this completes the proof of the theorem. O

Specializing the weak law of Theorem ZI.11] to a single sequence yields the fol-
lowing.

PROPOSITION 2.1.12 (WEAK LAW OF LARGE NUMBERS). Consider i.i.d. random
variables {X;}, such that zP(|X1| > ) — 0 as * — co. Then, 'S, — pun = 0,
where Sy, = Y X; and p, = E[X11{x,|<n}]-

i=1
PROOF. We get the result as an application of Theorem ZIT.TTl for X, , = X}

and b, = n, in which case a, = nu,. Turning to verify condition (a) of this
theorem, note that

> P( Xkl >n) =nP(X1|>n) >0

k=1
as n — 00, by our assumption. Thus, all that remains to do is to verify that
condition (b) of Theorem 2.I.TT] holds here. This amounts to showing that as
n — oo,

A, = n"? Zval’(ymk) =n! Var(yn,l) —0.
k=1
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Recall that for any R.V. Z,

Var(Z) = EZ* — (EZ)* < E|Z|? = / 2yP(|Z] > y)dy
0
(see part (a) of Lemma [LZ3]] for the right identity). Considering Z = X,,; =
X1I{x,|<ny for which P(|Z] > y) = P(|X1] > y) — P(|X1| > n) < P(|X1] > y)
when 0 < y < n and P(|Z| > y) = 0 when y > n, we deduce that

A, =n"'Var(Z) < n”/ 9(y)dy.,
0

where by our assumption, ¢g(y) = 2yP(|X1] > y) — 0 for y — oco. Further, the
non-negative Borel function g(y) < 2y is then uniformly bounded on [0, 00), hence
n=t [ g(y)dy — 0 as n — oo (c.f. Exercise [[352). Verifying that A, — 0, we
established condition (b) of Theorem [ZI.T1] and thus completed the proof of the
proposition. O

REMARK. The condition 2P (|X1| > ) — 0 for z — oo is indeed necessary for the

existence of non-random s, such that n=1S,, — p, 2 0 (c.f. [Fel71] Page 234-236]
for a proof).

EXERCISE 2.1.13. Let {X;} be i.i.d. with P(X; = (=1)kk) = 1/(ck*logk) for
integers k > 2 and a normalization constant ¢ = Y., 1/(k*logk). Show that
E|X1| = oo, but there is a non-random p < oo such that n='S, % pu.

As a corollary to Proposition 2.1.72 we next show that n~LS, A m x as soon as
the i.i.d. random variables X; are in L!.

COROLLARY 2.1.14. Consider S, = Y, X, for i.i.d. random variables {X;} such
k=1

that BE|X1| < co. Then, n~ 1S, B EX, as n — oo.

PROOF. In view of Proposition 2 1.12 it suffices to show that if E|X;| < oo,
then both nP(|X1[ > n) — 0 and EX; — pn, = E[X11{x,|5n}] = 0 as n — oo.
To this end, recall that E|X;| < oo implies that P(]X1] < o0) = 1 and hence
the sequence Xi/Iy|x,|>n) converges to zero a.s. and is bounded by the integrable
|X1|. Thus, by dominated convergence E[X1I{ x,|>n}] — 0 as n — co. Applying
dominated convergence for the sequence nly x,|>n} (Which also converges a.s. to
zero and is bounded by the integrable | X1|), we deduce that nP(|X1| > n) =
E[nl{ x,|>n}] — 0 when n — oo, thus completing the proof of the corollary. O

We conclude this section by considering an example for which E|X;| = oo and
Proposition 2.1.12] does not apply, but nevertheless, Theorem 2.1.11] allows us to
deduce that ¢; 'S, % 1 for some ¢, such that ¢, /n — cc.

EXAMPLE 2.1.15. Let {X;} be i.i.d. random wvariables such that P(X; = 27) =
277 for j = 1,2,.... This has the interpretation of a game, where in each of its
independent rounds you win 27 dollars if it takes exactly j tosses of a fair coin
to get the first Head. This example is called the St. Petersburg paradox, since
though EX, = oo, you clearly would not pay an infinite amount just in order to
play this game. Applying Theorem [2.111] we find that one should be willing to pay
roughly nlog, n dollars for playing n rounds of this game, since S, /(nlogyn) 5 1
as n — oo. Indeed, the conditions of Theorem [2.1.11 apply for b, = 2™ provided
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the integers m, are such that m,, —logyn — co. Taking my < log, n + log,(log,n)
implies that b, < nlogyn and a,/(nlogyn) = my,/logon — 1 as n — oo, with the

consequence of Sy, /(nlogyn) B 1 (for details see [Durl0, Example 2.2.7]).

2.2. The Borel-Cantelli lemmas

When dealing with asymptotic theory, we often wish to understand the relation
between countably many events A,, in the same probability space. The two Borel-
Cantelli lemmas of Subsection[2.2. Tl provide information on the probability of the set
of outcomes that are in infinitely many of these events, based only on P(A,,). There
are numerous applications to these lemmas, few of which are given in Subsection
while many more appear in later sections of these notes.

2.2.1. Limit superior and the Borel-Cantelli lemmas. We are often in-
terested in the [limits superior and limits inferior of a sequence of events A, on
the same measurable space (£2, F).

DEFINITION 2.2.1. For a sequence of subsets A, C €, define
A :=limsup A, = ﬂ U Ay

m=14=m

{w:w € A, for infinitely many n’s }
= {w:w € A, infinitely often } = {4, i.0. }

Similarly,

liminf A,, = [j ﬁ Ay
m=14=m

= {w:w € A, for all but finitely many n’s }
={w:w € A, eventually } = {A, ev. }

REMARK. Note that if A,, € F are measurable, then so are limsup A4, and
liminf A,,. By DeMorgan’s law, we have that {A, ev. } = {AS i.0. }¢, that is,
w € A, for all n large enough if and only if w € A¢ for finitely many n’s.

Also, if w € A,, eventually, then certainly w € A,, infinitely often, that is

liminf A,, C limsup 4, .

The notations limsup A,, and liminf A,, are due to the intimate connection of
these sets to the limsup and lim inf of the indicator functions on the sets A,,. For
example,

limsup /4, (W) = himsup 4, (W),
n—oo

since for a given w € (), the limsup on the left side equals 1 if and only if the
sequence n — I, (w) contains an infinite subsequence of ones. In other words, if
and only if the given w is in infinitely many of the sets A,,. Similarly,

lirginf I4, (W) = Diminf 4, (W),

since for a given w € 2, the liminf on the left side equals 1 if and only if there
are only finitely many zeros in the sequence n — I4, (w) (for otherwise, their limit
inferior is zero). In other words, if and only if the given w is in A,, for all n large
enough.
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In view of the preceding remark, Fatou’s lemma yields the following relations.

EXERCISE 2.2.2. Prove that for any sequence A,, € F,
P(limsup 4,,) > limsupP(A,) > liminf P(4,,) > P(liminf A4,,).
n—oo

n—oo
Show that the right most inequality holds even when the probability measure is re-
placed by an arbitrary measure u(-), but the left most inequality may then fail unless
MUgsn Axk) < 00 for some n.

Practice your understanding of the concepts of lim sup and lim inf of sets by solving
the following exercise.

EXERCISE 2.2.3. Assume that P(limsup A,,) = 1 and P(liminf B,)) = 1. Prove
that P(limsup(A4, N B,)) = 1. What happens if the condition on {By} is weakened
to P(limsup B,,) =17

Our next result, called the first Borel-Cantelli lemma, states that if the probabil-
ities P(A,,) of the individual events A,, converge to zero fast enough, then almost
surely, A,, occurs for only finitely many values of n, that is, P(4, i.0.) = 0. This
lemma is extremely useful, as the possibly complex relation between the different
events A,, is irrelevant for its conclusion.

LEMMA 2.2.4 (BOREL-CANTELLI I). Suppose A, € F and > P(A,) < oco. Then,
n=1
P(A, io0.)=0.

PROOF. Define N(w) = > 7o Ia, (w). By the monotone convergence theorem
and our assumption,

E[N(w)] = E{ZIAk(w)} =3 P(4y) < .

Since the expectation of N is finite, certainly P({w : N(w) = oo}) = 0. Noting
that the set {w : N(w) = oo} is merely {w : A, i.0.}, the conclusion P(A,, i.0.) =0
of the lemma follows. O

Our next result, left for the reader to prove, relaxes somewhat the conditions of

Lemma [2.2.4]

EXERCISE 2.2.5. Suppose A, € F are such that 3 P(A, N AS ;) < oo and
n=1
P(A,) — 0. Show that then P(A, i.0.) =0.

The first Borel-Cantelli lemma states that if the series >, P(A,) converges then
almost every w is in finitely many sets A,. If P(A,,) — 0, but the series >, P(A,)
diverges, then the event {A,, i.0.} might or might not have positive probability. In
this sense, the Borel-Cantelli I is not tight, as the following example demonstrates.

EXAMPLE 2.2.6. Consider the uniform probability measure U on ((0,1], B, 1)),
and the events A, = (0,1/n]. Then A, 1 0, so {A, i.0.} =0, but U(A,) = 1/n,
so Y., U(A,) = oo and the Borel-Cantelli I does not apply.

Recall also Example showing the existence of Ap = (tn,tn + 1/n] such that
U(A,) = 1/n while {A,, i.0.} = (0,1]. Thus, in general the probability of {A, i.0.}

depends on the relation between the different events A,,.
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As seen in the preceding example, the divergence of the series > P(A,) is not
sufficient for the occurrence of a set of positive probability of w values, each of
which is in infinitely many events A,,. However, upon adding the assumption that
the events A,, are mutually independent (flagrantly not the case in Example 2.2:6)),
we conclude that almost all w must be in infinitely many of the events A,,:

LEMMA 2.2.7 (BOREL-CANTELLI IT). Suppose A,, € F are mutually independent
and Y P(Ay) = co. Then, necessarily P(A,, i.0.) =1.

n=1

PrOOF. Fix 0 < m < n < oo. Use the mutual independence of the events A,
and the inequality 1 — z < e™* for z > 0, to deduce that

P(eﬂ Ag) - e]j P(A)) = e]j (1-P(Ay))

< [P = exp(= 3" P(A).
l=m

l=m

n
As n — oo, the set () A§ shrinks. With the series in the exponent diverging, by
l=m
continuity from above of the probability measure P(-) we see that for any m,

p( N 45) < exp(- S P(A)) = 0.
{=m

{=m

Take the complement to see that P(B,,) =1 for By, = J,-,,, A¢ and all m. Since
By, } {4, i.0. } when m 1 o0, it follows by continuity from above of P(-) that

P(A, i0.) = lim P(B,)=1,
m—r 00
as stated. O

As an immediate corollary of the two Borel-Cantelli lemmas, we observe yet an-
other 0-1 law.

COROLLARY 2.2.8. If A, € F are P-mutually independent then P(A, i.0.) is
either 0 or 1. In other words, for any given sequence of mutually independent
events, either almost all outcomes are in infinitely many of these events, or almost
all outcomes are in finitely many of them.

The Kochen-Stone lemma, left as an exercise, generalizes Borel-Cantelli II to sit-
uations lacking independence.

EXERCISE 2.2.9. Suppose Ay are events on the same probability space such that
> P(Ar) = 00 and
n 2
lim sup (ZP(Ak)) /( S PA;n Ak)) —a>0.
neo M 1<j,k<n
Prove that then P(Ay, i.0. ) > a.

Hint: Consider part (a) of Exercise [L3.21l for Y, =3, ., 1a, and a, = AEY,.

k
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2.2.2. Applications. In the sequel we explore various applications of the two
Borel-Cantelli lemmas. In doing so, unless explicitly stated otherwise, all events
and random variables are defined on the same probability space.

We know that the convergence a.s. of X, to X, implies the convergence in prob-
ability of X, to X, but not vice verse (see Exercise [3.23 and Example [3.29)).
As our first application of Borel-Cantelli I, we refine the relation between these
two modes of convergence, showing that convergence in probability is equivalent to
convergence almost surely along sub-sequences.

THEOREM 2.2.10. X,, B X if and only if for every subsequence m s Xon(m)
there exists a further sub-subsequence Xy, (n,, ) such that X (m,) 2 X as k — oc.

We start the proof of this theorem with a simple analysis lemma.

LEMMA 2.2.11. Let y, be a sequence in a topological space. If every subsequence
Yn(m) has a further sub-subsequence yy(m,) that converges to y, then y, — y.

PRrROOF. If y,, does not converge to y, then there exists an open set G containing
y and a subsequence ¥,,(m,) such that y,(,) ¢ G for all m. But clearly, then we
cannot find a further subsequence of y,, () that converges to y. O

1
REMARK. Applying Lemma2Z2ZTTto y,, = E|X,, — Xoo| we deduce that X, 5 X
if and only if any subsequence n(m) has a further sub-subsequence n(my) such that

Lt
Xn(mk) = X as k — o0.

PROOF OF THEOREM First, we show sufficiency, assuming X,, 2 Xoc.
Fix a subsequence n(m) and ¢i, | 0. By the definition of convergence in probability,
there exists a sub-subsequence n(my) 1T oo such that P (|Xn(mk) — Xoo| > Ek) <
277 Call this sequence of events Ay = {w : [ X, () (W) — Xoo(w)| > €1 }. Then
the series ), P(Ay) converges. Therefore, by Borel-Cantelli I, P(limsup A) =
0. For any w ¢ limsup Ay there are only finitely many values of k such that
| X (i) — Xool > €, or alternatively, | Xy, (m,) — Xoo| < & for all k large enough.
Since e | 0, it follows that X, (m,)(w) = Xoo(w) when w ¢ limsup Ay, that is,
with probability one.

Conversely, fix § > 0. Let y, = P(|X,, — Xoo| > ). By assumption, for every sub-
sequence n(m) there exists a further subsequence n(my) so that X,,,,,) converges
to Xoo almost surely, hence in probability, and in particular, ¥, (m,) — 0. Applying
Lemma 2.2.TT] we deduce that y,, — 0, and since § > 0 is arbitrary it follows that
Xn 5 Xoo. O

It is not hard to check that convergence almost surely is invariant under application
of an a.s. continuous mapping.

EXERCISE 2.2.12. Let g : R — R be a Borel function and denote by D its set of
discontinuities. Show that if X,, “3 X finite valued, and P(X o, € D,) =0, then

9(Xn) 3 g(Xoo) as well (recall Evercise (L2228 that D, € B). This applies for a
continuous function g in which case Dy = (.

A direct consequence of Theorem [2.2.10] is that convergence in probability is also
preserved under an a.s. continuous mapping (and if the mapping is also bounded,
we even get L' convergence).
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COROLLARY 2.2.13. Suppose X,, = Xoo, g is a Borel function and P(X. €Dy,) =

0. Then, g(X,) 2 g(Xs). If in addition g is bounded, then g(X,,) L, 9(Xs) (and
Eg(Xy) = Eg(Xx)).

PROOF. Fix a subsequence X, (). By Theorem there exists a subse-
quence X, () such that P(A) =1 for A = {w: X, (W) = Xoo(w) as k — oo},
Let B = {w : Xoo(w) ¢ Dy}, noting that by assumption P(B) = 1. For any
w € AN B we have g(Xp,(m,)(w)) = 9(Xoo(w)) by the continuity of g outside D,.
Therefore, g(Xy(m,)) % 9(Xo). Now apply Theorem in the reverse direc-
tion: For any subsequence, we have just constructed a further subsequence with
convergence a.s., hence g(X,,) 2 ¢(Xo0).

Finally, if ¢ is bounded, then the collection {g(X,)} is U.L yielding, by Vitali’s
convergence theorem, its convergence in L' (and hence that Eg(X,,) — Eg(X)).
O

You are next to extend the scope of Theorem 2.2.10] and the continuous mapping
of Corollary Z.2.13] to random variables taking values in a separable metric space.

EXERCISE 2.2.14. Recall the definition of convergence in probability in a separable
metric space (S, p) as in Remark [1.3.2.
(a) Eatend the proof of Theorem[2.210 to apply for any (S, Bs)-valued ran-
dom wvariables {X,,n < oo} (and in particular for R-valued variables).
(b) Denote by Dy the set of discontinuities of a Borel measurable g : S —
R (defined similarly to Evercise [[.Z.28, where real-valued functions are
considered). Suppose X,, 5 Xoo and P(Xo € D,) = 0. Show that then
9(X,) B g(Xso) and if in addition g is bounded, then also g(X,) L,
9(Xso)

The following result in analysis is obtained by combining the continuous mapping
of Corollary 2.2.13 with the weak law of large numbers.

EXERCISE 2.2.15 (INVERTING LAPLACE TRANSFORMS). The Laplace transform of
a bounded, continuous function h(x) on [0, 00) is the function Ly (s fo e Th(x
n (0,00).
(a) Show that for any s > 0 and positive integer k,

P (g oo sk k=1

(S [ e B e~ B,
where L;kal)(-) denotes the (k—1)-th derivative of the function Ly(-) and
Wi has the gamma density with parameters k and s.

(b) Recall Ezercise[1.].40] that for s = n/y the law of W,, coincides with the
law of n= >°1" | T; where T; > 0 are i.i.d. random variables, each having
the exponential distribution of parameter 1/y (with ETy = y and finite
moments of all order, c.f. Example [[L3.68). Deduce that the inversion
formula

hy) = i (1t O poen

n— 00 ('n, — )

holds for any y > 0.
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The next application of Borel-Cantelli I provides our first strong law of large
numbers.

PROPOSITION 2.2.16. Suppose E[Z2] < C for some C < oo and all n. Then,
n1Z, %0 as n — .

PrOOF. Fixing 6 > 0 let Ay = {w: |k~ Zx(w)| > &} for k = 1,2,.... Then, by
Chebyshev’s inequality and our assumption,

P(A) = P({w: |Zu(w)] > ké}) <

Since Y, k™2 < oo, it follows by Borel Cantelli I that P(A>) = 0, where A® =
{w : [k~ Z(w)| > 6 for infinitely many values of k}. Hence, for any fixed
§ > 0, with probability one k~!|Z;(w)| < & for all large enough k, that is,
limsup,, , ., 7 *|Z,(w)| < 6 a.s. Considering a sequence d,, | 0 we conclude that
n~'Z, — 0 for n — oo and a.e. w. O

EXERCISE 2.2.17. Let S, = Y X;, where {X;} are i.i.d. random variables with
=1

EX; =0 and EX{ < o0.
(a) Show that n='S,, “3 0.
Hint: Verify that Proposition applies for Z, =n~152,
(b) Show that n='D,, “3 0 where D,, denotes the number of distinct integers

among {&, k < n} and {&} are i.i.d. integer valued random variables.
Hint: Dn S 2M + ZZ:I I|§k‘ZM

In contrast, here is an example where the empirical averages of integrable, zero
mean independent variables do not converge to zero. Of course, the trick is to have
non-identical distributions, with the bulk of the probability drifting to negative one.

EXERCISE 2.2.18. Suppose X; are mutually independent random wvariables such
that P(X, = n?—-1) =1-P(X, = —=1) = n2 forn = 1,2,.... Show that
EX, =0, for all n, while n= Y7 | X; “3 —1 for n — oo.

Next we have few other applications of Borel-Cantelli I, starting with some addi-
tional properties of convergence a.s.

EXERCISE 2.2.19. Show that for any R.V. X,
(a) X, “3 0 if and only if P(|X,| > € i.0. ) =0 for each e > 0.
(b) There exist non-random constants b, 1 0o such that X, /b, “3 0.

EXERCISE 2.2.20. Show that if W,, > 0 and EW,, < 1 for every n, then almost
surely,

limsupn~tlogW, <0.
n—oo
Our next example demonstrates how Borel-Cantelli I is typically applied in the
study of the asymptotic growth of running maxima of random variables.

EXAMPLE 2.2.21 (HEAD RUNS). Let { Xy, k € Z} be a two-sided sequence of i.i.d.
{0, 1}-valued random variables, with P(X; = 1) = P(X; = 0) = 1/2. With £, =
max{i : Xy—ig1 = -+ = X, = 1} denoting the length of the run of 1’s going



2.2. THE BOREL-CANTELLI LEMMAS 83

backwards from time m, we are interested in the asymptotics of the longest such
run during 1,2, ..., n, that is,
L, =max{{,:m=1,...,n}
=max{m —k: X1 ==X, =1 for somem=1,...,n}.
Noting that £y, + 1 has a geometric distribution of success probability p = 1/2, we
deduce by an application of Borel-Cantelli I that for each € > 0, with probability
one, by, < (14¢€)logyn for all n large enough. Hence, on the same set of probability

one, we have N = N(w) finite such that L, < max(Ly,(1+¢)logyn) for alln > N.
Dividing by logy n and considering n — oo followed by €f, | 0, this implies that

a.s.
< 1.

lim sup
n—oo 1089 M

For each fized € > 0 let A, = {L,, < kyn} for k, = [(1 —€)logy n]. Noting that
A C () B,
i=1
for mp, = [n/ky] and the independent events B; = {X(i_1)p,+1 = -+ = Xix, = 1},
yields a bound of the form P(Ay) < exp(—n®/(2logyn)) for all n large enough (c.f.
[Durl0, Example 2.3.3] for details). Since ), P(A,) < oo, we have that

L, as.
lim inf > 1
n—oo logyn

by yet another application of Borel-Cantelli I, followed by e | 0. We thus conclude
that

Ln a.s.
='1.

logy 1

The next exercise combines both Borel-Cantelli lemmas to provide the 0-1 law for
another problem about head runs.

EXERCISE 2.2.22. Let { X} be a sequence of i.i.d. {0,1}-valued random variables,
with P(X1 =1)=p and P(X; =0) =1 —p. Let Ay be the event that X, = -+ =
Xonar_1 = 1 for some 2F < m < 281 — k. Show that P(Ay i.o. ) =1 if p > 1/2
and P(Ay i.0. ) =0 if p<1/2.

Hint: When p > 1/2 consider only m = 28 + (i — 1)k for i =0,...,[2/k].

Here are a few direct applications of the second Borel-Cantelli lemma.

EXERCISE 2.2.23. Suppose that {Zi} are i.i.d. random variables such that P(Z, =
z) < 1 for any z € R.

(a) Show that P(Zy converges for k — oo) = 0.
(b) Determine the values of limsup,,_, . (Z,/logn) andliminf, . (Z,/logn)
in case Zy, has the exponential distribution (of parameter A =1).

After deriving the classical bounds on the tail of the normal distribution, you
use both Borel-Cantelli lemmas in bounding the fluctuations of the sums of i.i.d.
standard normal variables.

EXERCISE 2.2.24. Let {G;} be i.i.d. standard normal random variables.
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(a) Show that for any x > 0,

o0
(;C—l . ;v_3)e_””2/2 < / e—y2/2dy < x_le_””2/2.

x

Many texts prove these estimates, for example see [DurlQ, Theorem
1.2.3].
(b) Show that, with probability one,

li — =1
lﬂsolip v2logn
(c) Let S, = G1+ -+ G,. Recall that n~Y28, has the standard normal
distribution. Show that

P(|Sn| < 24/nlogn, ev. ) =1.

REMARK. Ignoring the dependence between the elements of the sequence Sy, the
bound in part (c) of the preceding exercise is not tight. The definite result here is
the law of the iterated logarithm (in short LIL), which states that when the i.i.d.
summands are of zero mean and variance one,

Sn
2.2.1 Pl —_— =
( ) ( lvlln—?olip v2nloglogn
We defer the derivation of (Z21)) to Theorem [3.2.29] building on a similar LIL for

the Brownian motion (but, see [Bil95, Theorem 9.5] for a direct proof of ([Z271)),
using both Borel-Cantelli lemmas).

1)=1.

The next exercise relates explicit integrability conditions for i.i.d. random vari-
ables to the asymptotics of their running maxima.

EXERCISE 2.2.25. Consider possibly R-valued, i.i.d. random variables {Y;} and
their running mazima M,, = maxy<y Y.

(a) Using ([2-34) if needed, show that P(|Y,| > n i.0. ) =0 if and only if

(b) Show that n='Y;, “3 0 if and only if E[|Y1]] < oco.

(c) Show that n=*M,, “3 0 if and only if E[(Y1)1] < 0o and P(Y; > —o0) >
0.

(d) Show that n=*M, 5 0 if and only if nP(Yy > n) — 0 and P(Y; >
—o0) > 0.

(e) Show that n='Y, 2 0 if and only if P(|Y1] < o0) = 1.

In the following exercise, you combine Borel Cantelli I and the variance computa-
tion of Lemma 2.1.2] to improve upon Borel Cantelli II.

EXERCISE 2.2.26. Suppose Y .- P(A,) = oo for pairwise independent events
{A;}. Let S, =Y. | 14, be the number of events occurring among the first n.

(a) Prove that Var(S,) < E(Sy) and deduce from it that S, /E(S,) = 1.

(b) Applying Borel-Cantelli I show that Sp, /E(S,,) “3 1 as k — oo, where
ni = inf{n : B(S,) > k?}.

(c) Show that E(Sy, ,)/E(Sn,) — 1 and since n — S, is non-decreasing,
deduce that S, JE(S,) 3 1.
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REMARK. Borel-Cantelli IT is the a.s. convergence S;, — oo for n — oo, which is
a consequence of part (c¢) of the preceding exercise (since ES,, — 00).

We conclude this section with an example in which the asymptotic rate of growth
of random variables of interest is obtained by an application of Exercise 2.2.26

EXAMPLE 2.2.27 (RECORD VALUES). Let {X;} be a sequence of i.i.d. random
variables with a continuous distribution function Fx(xz). The event Ay = {Xj >
X;,j =1,...,k — 1} represents the occurrence of a record at the k instance (for
example, think of X, as an athlete’s kth distance jump). We are interested in the

n
asymptotics of the count R, = > ILa, of record events during the first n instances.

Because of the continuity of FXl 156 know that a.s. the values of X;,1=1,2,... are
distinct. Further, rearranging the random variables X1, Xo, ..., X, in a decreasing
order induces a random permutation 7, on {1,2,...,n}, where all n! possible per-
mutations are equally likely. From this it follows that P(Ay) = P(mx(k) = 1) = 1/k,
and though definitely not obvious at first sight, the events Ay, are mutually indepen-
dent (see [Durl0l Example 2.3.2] for details). So, ER,, = logn + v, where v, is
between zero and one, and from Ezercise (2226 we deduce that (logn) 'R, “3 1
as n — o0o. Note that this result is independent of the law of X, as long as the
distribution function Fx is continuous.

2.3. Strong law of large numbers

In Corollary ZT.14] we got the classical weak law of large numbers, namely, the
convergence in probability of the empirical averagesn™ Y | X; of i.i.d. integrable
random variables X; to the mean EX;. Assuming in addition that EX{ < oo, you
used Borel-Cantelli I in Exercise [ZZ.TT en-route to the corresponding strong law of
large numbers, that is, replacing the convergence in probability with the stronger
notion of convergence almost surely.

We provide here two approaches to the strong law of large numbers, both of which
get rid of the unnecessary finite moment assumptions. Subsection 2.31] follows
Etemadi’s (1981) direct proof of this result via the subsequence method. Subsection
deals in a more systematic way with the convergence of random series, yielding
the strong law of large numbers as one of its consequences.

2.3.1. The subsequence method. Etemadi’s key observation is that it es-
sentially suffices to consider non-negative X;, for which upon proving the a.s. con-
vergence along a not too sparse subsequence n;, the interpolation to the whole
sequence can be done by the monotonicity of n — >." X;. This is an example of
a general approach to a.s. convergence, called the subsequence method, which you
have already encountered in Exercise

We thus start with the strong law for integrable, non-negative variables.

PROPOSITION 2.3.1. Let S, = Y., X; for non-negative, pairwise independent

and identically distributed, integrable random variables {X;}. Then, n~1S, %
EX; asn — oo.

PROOF. The proof progresses along the themes of Section 2], starting with
the truncation X = Xel\x, 1<k and its corresponding sums S, = Z?:l X;.
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Since {X;} are identically distributed and z — P(|X1| > z) is non-increasing, we
have that

Y P(Xp# X)) =Y P(X1]| > k) < /OOP(|X1| > z)dz = E|X;| < 00
= — 0

(see part (a) of Lemma [[43T] for the rightmost identity and recall our assumption
that X; is integrable). Thus, by Borel-Cantelli I, with probability one, X (w) =
X1 (w) for all but finitely many &’s, in which case necessarily sup,, |Sp(w) — Sp(w)|
is finite. This shows that n=(S, — S,) “3 0, whereby it suffices to prove that
n~1S, ¥ EX;.

To this end, we next show that it suffices to prove the following lemma about
almost sure convergence of S, along suitably chosen subsequences.

LEMMA 2.3.2. Fizing a > 1 let n; = [a!]. Under the conditions of the proposition,
n; ' (Sp, —ESy,) 30 as 1 — .

By dominated convergence, E[X1/|x,|<x] — EX; as k — oo, and consequently, as
n — 0o,

%Z EX, :12 E[X1]x, <] = EX;

(we have used here the consistency of Cesaro averages, c.f. Exercise [[.L3.52] for an
integral version). Thus, assuming that Lemma[2.3 2 holds, we have that n;lgnl g
EX; when [ — oo, for each a > 1.

We complete the proof of the proposition by interpolating from the subsequences

ni = [a!] to the whole sequence. To this end, fix @ > 1. Since n — S, is non-
decreasing, we have for all w € Q and any n € [n;, ni41],
ny gnl (w) < gn(w) < ni+1 §m+1 (w)

n4+1 g Ty Ni41

With n;/ni41 — 1/a for I = oo, the a.s. convergence of m1S,, along the subse-
quence m = n; implies that the event

1
Ay i={w: —EXl <hm1nfS n(w) < limsup ——=

n—oo n n—o00

S ( ) < OéEXl}

n
has probability one. Consequently, taking a,, | 1, we deduce that the event B :=
N, Aa,, also has probability one, and further, n=15,(w) — EX; for each w € B.
We thus deduce that n=S,, “3 EX,, as needed to complete the proof of the
proposition. (I

REMARK. The monotonicity of certain random variables (here n + S,,), is crucial
to the successful application of the subsequence method. The subsequence n; for
which we need a direct proof of convergence is completely determined by the scaling
function b, ! applied to this monotone sequence (here b, = n); we need by, /bn, —
@, which should be arbitrarily close to 1. For example, same subsequences n; = [o]
are to be used whenever b,, is roughly of a polynomial growth in n, while even
n; = (I1)¢ would work in case b, = logn.

Likewise, the truncation level is determined by the highest moment of the basic
variables which is assumed to be finite. For example, we can take X = X1 | X5 | <kP

for any p > 0 such that E|X;|'/? < cc.
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2. . .
ProoF oF LEMMA 2321 Note that E[X}] is non-decreasing in k. Further,
X, are pairwise independent, hence uncorrelated, so by Lemma 2.1.2]

Var(S ZVar (X1 <ZE | < nE[X.] = nE[X2 x,|<n] -

Combining this w1th Chebychev s 1nequahty yield the bound
P(|S,, —ES,| >e¢en) < (an)_2 Var(S,) < 5_2n_1E[X12[‘X1|§n] ,

for any € > 0. Applying Borel-Cantelli I for the events A; = {|S,, — ES,,,| > en;},
followed by &,, | 0, we get the a.s. convergence to zero of n=1|S,, — ES,,| along any
subsequence n; for which

an X1[|X1\<nl]ZE[Xonl_lﬂxllgm] < 00
=1

(the latter ident1ty is a special case of Exercise [340). Since E|X;| < oo, it thus
suffices to show that for n; = [o!] and any = > 0,

(2.3.1) u(z) = an_llmgm <cxr !,

where ¢ = 2a/(a — 1) < co. To establish 23] fix @ > 1 and = > 0, setting
L =min{l > 1:n; > x}. Then, o’ > z, and since [y] > y/2 for all y > 1,

- anl < 2204_[ =ca t<ext.
=L =L
So, we have established (Z3.1]) and hence completed the proof of the lemma. O

As already promised, it is not hard to extend the scope of the strong law of large
numbers beyond integrable and non-negative random variables.

THEOREM 2.3.3 (STRONG LAW OF LARGE NUMBERS). Let S, = Y ., X; for
pairwise independent and identically distributed random variables {X;}, such that

either E[(X1) 4] is finite or B[(X1)_] is finite. Then, n='S,, “3 EX; asn — co.

PROOF. First consider non-negative X;. The case of EX; < oo has already
been dealt with in Proposition2.3.1l In case EX; = oo, consider S,Sm) =>r, Xi(m)
for the bounded, non-negative, pairwise independent and identically distributed
random variables Xi(m) = min(X;,m) < X;. Since Proposition 23] applies for
{Xi(m)}, it follows that a.s. for any fixed m < oo,

(2.3.2) liminfn~'S, > liminfn "' S{™ = EX!™ = Emin(X1,m).
Taking m 1 oo, by monotone convergence Emin(X;,m) T EX; = oo, so (Z3.2)
results with n=15,, — oo a.s.

Turning to the general case, we have the decomposition X; = (X;)+ — (X;)— of
each random variable to its positive and negative parts, with

(2.3.3) nlS, fnflz Dy —n 12

Since (X;)+ are non-negative, pairwise 1ndependent and identically distributed,
it follows that n=2>°" (X;)+ “3 E[(X1)4] as n — oo. For the same reason,
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also n™ 13" (X;)— “3 E[(X1)-]. Our assumption that either E[(X1)+] < oo or
E[(X1)-] < oo implies that EX; = E[(X1)4+] — E[(X1)-] is well defined, and in
view of (Z.3.3)) we have the stated a.s. convergence of n=15,, to EX;. O

EXERCISE 2.3.4. You are to prove now a converse to the strong law of large num-
bers (for a more general result, due to Feller (1946), see [Durl0, Theorem 2.5.9]).

(a) Let' Y denote the integer part of a random variable Z > 0. Show that
Y =" I{z>n}, and deduce that

(2.3.4) > P(Zzn)<EZ<1+)» P(Z>n).
n=1 n=1
(b) Suppose {X;} are i.i.d R.V.s with E[|X1]|%] = co for some a > 0. Show
that for any k > 0,

Z P([X,| > knl/a) =00,
n=1

and deduce that a.s. limsup, , . n~"/*|X,| = occ.
(c) Conclude that if Sy, = X1+ Xo+ -+ X,,, then

limsupn~/%|S,| = oo, a.s.
n—oo
We provide next two classical applications of the strong law of large numbers, the
first of which deals with the large sample asymptotics of the empirical distribution
function.

EXAMPLE 2.3.5 (EMPIRICAL DISTRIBUTION FUNCTION). Let
Fn(I) = n—l ZI(_OO’I] (Xl) ,
i=1

denote the observed fraction of values among the first n variables of the sequence
{X;} which do not exceed x. The functions F,(-) are thus called the empirical
distribution functions of this sequence.

For i.i.d. {X;} with distribution function Fx our next result improves the strong
law of large numbers by showing that F,, converges uniformly to Fx as n — oco.

THEOREM 2.3.6 (GLIVENKO-CANTELLI). For i.i.d. {X;} with arbitrary distribu-

tion function Fx, as n — oo,
D,, = sup |F,(z) — Fx(z)] 3 0.
zcR

REMARK. While outside our scope, we note in passing the Dvoretzky-Kiefer-
Wolfowitz inequality that P(D, > &) < 2exp(—2ne?) for any n and all £ > 0,
quantifying the rate of convergence of D,, to zero (see [DKW56], or [Mas90| for
the optimal pre-exponential constant).

PROOF. By the right continuity of both = — F,(z) and z — Fx(x) (c.f.
Theorem [[2.37), the value of D,, is unchanged when the supremum over z € R is

replaced by the one over z € Q (the rational numbers). In particular, this shows
that each D, is a random variable (c.f. Theorem [[.2.22)).
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Applying the strong law of large numbers for the i.i.d. non-negative I(_ ,(X;)

whose expectation is Fx (), we deduce that F,(z) “3 Fx(z) for each fixed non-
random x € R. Similarly, considering the strong law of large numbers for the i.i.d.
non-negative I(_, ) (X;) whose expectation is Fx(z~), we have that F,(z~) “3
Fx(z™) for each fixed non-random x € R. Consequently, for any fixed [ < oo and

Z1,,- .., we have that

l l _ — a.s.
Dny = max(max | Fn (zr,) = Fx (2r)] max [Fa (zy,) = Fx (z3,)]) =70,
as n — oo. Choosing zi; = inf{z : Fx(z) > k/(l + 1)}, we get out of the
monotonicity of x — F,(z) and z — Fx(z) that D, < D,,; + 17! (c.f. [Bil95,
Proof of Theorem 20.6]). Therefore, taking n — oo followed by | — oo completes
the proof of the theorem. O

We turn to our second example, which is about counting processes.

EXAMPLE 2.3.7 (RENEWAL THEORY). Let {1;} be i.i.d. positive, finite random
variables and T, = ZZ:l Tx. Here T, is interpreted as the time of the n-th occur-
rence of a given event, with T, representing the length of the time interval between
the (k — 1) occurrence and that of the k-th such occurrence. Associated with T, is
the dual process Ny = sup{n : T,, < t} counting the number of occurrences during
the time interval [0,t]. In the next exercise you are to derive the strong law for the
large t asymptotics of t 1 Nj.

EXERCISE 2.3.8. Consider the setting of Example[2.5.7

(a) By the strong law of large numbers argue that n= T, “3 Ery. Then,
adopting the convention é =0, deduce that t—'N; =% 1/Er fort — oo.
Hint: From the definition of Ny it follows that Tn, < t < Tn,41 for all
t>0.

(b) Show that t~'N; “3 1/Ery as t — oo, even if the law of 11 is different
from that of the i.i.d. {m;, i > 2}.

Here is a strengthening of the preceding result to convergence in L'.

EXERCISE 2.3.9. In the context of Example[2.57 fix 6 > 0 such that P(m1 > §) > 0
and let fn = 22:1 Tk for the i.i.d. random variables T, = 0l;;,~s). Note that
Tn < T, and consequently Ny < Nt =sup{n: Tn <t}.

(a) Show that limsup,_, .t 2EN? < cc.
(b) Deduce that {t ' Ny : t > 1} is uniformly integrable (see Ezercise[1.3.57),
and conclude that t 'EN, — 1/E7; when t — oo.

The next exercise deals with an elaboration over Example 2.3.7

EXERCISE 2.3.10. Fori=1,2,... the ith light bulb burns for an amount of time T;
and then remains burned out for time s; before being replaced by the (i + 1)th bulb.
Let Ry denote the fraction of time during [0,t] in which we have a working light.
Assuming that the two sequences {7;} and {s;} are independent, each consisting of
i.1.d. positive and integrable random variables, show that Ry Y E7n /(Em + Esq).

Here is another exercise, dealing with sampling “at times of heads” in independent
fair coin tosses, from a non-random bounded sequence of weights v(l), the averages
of which converge.
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EXERCISE 2.3.11. For a sequence {B;} of i.i.d. Bernoulli random variables of
parameter p = 1/2, let T, be the time that the corresponding partial sums reach

level n. That is, T,, = inf{k : Zle B; >n}, forn=1,2,....

(a) Show that n™'T, “3 2 as n — oo.
(b) Given non-negative, non-random {v(k)} show that k=1 Zle o(T;) “3 s
as k — oo, for some non-random s, if and only if n=1 3" v(1)B; 3 5/2
as n — oo.
(¢) Deduce that if n=* Y, v(1)? is bounded and n=' > v(l) — s asn —
oo, then k=1 Zle o(T;) 3 s as k — oc.
Hint: For part (c) consider first the limit of n=* > v(1)(B; — 0.5) as n — oc.

We proceed with a few additional applications of the strong law of large numbers,
first to a problem of universal hypothesis testing, then an application involving
stochastic geometry, and finally one motivated by investment science.

EXERCISE 2.3.12. Consider i.i.d. [0, 1]-valued random variables {X}.
(a) Find Borel measurable functions f, : [0,1]™ — {0,1}, which are inde-
pendent of the law of Xy, such that fn(X1,Xo,...,X,) 23 0 whenever
EX; < 1/2 and fn(X1,Xo,...,X,) “2 1 whenever EX; > 1/2.
(b) Modify your answer to assure that fn(X1, Xa,...,X,) “3 1 also in case
EX, = 1/2.

EXERCISE 2.3.13. Let {U,} be i.i.d. random vectors, each uniformly distributed
on the unit ball {u € R? : |u] < 1}. Consider the R*-valued random wvectors
X, = |Xn-1|Un, n =1,2,... starting at a non-random, non-zero vector Xo (that is,
each point is uniformly chosen in a ball centered at the origin and whose radius is the
distance from the origin to the previously chosen point). Show that n='log |X,| ©%
—1/2 as n — oc.

EXERCISE 2.3.14. Let {V,,} be i.i.d. non-negative random variables. Fixzing r > 0
and q € (0,1], consider the sequence Wy = 1 and W,, = (qr + (1 — )V )Whp—1,
n = 1,2,.... A motivating example is of W, recording the relative growth of a
portfolio where a constant fraction q of one’s wealth is re-invested each year in a
risk-less asset that grows by r per year, with the remainder re-invested in a risky
asset whose annual growth factors are the random V,,.

(a) Show that n= log W,, “3 w(q), for w(q) = Elog(qr + (1 — q)V1).
(b) Show that g — w(q) is concave on (0,1].
(c) Using Jensen’s inequality show that w(q) < w(1) in case EV; < r. Fur-
ther, show that if EVl_1 < r7L, then the almost sure convergence applies
also for ¢ =0 and that w(q) < w(0).
(d) Assuming that EVZ < oo and BV;? < oo show that sup{w(q) : ¢ € [0,1]}
is finite, and further that the mazimum of w(q) is obtained at some q* €
(0,1) when EVy > r > 1/EV;"L. Interpret your results in terms of the
preceding investment example.
Hint: Consider small ¢ > 0 and small 1 —q > 0 and recall that log(1+xz) > x—x2/2
for any x > 0.

We conclude this subsection with another example where an almost sure conver-
gence is derived by the subsequence method.
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EXERCISE 2.3.15. Show that almost surely limsup,, . log Z,/logEZ, < 1 for
any positive, non-decreasing random variables Z,, such that Z, <% cc.

2.3.2. Convergence of random series. A second approach to the strong
law of large numbers is based on studying the convergence of random series. The
key tool in this approach is Kolmogorov’s maximal inequality, which we prove next.

PROPOSITION 2.3.16 (KOLMOGOROV’S MAXIMAL INEQUALITY). The random vari-
ables Y1, ...,Y, are mutually independent, with EY?> < oo and EY, = 0 for | =
1,....,n. Then, for Z = Y1+ -+ Y and any z > 0,

3. 2 >2) < :
(2.3.5) z P(lgll?%(n |Zk| > z) < Var(Z,)

REMARK. Chebyshev’s inequality gives only z?P(|Z,| > 2) < Var(Z,) which is
significantly weaker and insufficient for our current goals.

PrOOF. Fixing z > 0 we decompose the event A = {maxi<g<n |Zi| > 2}
according to the minimal index k for which |Z;| > z. That is, A is the union of the
disjoint events Ay, = {|Zx| > 2z > |Z;|, j=1,...,k—1} over 1 <k < n. Obviously,

(2.3.6) ZzQP (Ar) <D E[Zi5 A,
k=1 k=1
since Z,% > 22 on Ay. Further, EZ,, = 0 and A;, are disjoint, so

(2.3.7) Var(Z, i

It suffices to show that E[(Z,, — Z;)Zy; Ax] = 0 for any 1 < k < n, since then
E[Z%; Ay — E[Z}; Ay) = B[(Z, — Zi)%; A) + 2E[(Z,, — Z1) Z; A
=E[(Z, — Z1)* A] >0,

and (23.5]) follows by comparing ([2.3:6) and [23.7). Since ZjI4, can be represented
as a non-random Borel function of (Y1,...,Ys), it follows that Z14, is measurable
on o(Y1,...,Y). Consequently, for fixed k and I > k the variables Y; and Z;I4,
are independent, hence uncorrelated. Further EY; = 0, so

n n

E((Zn — Zk)Zk; Akl = Y E[YiZida) = Y EM)E(Zila,) =0,
I=k+1 I=k+1
completing the proof of Kolmogorov’s inequality. (Il

Equipped with Kolmogorov’s inequality, we provide an easy to check sufficient
condition for the convergence of random series of independent R.V.

THEOREM 2.3.17. Suppose {X;} are independent random variables with Var(X;) <
oo and EX; = 0. If Y Var(X,) < oo then w.p.1. the random series ), X, (w)
converges (that is, the sequence Sy (w) = 1_; Xi(w) has a finite limit S (w)).

PRrROOF. Applying Kolmogorov’s maximal inequality for the independent vari-
ables Y; = X4, we have that for any € > 0 and positive integers r and n,

r+n

—2 =2
P(ng?ﬁn 1Sk — Sy =€) < e 2Var(Spqm — Sp) = ¢ lglvm(xl) .
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Taking n — oo, we get by continuity from below of P that

P(sup |S, — S| > ¢) < &2 Z Var(X;)
kzr l=r+1
By our assumption that ) Var(X,) is finite, it follows that ), Var(X;) — 0 as
r — co. Hence, if we let T, = sup,, ,,>,. [Sn — Sy, then for any € > 0,

P(T, > 2¢) <P(sup|Sk — S| >¢) =0
k>r

as r — oo. Further, r — T, (w) is non-increasing, hence,

P(limsup Ty > 2¢) = P(inf Tay > 2¢) < P(T, > 2¢) = 0.
M—o0 M

That is, Thr(w) 3 0 for M — oco. By definition, the convergence to zero of Ty (w)

is the statement that S, (w) is a Cauchy sequence. Since every Cauchy sequence in

R converges to a finite limit, we have the stated a.s. convergence of Sy, (w). g

We next provide some applications of Theorem 2.3.17

EXAMPLE 2.3.18. Considering non-random a, such that Y. a? < co and inde-
pendent Bernoulli variables By, of parameter p =1/2, Theorem [2.3.17 tells us that
>, (=1)Pra, converges with probability one. That is, when the signs in Y., *a,
are chosen on the toss of a fair coin, the series almost always converges (though
quite possibly > |an| = c0).

EXERCISE 2.3.19. Consider the record events Ay of Example [2.2.27

(a) Verify that the events Ay are mutually independent with P(Ay) = 1/k.
(b) Show that the random series , ~,(Ia, — 1/n)/logn converges almost

surely and deduce that (logn) 'R, “3 1 as n — co.
(¢) Provide a counterexample to the preceding in case the distribution func-
tion Fx(x) is not continuous.

The link between convergence of random series and the strong law of large numbers
is the following classical analysis lemma.

LEMMA 2.3.20 (KRONECKER'S LEMMA). Consider two sequences of real numbers
{zn} and {b,} where b, > 0 and b, T oo. If > xy,/b, converges, then s, /b, — 0
forsp=z1 4+ x,.

PROOF. Let u, = Y ,_,(xx/by) which by assumption converges to a finite
limit denoted uoo. Setting ug = by = 0, “summation by parts” yields the identity,
n n
Sm= Y _b(ur — ur_1) =bpun — > _(bp — bp_1)tk_1.
k=1 k=1
Since u, — Us and b, T oo, the Cesdro averages b, ! S opq(be — br—1)uk—1 also
converge to uq.. Consequently, s, /b, — Uoo — Uso = 0. O

Theorem 2.3.17 provides an alternative proof for the strong law of large numbers
of Theorem 233 in case {X;} are i.i.d. (that is, replacing pairwise independence
by mutual independence). Indeed, applying the same truncation scheme as in the
proof of Proposition 2.3.1] it suffices to prove the following alternative to Lemma
2.5.2)
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LEMMA 2.3.21. For integrable i.i.d. random variables {X4}, let S,, = ZZ;I X5
and Xj, = Xil|x,|<k- Then, n~ (S, —ES,) “3 0 as n — .

Lemma 2.3.21] in contrast to Lemma [2.3.2] does not require the restriction to a
subsequence n;. Consequently, in this proof of the strong law there is no need for
an interpolation argument so it is carried directly for X}, with no need to split each
variable to its positive and negative parts.

ProoF oF LEMmMA 2327 We will shortly show that

(2.3.8) > k72 Var(Xy) < 2E|Xy .
k=1

With X, integrable, applying Theorem [2.3.17 for the independent variables Y3 =
k~Y(X) — EX}) this implies that for some A with P(A) = 1, the random series
> n Yn(w) converges for all w € A. Using Kronecker’s lemma for b, = n and
T, = Xp(w) — EX,, we get that n=! > _ (X} — EX}) — 0 as n — oo, for every
w € A, as stated.

The proof of ([Z3.8)) is similar to the computation employed in the proof of Lemma
That is, Var(X}) < EYi = EX{Ix, <k and k=2 < 2/(k(k + 1)), yielding
that

- 2
k=1

where for any x > 0,

o0

2
=2 =<2z
k;wkkJrl _Z k+1 2] ==
Consequently, EX?v(|X1]) < 2E|X;|, and [Z3.8) follows. O

Many of the ingredients of this proof of the strong law of large numbers are also
relevant for solving the following exercise.

EXERCISE 2.3.22. Let ¢, be a bounded sequence of non-random constants, and
{X;} ii.d. integrable R.V.-s of zero mean. Show that n='Y"}_ cx Xy “3 0 for
n — o0.

Next you find few exercises that illustrate how useful Kronecker’s lemma is when
proving the strong law of large numbers in case of independent but not identically
distributed summands.

EXERCISE 2.3.23. Let S,, = 22:1 Yk for independent random variables {Y;} such
that Var(Yy) < B < oo and BY;, = 0 for all k. Show that [n(logn)'*t€]=1/28, “3 0
asn — oo and € > 0 is fized (this falls short of the law of the iterated logarithm of
(Z21), but each Yy, is allowed here to have a different distribution).

EXERCISE 2.3.24. Suppose the independent random variables {X;} are such that
Var(Xk) <pr < o0 and EXy, =0 for k=1,2,....
(a) Show that if 3, prx < 0o then n=1 > 1_ kX; “3 0.
(b) Conwersely, assuming ), pr = 00, give an example of independent ran-
dom variables {X;}, such that Var(Xy) < pr, EXy = 0, for which almost
surely limsup,, X, (w) = 1.
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(c) Show that the example you just gave is such that with probability one, the
sequence n~ ' Y1 kXy(w) does not converge to a finite limit.

EXERCISE 2.3.25. Consider independent, non-negative random variables X,,.
(a) Show that if
(2.3.9) > P(Xn > 1)+ E(XnIx,<1)] < 00
n=1
then the random series ), Xy(w) converges w.p.1.
(b) Prove the converse, namely, that if Y, Xn(w) converges w.p.1. then

(2:3:9) holds.

(c) Suppose G, are mutually independent random variables, with G,, having
the normal distribution N (n,vy). Show that w.p.1. the random series
>, G2 (w) converges if and only if e =Y, (u2 + vy) is finite.

(d) Suppose 7, are mutually independent random variables, with T, having
the exponential distribution of parameter \, > 0. Show that w.p.1. the
random series Y Tn(w) converges if and only if - 1/, is finite.

Hint: For part (b) recall that for any a, € [0,1), the series Y ay is finite if and
only if T1,,(1 —an) > 0. For part (c) let f(y) = >, min((ttn, + /0ny)?, 1) and
observe that if e = oo then f(y) + f(—y) = oo for all y # 0.

You can now also show that for such strong law of large numbers (that is, with
independent but not identically distributed summands), it suffices to strengthen
the corresponding weak law (only) along the subsequence n, = 2.

EXERCISE 2.3.26. Let Z) = Z?:l Y; where Y; are mutually independent R.V.-s.
(a) Fizing e > 0 show that if 27" Zor “3 0 then Y. P(|Zyri1 — Zor| > 27¢)
is finite and if m™'Z,, 20 then maXy,<k<om P(|Z2m — Zi| > em) — 0.
(b) Adapting the proof of Kolmogorov’s maximal inequality show that for any
n and z > 0,

P( max |Zg| > 2z) min P(|Z, — Zx| < 2) < P(|Z,]| > 2).
1<k<n 1<k<n

(¢) Deduce that if both m~*Z,, B0 and 277 Zyr “3°0 then also n=1Z,, 3 0.
Hint: For part (c) combine parts (a) and (b) with z = ne, n = 2" and the mutually
independent Yji,, 1 < j < n, to show that ), P(27"D, > 2¢) is finite for D, =
maXor cp<or+1 | Zx — Zor| and any fized € > 0.
Finally, here is an interesting property of non-negative random variables, regard-
less of their level of dependence.

EXERCISE 2.3.27. Suppose random variables Y, > 0 are such that n™! 22:1 Y. LN

1. Show that then n~' max}_, Yy 2.0, and conclude that n=" 22:1 Yy 50, for
any fized r > 1.



CHAPTER 3

Weak convergence, CLT and Poisson approximation

After dealing in Chapter 2] with examples in which random variables converge
to non-random constants, we focus here on the more general theory of weak con-
vergence, that is situations in which the laws of random variables converge to a
limiting law, typically of a non-constant random variable. To motivate this theory,
we start with Section Bl where we derive the celebrated Central Limit Theorem (in
short CLT), the most widely used example of weak convergence. This is followed by
the exposition of the theory, to which Section is devoted. Section is about
the key tool of characteristic functions and their role in establishing convergence
results such as the cLT. This tool is used in Section B.4] to derive the Poisson ap-
proximation and provide an introduction to the Poisson process. In Section we
generalize the characteristic function to the setting of random vectors and study
their properties while deriving the multivariate CLT.

3.1. The Central Limit Theorem

We start this section with the property of the normal distribution that makes it
the likely limit for properly scaled sums of independent random variables. This is
followed by a bare-hands proof of the CLT for triangular arrays in Subsection BI1]
We then present in Subsection some of the many examples and applications
of the cLT.

Recall the normal distribution of mean p € R and variance v > 0, denoted here-
after N'(u,v), the density of which is

(3.1.1) F) = A exp(- W

2mv 2v

As we show next, the normal distribution is preserved when the sum of independent
variables is considered (which is the main reason for its role as the limiting law for
the CLT).

LEMMA 3.1.1. Let Y, be mutually independent random wvariables, each having
the normal distribution N (pin , vnk). Then, G, = > p_, Yo i has the normal
distribution N (pn, vy), With pn, =Y p_q fng and Uy = > p_ Un k-

PROOF. Recall that Y has a N'(u,v) distribution if and only if Y — p has the
N(0,v) distribution. Therefore, we may and shall assume without loss of generality
that p, 5 = 0 for all k£ and n. Further, it suffices to prove the lemma for n = 2, as
the general case immediately follows by an induction argument. With n = 2 fixed,
we simplify our notations by omitting it everywhere. Next recall the formula of
Corollary [[.4.33] for the probability density function of G = Y; + Y5, which for Y;

95
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of N(0,v;) distribution, i = 1,2, is

~ -y, 1 2
_ - A S —Z \dy.
Jo(2) / == ey

Comparing this with the formula of (BTl for v = v + va, it just remains to show
that for any z € R,

oo 1 22 (Z _y)2 y2
3.1.2 1= — — - — 2
( ) /700 V21U exp(2’U 2v1 2’1}2) Y

where u = vyva/(v1 + v2). It is not hard to check that the argument of the expo-
nential function in BI12) is —(y — ¢2)?/(2u) for ¢ = va/(v1 + v2). Consequently,
(BI12) is merely the obvious fact that the M (cz,u) density function integrates to
one (as any density function should), no matter what the value of z is. O

Considering Lemma BTl for Yy, x = (nv)~Y/?(Y}, — i) and i.i.d. random variables
Y}, each having a normal distribution of mean p and variance v, we see that p,, 1 =
0 and vy, = 1/n, so G, = (nv)"2(3)_, Vi — nu) has the standard N(0,1)
distribution, regardless of n.

3.1.1. Lindeberg’s CLT for triangular arrays. Our next proposition, the
celebrated CLT, states that the distribution of S, = (nv)~Y/2(37_, Xi — np) ap-
proaches the standard normal distribution in the limit n — oo, even though Xj
may well be non-normal random variables.

PROPOSITION 3.1.2 (CENTRAL LIMIT THEOREM). Let

§n: \/Z_U(I;Xk—nu),

where { Xy} are i.i.d with v = Var(X7) € (0,00) and u = E(X1). Then,

N 1 b 2
(3.1.3) lim P(S, <b) = \/7/ exp(—%)dy for every b e R.
™ J—c0

n—oo

As we have seen in the context of the weak law of large numbers, it pays to extend
the scope of consideration to triangular arrays in which the random variables X, j
are independent within each row, but not necessarily of identical distribution. This
is the context of Lindeberg’s CLT, which we state next.

THEOREM 3.1.3 (LINDEBERG’S CLT). Let S, = Soney Xng for P-mutually in-
dependent random variables X, 5, k = 1,...,n, such that EX, , = 0 for all k
and

vn:ZEXfl’kﬁl asn — 0o.
k=1
Then, the conclusion (Z1.3) applies if for each € > 0,

(3.1.4) gn(e) =D E[X7 ;[ Xkl >e] 50 asn— oo,
k=1

Note that the variables in different rows need not be independent of each other
and could even be defined on different probability spaces.
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REMARK 3.1.4. Under the assumptions of Proposition [3.1.2] the variables X,, , =
(nv)~Y2(X}, — p) are mutually independent and such that

n 1 n
EX, = () ?(BXy—p) =0, v,=)» BEX}, = — > Var(Xy) =1.
k=1 k=1

Further, per fixed n these X, ; are identically distributed, so
gn(e) = nE[X] 11 [ Xna| 2 €] = v E[(X1 — 0)*]1x, > mve) -

For each ¢ > 0 the sequence (X; — M)21|X17M2 wue converges a.s. to zero for
n — oo and is dominated by the integrable random variable (X; — p)2. Thus, by
dominated convergence, g,(¢) — 0 as n — oo. We conclude that all assumptions
of Theorem [B.1.3] are satisfied for this choice of X, 1, hence Proposition is a
special instance of Lindeberg’s CLT, to which we turn our attention next.

Let r,, = max{,/Upr : k=1,...,n} for v, = EXfl’k. Since for every n, k and
e >0,

vnk = BX] ) = E[X] 53 | Xkl < el +BIX] 3 [ Xng| > €] <& +gnle),

it follows that
2 <e?+gule)  Vn,e>0,
hence Lindeberg’s condition (8I.4)) implies that r, — 0 as n — co.

REMARK. Lindeberg proved Theorem B.I3 introducing the condition BI4).
Later, Feller proved that (83) plus r, — 0 implies that Lindeberg’s condition
holds. Together, these two results are known as the Feller-Lindeberg Theorem.

We see that the variables X, ; are of uniformly small variance for large n. So,
considering independent random variables Y;, ;, that are also independent of the
Xn k and such that each Y,, ; has a N(0, vy, ;) distribution, for a smooth function
h(-) one may control |Eh(S,) — Eh(G,)| by a Taylor expansion upon successively
replacing the X, , by Y, r. This indeed is the outline of Lindeberg’s proof, whose
core is the following lemma.

LEMMA 3.1.5. For h : R — R of continuous and uniformly bounded second and
third derivatives, Gy, having the N'(0,vy,) law, every n and € > 0, we have that

T'n

2 vl oo + g (I oo

with || f|loc = sup,er |f(2)| denoting the supremum norm.

IEA(S,) — ER(Gy)| < (% n

REMARK. Recall that G, 2 onG for o, = /v,. So, assuming v, — 1 and
Lindeberg’s condition which implies that r, — 0 for n — oo, it follows from the
lemma that [Eh(S,) — Eh(c,G)| — 0 as n — oo. Further, |h(onz) — h(z)| <
lon, — 1]|z]||W ||, so taking the expectation with respect to the standard normal
law we see that |Eh(0,G) — ER(G)| — 0 if the first derivative of h is also uniformly
bounded. Hence,

(3.1.5) lim Eh(S,) = Eh(G) ,

n—roo
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for any continuous function h(-) of continuous and uniformly bounded first three
derivatives. This is actually all we need from Lemma in order to prove Lin-
deberg’s cLT. Further, as we show in Section B.2] convergence in distribution as in
BI3) is equivalent to (BIH) holding for all continuous, bounded functions h(-).

PRrROOF OF LEMMA B.I5l Let G, = Y_;_; Y, for mutually independent Y, x,
distributed according to N (0, vy, k), that are independent of {X,, x}. Fixing n and
h, we simplify the notations by eliminating n, that is, we write Y}, for Y}, 1, and X},
for X,, ;. To facilitate the proof define the mixed sums

ZXk+ZYk, l=1,...,n

k=I+1

Note the following identities
Gu=Ur+Y1, U+Xi=Us1+Y4, l=1,....n—-1, Up+X,=5,,

which imply that,
(3.1.6) IER(Gy) — ER(S,)| = [ER(U1 + Y1) — ER(U, + Xo) Z

where A; = [E[h(U; +Y)) — h(Ui + X)), for I = 1,...,n. For any | and & € R,
consider the remainder term

Ri(€) = h(Us -+ €)  h(U:) — E8'(U) — S h(U)

in second order Taylor’s expansion of h(-) at U;. By Taylor’s theorem, we have that

3
[R1 ()] < W] co o |§| : (from third order expansion)
|[Ri(&)] < |\h”|\oo|§|2, (from second order expansion)
whence,
: " |§|3 " 2
(3.17) RO < min {1 EL e}

Considering the expectation of the difference between the two identities,
X2
h(U; + X;) = h(U)) + X0 (U)) + TZh”(Ul) + Ri(X)),

Y2
hU +Y;) = h(U) + VIR (Up) + éh//(Uz) + Ri(Y7),

we get that

Xy

A< B[ - YO @] + [B[(GE - 0w @] + [EIR(X) - R3]

Recall that X; and Y; are independent of Ul and chosen such that EX; = EY; and
EX f = EYl2. As the first two terms in the bound on A; vanish we have that

(3.1.8) A < E[Ri(X0)| + E|[R(Y1)] .-
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Further, utilizing (3.1.7),

X
IR (0] < 0B X0 < €] B ] >
€
< SIP B X + 117l BIXT: 1X] > ]
Summing these bounds over I = 1,...,n, by our assumption that ) ;" EXl2 = Uy

and the definition of g,(e), we get that

(3.1.9) ;E|R1(Xl)| < %vnnh/””oo + gn(@)lIA" oo -

Recall that Y}/, /v, is a standard normal random variable, whose fourth moment
is 3 (see (I318)). By monotonicity in ¢ of the L%-norms (c.f. Lemma [[3.T6]), it
follows that E[|Y;/\/tn.]?] < 3, hence E|Y;]? < 30731{[2 < 3rpvn,. Utilizing once
more [BI7) and the fact that v, = 27—1 Un,1, We arrive at

[N

Plugging m,m into (3120) completes the proof of the lemma. O

In view of [BILA), Lindeberg’s CLT builds on the following elementary lemma,
whereby we approximate the indicator function on (—oo, b] by continuous, bounded
functions hy : R — R for each of which Lemma B. 1.5 applies.

LEMMA 3.1.6. There exist hk () of continuous and uniformly bounded first three
derivatives, such that 0 < hy (z) T I—eop)(®) and 1 > ki (z) | I_oop () as
k — oo.

PRrROOF. There are many ways to prove this. Here is one which is from first prin-
ciples, hence requires no analysis knowledge. The function ¢ : [0,1] — [0, 1] given
by (x) = 140 f 3(1 — u)3du is monotone decreasing, with continuous derivatives
of all order, such that ¥(0) =1, (1) = 0 and whose first three derivatives at 0 and
at 1 are all zero. Its extension ¢(z) = ¢(min(z, 1)) to a function on R that is one
for x < 0 and zero for x > 1 is thus non-increasing, with continuous and uniformly
bounded first three derivatives. It is easy to check that the translated and scaled
functions h (z) = ¢(k(x — b)) and hy (¥) = ¢(k(x — b) + 1) have all the claimed
properties. (I

PrROOF OF THEOREM Applying (B.L5) for h, (-), then taking k& — oo
we have by monotone convergence that
liminf P(S, < b) > lim E[h hi (5,)] = E[hi (G)] 1 Fa(b™).
n—oo

Similarly, considering A (+), then taking k — oo we have by bounded convergence
that

limsup P(S, <) < lim B[l (S,)] = B[] (G)] | F(b).
n—00 n—0
Since Fg(-) is a continuous function we conclude that P(§n < b) converges to

Fg(b) = Fg(b™), as n — oo. This holds for every b € R as claimed. O
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3.1.2. Applications of the crT. We start with the simpler, i.i.d. case. In

doing so, we use the notation Z, L2, G when the analog of (B.I3]) holds for the
sequence {Z,}, that is P(Z,, <b) — P(G <b) asn — oo for all b € R (where G is
a standard normal variable).

EXAMPLE 3.1.7 (NORMAL APPROXIMATION OF THE BINOMIAL). Consider i.i.d.
random variables {B;}, each of whom is Bernoulli of parameter 0 < p < 1 (i.e.
P(By=1)=1-P(B; =0)=p). The sum S, = By +---+ B,, has the Binomial
distribution of parameters (n,p), that is,

P(sn=k>=<Z>p’“<1—p>”’“, k=0,....n.

For example, if B; indicates that the ith independent toss of the same coin lands on
a Head then S, counts the total numbers of Heads in the first n tosses of the coin.
Recall that EB = p and Var(B) = p(1 — p) (see Example [I.3.69), so the CLT states

that (S, —np)/+/np(l — p) L5 G. It allows us to approximate, for all large enough
n, the typically non-computable weighted sums of binomial terms by integrals with
respect to the standard normal density.

Here is another example that is similar and almost as widely used.

EXAMPLE 3.1.8 (NORMAL APPROXIMATION OF THE POISSON DISTRIBUTION). [t
is not hard to verify that the sum of two independent Poisson random variables has
the Poisson distribution, with a parameter which is the sum of the parameters of
the summands. Thus, by induction, if {X;} are i.i.d. each of Poisson distribution
of parameter 1, then N, = X1 + ...+ X,, has a Poisson distribution of param-
eter n. Since E(N1) = Var(Ny) = 1 (see Example [[Z3:69), the CLT applies for
(N,, —n)/n/2. This provides an approzimation for the distribution function of the
Poisson variable Ny of parameter A that is a large integer. To deal with non-integer
values X = n+n for some n € (0,1), consider the mutually independent Poisson
variables N,,, N,, and Ni_,. Since Ny s Np+N, and Ny 2 Np+Ny+Ni_yy, this
provides a monotone coupling , that s, a construction of the random variables N,
Ny and Nyy1 on the same probability space, such that N, < Ny < Ny,41. Because
of this monotonicity, for any e > 0 and alln > ng(b,€) the event {(Nx—\)/vVX < b}
is between {(Np41 — (n+1))/vVn+1<b—¢} and {(N, —n)/v/n <b+e}. Con-
sidering the limit as n — oo followed by € — 0, it thus follows that the convergence
(N,, —n)/nt/? L, G implies also that (Ny — \)/A1/2 2, G as A — 0o. In words,
the normal distribution is a good approximation of a Poisson with large parameter.

In Theorem 2.3.3 we established the strong law of large numbers when the sum-
mands X; are only pairwise independent. Unfortunately, as the next example shows,
pairwise independence is not good enough for the CLT.

EXAMPLE 3.1.9. Consider i.i.d. {&} such that P(&§ =1) = P(& = —1) = 1/2
for all i. Set X1 = & and successively let Xor,; = X;€kq2 for j =1,.. 2% and
k=0,1,.... Note that each X; is a {—1,1}-valued variable, specifically, a product
of a different finite subset of &;-s that corresponds to the positions of ones in the
binary representation of 2l — 1 (with & for its least significant digit, & for the next
digit, etc.). Consequently, each X; is of zero mean and if | # r then in EX; X,
at least one of the &-s will appear exactly once, resulting with EX; X, = 0, hence
with {X;} being uncorrelated variables. Recall part (b) of Exercise[1.4.42), that such
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variables are pairwise independent. Further, EX; =0 and X; € {—1,1} mean that
P(X; =-1)=P(X; =1) = 1/2 are identically distributed. As for the zero mean
variables S, = Z?:l X;, we have arranged things such that S, = & and for any
k>0

2" 2k
Sort1 = Z(Xj + Xoryj) = ZXj(l + Eev2) = Sor (1 + &y2)

j=1 j=1

hence Sor = &1 Hfi;(l + &) for all k > 1. In particular, Sox = 0 unless & = €3 =
... =&1 =1, an event of probability 27%. Thus, P(Sqx # 0) = 27F and certainly
the cLT result (31.3) does not hold along the subsequence n = 2.

We turn next to applications of Lindeberg’s triangular array CLT, starting with
the asymptotic of the count of record events till time n > 1.

EXERCISE 3.1.10. Consider the count R, of record events during the first n in-
stances of i.i.d. R.V. with a continuous distribution function, as in Example[2.2.27
Recall that R,, = B1+- - -+ B, for mutually independent Bernoulli random variables
{By} such that P(By =1)=1—-P(By =0) = kL.

(a) Check that by,/logn — 1 where b, = Var(Ry,).

(b) Show that Lindeberg’s cLT applies for X, x = (logn)~2(By, — k™).

(¢) Recall that |[ER,, —logn| < 1, and conclude that (R, —logn)//logn 2,
G.

REMARK. Let S, denote the symmetric group of permutations on {1,...,n}. For
s €S8, and i € {1,...,n}, denoting by L;(s) the smallest j < n such that s’ (i) = i,
we call {s7(i) : 1 < j < L;(s)} the cycle of s containing i. If each s € S, is equally
likely, then the law of the number T),(s) of different cycles in s is the same as that
of R, of Example (for a proof see [Durl0, Example 2.2.4]). Consequently,

Exercise B.I.I0 also shows that in this setting (T,, — logn)/v/logn 2.

Part (a) of the following exercise is a special case of Lindeberg’s cLT, known also
as Lyapunov’s theorem.

EXERCISE 3.1.11 (LYAPUNOV’S THEOREM). Let S, = Y 1, X}, for { X} } mutually
independent such that v, = Var(S,) < cc.

(a) Show that if there exists ¢ > 2 such that

lim v, %% "E(|X) — EX}|?) =0,

n— o0
k=1

then v;1/2(5’n —ES,) ENyel

(b) Show that part (a) applies in case v, — oo and E(|X; — EXg|?) <
C(Var Xi)" forr =1, some ¢>2,C <oco and k=1,2,....

(¢) Provide an example where the conditions of part (b) hold with r = q/2
but vy, /2 (Sn, — ES,,) does not converge in distribution.

The next application of Lindeberg’s CLT involves the use of truncation (which we
have already introduced in the context of the weak law of large numbers), to derive
the cLT for normalized sums of certain i.i.d. random variables of infinite variance.
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PROPOSITION 3.1.12. Suppose {Xy} are i.i.d of symmetric distribution, that is
X, 2-x, (or P(X1 > ) = P(X1 < —x) for all x) such that P(|X1| > x) = 272

for x > 1. Then, ngGasn—M)o.

1 Zn
vnlogn k=1

REMARK 3.1.13. Note that Var(X;) = EX{ = [ 22P(|X1| > z)dz = oo (c.f.
part (a) of Lemmall.4.3T]), so the usual cLT of Proposition3.1.2 does not apply here.
Indeed, the infinite variance of the summands results in a different normalization
of the sums S, = ZZ:l X that is tailored to the specific tail behavior of x —
P(|X;] > x).

Caution should be exercised here, since when P(|X;| > z) = z=® for z > 1 and
some 0 < a < 2, there is no way to approximate the distribution of (S,, — a,)/b,
by the standard normal distribution. Indeed, in this case b, = n'/® and the
approximation is by an a-stable law (c.f. Definition and Exercise B.3.34)).

PROOF. We plan to apply Lindeberg’s CLT for the truncated random variables
Xk = bﬁleI\Xklécn where b, = v/nlogn and ¢,, > 1 are such that both ¢, /b, —
0 and ¢,/y/n — oo. Indeed, for each n the variables X, , k = 1,...,n, are i.i.d.
of bounded and symmetric distribution (since both the distribution of X}, and the
truncation function are symmetric). Consequently, EX,, ; = 0 for all n and k.
Further, we have chosen b,, such that
n
b,

1 c c
n "2 " 2w 2nlogcy,
_E[/o 2:1:d:17+/1 Edaz—/o gdx}:Tél

as n — oo. Finally, note that | X, x| < ¢,/b, — 0 as n — oo, implying that
gn(e) = 0 for any € > 0 and all n large enough, hence Lindeberg’s condition

trivially holds. We thus deduce from Lindeberg’s CLT that \/%gn

n — oo, where S, = > oreq Xkl x,|<c, s the sum of the truncated variables. We
have chosen the truncation level ¢, large enough to assure that

n [
vn =nEX? | = =EX{Ix,|<c, = b_2/ 22[P(|X1] > 2) — P(|X1] > ¢,))dz
n J0

?ngGas

P(S, #5,) < 3 P(IXi| > e0) = nP(Xa] > e) = ey = 0
k=1

1
vnlogn

We conclude this section with Kolmogorov’s three series theorem, the most defin-
itive result on the convergence of random series.

for n — oo, hence we may now conclude that Sn L, G as claimed. (|

THEOREM 3.1.14 (KOLMOGOROV’S THREE SERIES THEOREM). Suppose { X} are

independent random variables. For non-random ¢ > 0 let Xr(f) = Xnl|x,|<c be the
corresponding truncated variables and consider the three series

(3.1.11) Y P(Xn[>c), DY EX, D var(X\).

Then, the random series Y X, converges a.s. if and only if for some ¢ > 0 all

three series of (311 converge.

REMARK. By convergence of a series we mean the existence of a finite limit to the
sum of its first m entries when m — oco. Note that the theorem implies that if all
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three series of (B.LII) converge for some ¢ > 0, then they necessarily converge for
every ¢ > 0.

PROOF. We prove the sufficiency first, that is, assume that for some ¢ > 0
all three series of (BII) converge. By Theorem 23317 and the finiteness of

> Var(X?) it follows that the random series Zn(X,(f) — EX{Y) converges a.s.
Then, by our assumption that > EX\" converges, also >on X9 converges a.s.
Further, by assumption the sequence of probabilities P(X,, # X,(f)) =P(|X,] >0

is summable, hence by Borel-Cantelli I, we have that a.s. X,, # X~ for at most

) thus results with the conver-

finitely many n’s. The convergence a.s. of > X,(f
gence a.s. of > X, as claimed.

We turn to prove the necessity of convergence of the three series in (BIIT) to the
convergence of > X, which is where we use the cLT. To this end, assume the
random series ) X, converges a.s. (to a finite limit) and fix an arbitrary constant
¢ > 0. The convergence of > X, implies that |X,| — 0, hence a.s. |X,| > ¢
for only finitely many n’s. In view of the independence of these events and Borel-
Cantelli II, necessarily the sequence P(]X,,| > ¢) is summable, that is, the series

>, P(|Xn| > ¢) converges. Further, the convergence a.s. of > X, then results
with the a.s. convergence of Zn X,(f).

Suppose now that the non-decreasing sequence v,, = y ,_, Var(X ,gc)) is unbounded,
in which case the latter convergence implies that a.s. T,, = v, 1/2 S X ]gc) — 0

when n — oco. We further claim that in this case Lindeberg’s CLT applies for
Sn =Y p_1 Xnk, where

Xngk = v;1/2(X,§C) - m,(f)), and m,(:) = EX,&C).

Indeed, per fixed n the variables X, ; are mutually independent of zero mean

and such that Y 7, EX?, = 1. Further, since |X,gc)| < ¢ and we assumed that
vy, T oo it follows that | X, x| < 2¢/\/v, — 0 as n — oo, resulting with Lindeberg’s
condition holding (as g,(¢) = 0 when € > 2¢/,/v,, i.e. for all n large enough).

Combining Lindeberg’s CLT conclusion that §n L, G and T, “3° 0, we deduce that
(Sn—T,) 2.a (c.f. Exercise[3.28). However, since S, — T}, = oy 2 >ory m,(:)

are non-random, the sequence P(§n — T, < 0) is composed of zeros and ones,
hence cannot converge to P(G < 0) = 1/2. We arrive at a contradiction to our

assumption that v, 1 0o, and so conclude that the sequence Var( 7(10)) is summable,

that is, the series ) Var(X,(f)) converges.

By Theorem 317 the summability of Var(X\”)) implies that the series Y (X o

mgf)) converges a.s. We have already seen that ) X,(f) converges a.s. so it follows

that their difference ) ml, which is the middle term of BI1I), converges as
well. O

3.2. Weak convergence

Focusing here on the theory of weak convergence, we first consider in Subsection
B2T the convergence in distribution in a more general setting than that of the CLT.
This is followed by the study in Subsection of weak convergence of probability
measures and the theory associated with it. Most notably its relation to other modes
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of convergence, such as convergence in total variation or point-wise convergence of
probability density functions. We conclude by introducing in Subsection the
key concept of uniform tightness which is instrumental to the derivation of weak
convergence statements, as demonstrated in later sections of this chapter.

3.2.1. Convergence in distribution. Motivated by the CLT, we explore here
the convergence in distribution, its relation to convergence in probability, some
additional properties and examples in which the limiting law is not the normal law.

To start off, here is the definition of convergence in distribution.

DEFINITION 3.2.1. We say that R.V.-s X,, converge in distribution to a R.V. X,

denoted by Xn - Xoo, if Fx, (o) = Fx__(«) as n — oo for each fized o which is
a continuity point of Fx_, .

Similarly, we say that distribution functions F,, converge weakly to Fo, denoted
by F, 5 Foo, if Fy(a) = Fxo(a) as n — oo for each fized a which is a continuity
point of Fiu.

REMARK. If the limit R.V. X, has a probability density function, or more gener-
ally whenever Fx_ is a continuous function, the convergence in distribution of X,
to X is equivalent to the point-wise convergence of the corresponding distribu-
tion functions. Such is the case of the CLT, since the normal R.V. G has a density.
Further,

EXERCISE 3.2.2. Show that if F,, = Fs and F(+) is a continuous function then
also sup,, |Fy(z) — Foo(x)] — 0.

The CLT is not the only example of convergence in distribution we have already
met. Recall the Glivenko-Cantelli theorem (see Theorem [2:3.0]), whereby a.s. the
empirical distribution functions F,, of an i.i.d. sequence of variables {X;} converge
uniformly, hence point-wise to the true distribution function Flx.

Here is an explicit necessary and sufficient condition for the convergence in distri-
bution of integer valued random variables

EXERCISE 3.2.3. Let X,,,1 < n < oo be integer valued R.V.-s. Show that X, 2,
Xoo if and only if P(X, = k) = n—oo P(Xoo = k) for each k € Z.

In contrast with all of the preceding examples, we demonstrate next why the

convergence X, N X has been chosen to be strictly weaker than the point-
wise convergence of the corresponding distribution functions. We also see that
Eh(X,) = Eh(X) or not, depending upon the choice of h(-), and even within the
collection of continuous functions with image in [—1, 1], the rate of this convergence
is not uniform in h.

EXAMPLE 3.2.4. The random variables X, = 1/n converge in distribution to
Xoo = 0. Indeed, it is easy to check that Fx, (o) = Ipn,ec)(@) converge to
Fx, (o) = Ijpo0)() at each o # 0. However, there is no convergence at the

discontinuity point « = 0 of Fx_ as Fx__ (0) =1 while Fx, (0) =0 for all n.
Further, Eh(X,) = k(1) — h(0) = Eh(X) if and only if h(z) is continuous at
x =0, and the rate of convergence varies with the modulus of continuity of h(x) at
z=0.
More generally, if X,, = X + 1/n then Fx, (a) = Fx(a —1/n) — Fx(a™) as
n — 00. So, in order for X +1/n to converge in distribution to X as n — oo, we



3.2. WEAK CONVERGENCE 105

have to restrict such convergence to the continuity points of the limiting distribution
function Fx, as done in Definition [3.2.1].

We have seen in Examples B.1.7 and B. 1.8 that the normal distribution is a good
approximation for the Binomial and the Poisson distributions (when the corre-
sponding parameter is large). Our next example is of the same type, now with the
approximation of the Geometric distribution by the Exponential one.

EXAMPLE 3.2.5 (EXPONENTIAL APPROXIMATION OF THE GEOMETRIC). Let Z,
be a random variable with a Geometric distribution of parameter p € (0,1), that is,

P(Z,>k)=(1 —p)k*1 for any positive integer k. As p — 0, we see that
P(pZ, >t) = (1 —p)l/Pl - et forall t>0

That is, pZy N T, with T having a standard exponential distribution. As Z,
corresponds to the number of independent trials till the first occurrence of a spe-
cific event whose probability is p, this approximation corresponds to waiting for the
occurrence of rare events.

At this point, you are to check that convergence in probability implies the con-
vergence in distribution, which is hence weaker than all notions of convergence
explored in Section [[3.3] (and is perhaps a reason for naming it weak convergence).
The converse cannot hold, for example because convergence in distribution does not
require X,, and X, to be even defined on the same probability space. However,
convergence in distribution is equivalent to convergence in probability when the
limiting random variable is a non-random constant.

EXERCISE 3.2.6. Show that if X, LA X, then X, 2, Xo. Conversely, if
Xn 2, X and X is almost surely a non-random constant, then X, N Xeo-

Further, as the next theorem shows, given F,, = F., it is possible to construct
random variables Y,,, n < oo such that Fy, = F, and Y, 2% Y. The catch
of course is to construct the appropriate coupling, that is, to specify the relation
between the different Y;,’s.

THEOREM 3.2.7. Let F,, be a sequence of distribution functions that converges
weakly to Foo. Then there exist random variables Y,,, 1 <n < oo on the probability
space ((0,1], B(o,1),U) such that Fy, = F, for 1 <n < oo and Y, 2% Voo

PROOF. We use Skorokhod’s representation as in the proof of Theorem [L2.37
That is, for w € (0,1] and 1 <n < oo let ¥, (w) > Y, (w) be
Vi) =sup{y: Fu(y) Sw}, Y, (w) =sup{y: Fu(y) <w}.
While proving Theorem [LL.2.37 we saw that Fy - = F,, for any n < oo, and as
remarked there Y, (w) = Y, (w) for all but at most countably many values of w,

hence P(Y,, =Y,) = 1. It thus suffices to show that for all w € (0,1),
YH(w) > limsup Y,F (w) > limsup Y, (w)

n—00 n—o0
(3.2.1) > liminf Y, (w) > Y (w).

n—oo
Indeed, then Y, (w) — Y(w) for any w € A = {w : Y (w) = Y (w)} where
P(A) = 1. Hence, setting Y;,, =Y, for 1 < n < oo would complete the proof of the
theorem.
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Turning to prove (B221]) note that the two middle inequalities are trivial. Fixing
w € (0,1) we proceed to show that

(3.2.2) Vi (w) > limsup Y, (w) .

n—oo

Since the continuity points of F,, form a dense subset of R (see Exercise [[2.39),
it suffices for (B:Z2) to show that if z > Y} (w) is a continuity point of Fi, then
necessarily z > Y, (w) for all n large enough. To this end, note that z > Y} (w)
implies by definition that Fi(z) > w. Since z is a continuity point of F,, and
F, % Fy, we know that F,,(2) — Fu(2). Hence, F,,(z) > w for all sufficiently large
n. By definition of ¥," and monotonicity of F,,, this implies that z > Y, (w), as
needed. The proof of

(3.2.3) liminf ¥, (w) > Y (w),

n—oo

is analogous. For y < Y (w) we know by monotonicity of Fu, that Fuo(y) < w.
Assuming further that y is a continuity point of Fi, this implies that F,(y) < w
for all sufficiently large n, which in turn results with y <Y, (w). Taking continuity
points yy, of Fs such that y, T Y (w) will yield 3223) and complete the proof. O

The next exercise provides useful ways to get convergence in distribution for one
sequence out of that of another sequence. Its result is also called the converging
together lemma or Slutsky’s lemma.

EXERCISE 3.2.8. Suppose that X, i> Xeo and Y, L Yoo, where Yso is non-
random and for each n the variables X,, andY,, are defined on the same probability
space.

(a) Show that then X, +Y, 2, Xoo + Y.
Hint: Recall that the collection of continuity points of Fx__ is dense.
(b) Deduce that if Z,, — X, 250 then X,, 25 X if and only if Z, 2 X,
(¢) Show that Y, X, -2 Ve X oo
For example, here is an application of Exercise [3.2.8 en-route to a CLT connected
to renewal theory.
EXERCISE 3.2.9.

(a) Suppose {N,,} are non-negative integer-valued random variables and by, —

oo are non-random integers such that N, /bm, 2 1. Show that if Sp =
> ow_y Xy for i.i.d. random variables {X;} with v = Var(X7) € (0, 00)
and E(X1) =0, then Sn,,/v/vbm, L2, G asm — oo,
Hint: Use Kolmogorouv’s inequality to show that Sy, //Ubm—Ss,, //0bm
0.

(b) Let Ny =sup{n: S, <t} for S, =>}_, Y and i.i.d. random variables
Y > 0 such that v = Var(Y1) € (0,00) and E(Y1) = 1. Show that

(Nt—t)/\/ELGast—M)o.

Theorem B.2.17 is key to solving the following;:

EXERCISE 3.2.10. Suppose that Z, 2, Zoo. Show that then b, (f(c+ Z,,/bn) —
r(e)/f (e 2 Zo for every positive constants b, — co and every Borel function
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f R = R (not necessarily continuous) that is differentiable at ¢ € R, with a
deriwative f'(c) # 0.

Consider the following exercise as a cautionary note about your interpretation of

Theorem [3.2.71
EXERCISE 3.2.11. Let M, = Y7, [15_, Ui and W, = Sr_, [T, Ui, where {U;}

are i.5.d. uniformly on [0,c] and ¢ > 0.
(a) Show that M, %% M., as n — oo, with My, taking values in [0, 00].
(b) Prove that M, is a.s. finite if and only if ¢ < e (but EMy is finite only
fore<2).
(c) In case ¢ < e prove that W, N My, as n — oo while W,, can not have
an almost sure limit. Ezplain why this does not contradict Theorem[3.2.77.

The next exercise relates the decay (in n) of sup, |Fx_ (s) — Fx, (s)| to that of
sup |Eh(X,,) — Eh(X)| over all functions h : R — [—M, M] with sup,, |#/(z)| < L.

EXERCISE 3.2.12. Let A, =sup, |Fx_(s) — Fx, (s)].
(a) Show that if sup, |h(z)| < M and sup, |h'(z)| < L, then for any b > a,
C=4M + L(b—a) and all n
|[Eh(X,) — Eh(X)| < CA, +4MP (X ¢ [a,b]).
(b) Show that if Xoo € [a,b] and fx_(x) > n > 0 for all x € [a,b], then
|Qn(a) - Qoo(a)| < nilAn fOT any o € (An71 - An); where Qn(a) =
sup{z : Fx, () < a} denotes a-quantile for the law of X,,. Using this,

construct Yy, 2 X, such that P(|Y,, — Yoo| > n71A,) < 2A,, and deduce
the bound of part (a), albeit the larger value 4M + L/n of C.

Here is another example of convergence in distribution, this time in the context
of extreme value theory.

EXERCISE 3.2.13. Let M,, = maxi<;<n {T3}, where T;, i = 1,2,... are i.i.d. ran-
dom wvariables of distribution function Fr(t). Noting that Fyr, () = Fr(x)™, show
that b, Y (M, — ay) N Mo when:

(a) Pr(t) =1—¢et fort > 0 (i.e. T; are Ezponential of parameter one).
Here, a, =logn, b, =1 and Fur (y) = exp(—e™Y) fory € R.

(b) Fr(t) =1 -t fort > 1 and a > 0. Here, a, = 0, b, = n'/* and
P, (y) = exp(=y~®) for y > 0.

(c) Fr(t) =1—t|* for =1 <t <0 and a > 0. Here, a,, = 0, b, = n~/®
and Fur (y) = exp(—|y|*) for y < 0.

REMARK. Up to the linear transformation y — (y — u)/o, the three distributions
of M, provided in Exercise are the only possible limits of maxima of i.i.d.
random variables. They are thus called the extreme value distributions of Type 1
(or Gumbel-type), in case (a), Type 2 (or Fréchet-type), in case (b), and Type 3
(or Weibull-type), in case (c). Indeed,

EXERCISE 3.2.14.
(a) Building upon part (a) of Exercise[2.2.23], show that if G has the standard

normal distribution, then for any y € R

1— Fg(t t
lim clt+y/t) -

e 1— Fg(t)
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(b) Let M,, = maxi<i<n {Gi} for i.i.d. standard normal random variables
G;. Show that b, (M, —by,) Ly M. where Fu, (y) = exp(—e™Y) and by,
is such that 1 — Fg(b,) =n~1.

(¢) Show that b, /\/2logn — 1 as n — oo and deduce that M, //2Togn 5 1.

(d) More generally, suppose Ty = inf{x > 0 : M, > t}, where x — M,
is some monotone non-decreasing family of random variables such that
My = 0. Show that if e tT; L Too as t — oo with Ty, having the
standard exponential distribution then (M, —logx) Ly My asz — oo,
where Fir_(y) = exp(—e™Y).

Our next example is of a more combinatorial flavor.

EXERCISE 3.2.15 (THE BIRTHDAY PROBLEM). Suppose {X;} are i.i.d. with each
X, uniformly distributed on {1,...,n}. Let T,, = min{k : X} = X, for somel < k}

mark the first coincidence among the entries of the sequence X1, Xa,..., so
- k-1
P(T, >r) = [0~ )

n
k=2

is the probability that among r items chosen uniformly and independently from
a set of n different objects, no two are the same (the name “birthday problem”
corresponds to n = 365 with the items interpreted as the birthdays for a group of
size ). Show that P(n=/2T,, > s) — exp(—s%/2) as n — oo, for any fived s > 0.

Hint: Recall that —x — 2 <log(1 — z) < —z for x € [0,1/2].

The symmetric, simple random walk on the integers is the sequence of random
variables S, = Y_p_; & where &, are i.i.d. such that P(& = 1) = P(§ = —1) = 3.

From the cLT we already know that n~'/28, P, G. The next exercise provides
the asymptotics of the first and last visits to zero by this random sequence, namely
R=inf{¢{ >1:S,=0}and L, =sup{¢ <n:S,=0}. Much more is known about
this random sequence (c.f. [Durl0}, Section 4.3] or [Fel68|, Chapter 3]).

EXERCISE 3.2.16. Let gy, = P(S1 >0,...,S8,-1 > 0,5, =7r) and

n

pn,r—P(Sn—T)—2n<k> k=(n+r)/2.

(a) Counting paths of the walk, prove the discrete reflection principle that
P,(R <n,Sy =9y) = P_,(Sn = Y) = Dnaty for any positive integers
x,y, where P (-) denote probabilities for the walk starting at So = x.

(b) Verify that qn» = %(pn,lyr,l — DPn—1r+1) for any n,r > 1.

Hint: Paths of the walk contributing to qn,, must have S1 = 1. Hence,
use part (a) with x =1 and y =r.

(¢) Deduce that P(R > n) = pp—1,0 + Pn-1,1 and that P(Ly, = 2k) =
P2k,0P2n—2k,0 fOT k= Oa 17 ceey, T

(d) Using Stirling’s formula (that v2mn(n/e)”/n! — 1 as n — o), show
that /7TnP(R > 2n) — 1 and that (2n)~'La, Ly X, where X has the

arc-sine probability density function fx(x) = ﬁ on [0,1].
(e) Let Ha, count the number of 1 < k < 2n such that Sk, > 0 and Sp_1 > 0.

Show that Ho,, s Loy, hence (2n)~'Hay, =Ny'S
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3.2.2. Weak convergence of probability measures. We first extend the
definition of weak convergence from distribution functions to measures on Borel
o-algebras.

DEFINITION 3.2.17. For a topological space S, let Cy,(S) denote the collection of all
continuous bounded functions on S. We say that a sequence of probability measures
vy, on a topological space S equipped with its Borel o-algebra (see Example [L113),
converges weakly to a probability measure v, denoted vy, = Voo, if Un(h) = Voo (h)
for each h € Cy(S).

As we show next, Definition B.2.17 is an alternative definition of convergence in
distribution, which, in contrast to Definition [3.2.1] applies to more general R.V.
(for example to the R?-valued random variables we consider in Section [3.5]).

PROPOSITION 3.2.18. The weak convergence of distribution functions is equivalent
to the weak convergence of the corresponding laws as probability measures on (R, B).

Consequently, X, N Xoo if and only if for each h € Cy(R), we have Eh(X,,) —
Eh(Xs) as n — oo.

PROOF. Suppose first that F, = F., and let Y,,, 1 < n < oo be the random
variables given by Theorem B.2.7 such that Y;, 3 Y,.. For h € Cy(R) we have by

a.s.

continuity of h that h(Y,) = h(Y), and by bounded convergence also

Pn(h) = E(h(Yn)) = E(h(Ys)) = Poo(h) -
Conversely, suppose that P, = P, per Definition 217 Fixing o € R, let the
non-negative hi € Cy(R) be such that h, (z) 1 I(—oo,0)(@) and hf (z) | I(—o0,0)(2)
as k — oo (c.f. Lemma[BT6 for a construction of such functions). We have by the

weak convergence of the laws when n — oo, followed by monotone convergence as
k — oo, that

liminf P, ((—o0, ) > lim Pp(h,) = Poc(hy ) T Poo((—00, ) = Foo(a™).

n—o00 n—o0
Similarly, considering h; (-) and then k — oo, we have by bounded convergence
that

limsup Py, ((—00,a]) < lim P (hf) = Peo(hf) I Poo((—00,a]) = Fus(ar) .

n— 00 =00
For any continuity point a of F,,, we conclude that F,(a) = P, ((—00, a]) converges
as n — 00 to Fo(a) = Foo (™), thus completing the proof. O

By yet another application of Theorem B277 we find that convergence in distri-
bution is preserved under a.s. continuous mappings (see Corollary 2.2.13 for the
analogous statement for convergence in probability).

PROPOSITION 3.2.19 (CONTINUOUS MAPPING). For a Borel function g let Dy
denote its set of points of discontinuity. If X, N Xoo and P(Xo € Dy) =0,
then g(X,) N 9(Xoo). If in addition g is bounded then Eg(X,) = Eg(X).

Proor. Given X, 2, Xoo, by Theorem [3.2.7] there exists Y, s X, such that
Y, ¥% Y. Fixing h € Cy(R), clearly Doy € Dy, so

P(Ys € Dpoy) <P(Yoo € Dy) = 0.



110 3. WEAK CONVERGENCE, cutr AND POISSON APPROXIMATION

Therefore, by Exercise 22217 it follows that h(g(Yy)) <2 h(g(Ya)). Since ho g is
bounded and Y, E4 X, for all n, it follows by bounded convergence that

Eh(9(Xn)) = Eh(g(Yn)) = E(h(9(Yoo)) = Eh(9(X0)) -

This holds for any h € Cy(R), so by Proposition[B.2.18 we conclude that g(X,,) 2,
9(Xoo)- O

Our next theorem collects several equivalent characterizations of weak convergence
of probability measures on (R, B). To this end we need the following definition.

DEFINITION 3.2.20. For a subset A of a topological space S, we denote by OA the
boundary of A, that is 0A = A\ A° is the closed set of points in the closure of A
but not in the interior of A. For a measure pn on (S,Bs) we say that A € Bs is a
p-continuity set if u(0A) = 0.

THEOREM 3.2.21 (PORTMANTEAU THEOREM). The following four statements are
equivalent for any probability measures v,, 1 <n < oo on (R, B).
(a) vp = Vso
For every closed set F, one has limsup v, (F) < veo(F)

n—r00

(b)

(c) For every open set G, one has liminf v,(G) > v (G)
n—oo

(d)

d) For every v -continuity set A, one has lim v,(A) = vso(A)
n—oo

REMARK. As shown in Subsection B8] this theorem holds with (R, B) replaced
by any metric space S and its Borel o-algebra Bs.

For v, = Px, we get the formulation of the Portmanteau theorem for random
variables X,,, 1 < n < oo, where the following four statements are then equivalent

to X, 2 Xoo:

(a) Eh(X,) = Eh(X) for each bounded continuous h

(b) For every closed set F' one has hm sup P(X,eF)<PX,€F)
(

(

)
¢) For every open set G one has hm mf P(X €G)>P(Xw €G)
)

d) For every Borel set A such that P(X € 0A) =0, one has
lim P(X,, € A) =P(X € A)

n—oo

PrOOF. It suffices to show that (a) = (b) = (¢) = (d) = (a), which we
shall establish in that order. To this end, with F,(x) = v,((—o0,z]) denoting the
corresponding distribution functions, we replace v, = v of (a) by the equivalent
condition F,, = F., (see Proposition B.2.18).

(a) = (b). Assuming F,, = F,, we have the random variables Y,,, 1 < n < oo of
Theorem B-27, such that Py, = v, and Y;, ©3' Y. Since F is closed, the function
I is upper semi-continuous bounded by one, so it follows that a.s.
limsup Ip(Yy,) < Ir(Ys),
n—00
and by Fatou’s lemma,
limsup vy, (F) = limsup EIp(Y,) < Elimsup Ir(Y,) < Elr(Yy) = Voo (F),

n—00 n—oo n—00

as stated in (b).
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(b) = (¢). The complement F' = G° of an open set G is a closed set, so by (b) we
have that

1 —liminf v, (G) = limsup v, (G) < Vo (G°) =1 — v (G)

n—oo n—00

implying that (c¢) holds. In an analogous manner we can show that (¢) = (b), so
(b) and (c¢) are equivalent.
(¢) = (d). Since (b) and (c) are equivalent, we assume now that both (b) and (c)
hold. Then, applying (c) for the open set G = A° and (b) for the closed set F' = A
we have that

Voo (A) > limsup v, (A) > limsup v, (A)

n—r oo n—oo
(3.2.4) > liminf v, (A) > liminf v, (4A°) > v (A°).
n—oo n—00

Further, A = A° U 0A 80 vo(0A) = 0 implies that veo(A) = Voo (A°) = veo(A)
(with the last equality due to the fact that A° C A C A). Consequently, for such a
set A all the inequalities in (B:2Z4) are equalities, yielding (d).

(d) = (a). Consider the set A = (—o00,a] where « is a continuity point of Fi.
Then, A = {a} and voo({a}) = Fx(a) — Foo(a™) = 0. Applying (d) for this
choice of A, we have that

nli,néo Fo(a) = nli,néo n((=00,0]) = v ((—00,0]) = Fis (a)

which is our version of (a). O

We turn to relate the weak convergence to the convergence point-wise of proba-
bility density functions. To this end, we first define a new concept of convergence
of measures, the convergence in total-variation.

DEFINITION 3.2.22. The total variation norm of a finite signed measure v on the
measurable space (S, F) is
l[¥]|t0 = sup{v(h) : h € mF, su;S)|h(s)| <1}.
sE
We say that a sequence of probability measures v, converges in total variation to a

. to, .
probability measure Voo, denoted vy, < Voo, if ||Un — Voo |ltw — 0.

REMARK. Note that ||v|ls» = 1 for any probability measure v (since v(h) <
v(|h]) < ||hlleor(1) < 1 for the functions h considered, with equality for h = 1). By
a similar reasoning, ||v —v'||¢, < 2 for any two probability measures v, v’ on (S, F).

Convergence in total-variation obviously implies weak convergence of the same
probability measures, but the converse fails, as demonstrated for example by v,, =
01/n, the probability measure on (R, B) assigning probability one to the point 1/n,
which converge weakly to voo = ¢ (see Example B24), whereas ||v, — voo|| = 2
for all n. The difference of course has to do with the non-uniformity of the weak
convergence with respect to the continuous function h.

To gain a better understanding of the convergence in total-variation, we consider
an important special case.

PROPOSITION 3.2.23. Suppose P = fu and Q = gu for some measure p on (S, F)
and f,g € mF4 such that u(f) = u(g) = 1. Then,

(3.2.5) IP—Qllu = /S 1£(5) — g(s)ldu(s) .
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Further, suppose vy, = fop with fr, € mF4 such that p(f,) = 1 for all n < co.
Then, vy % ve if fn(8) = foo(s) for p-almost-every s € S.

PROOF. For any measurable function h : S — [—1,1] we have that

(f)(h) = (gu)(h) = u(fh) = p(gh) = u((f = 9)h) < ulf =91,
with equality when h(s) = sgn((f(s)—g(s)) (see Proposition[[.3.50 for the left-most
identity and note that fh and gh are in L'(S,F,n)). Consequently, |P — Q¢ =
sup{(fu)(h) — (gu)(h) : h as above } = u(|f — g), as claimed.

For vy, = fnu, we thus have that ||V, — Voo |ltw = p(| fr. — fool), SO the convergence in
total-variation is equivalent to f, — foo in L1(S,F, u). Since f, > 0 and u(f,) =1
for any n < oo, it follows from Scheffé’s lemma (see Lemma [[L3.37]) that the latter
convergence is a consequence of f,,(s) = foo(s) for p a.e. s €S. ]

Two specific instances of Proposition [3.2.23] are of particular value in applications.

EXAMPLE 3.2.24. Let v, = Px, denote the laws of random wvariables X,, that
have probability density functions fn, n = 1,2,...,00. Recall Exercise that
then vy, = fo\ for Lebesgue’s measure A on (R,B). Hence, by the preceding propo-
sition, the convergence point-wise of fn(x) to foo(x) implies the convergence in

total-variation of Px, to Px., and in particular implies that X, 2, X

EXAMPLE 3.2.25. Similarly, if X,, are integer valued for n = 1,2..., then v, =
faX for fu(k) = P(X, = k) and the counting measure X on (Z,2%) such that
X({k}) =1 for each k € Z. So, by the preceding proposition, the point-wise con-
vergence of Exercise is not only necessary and sufficient for weak convergence
but also for convergence in total-variation of the laws of X,, to that of X.

In the next exercise, you are to rephrase Example[3.2.28]in terms of the topological
space of all probability measures on Z.

EXERCISE 3.2.26. Show that d(u,v) = ||n— V|t 18 a metric on the collection of all
probability measures on Z, and that in this space the convergence in total variation
is equivalent to the weak convergence which in turn is equivalent to the point-wise
convergence at each x € Z.

Hence, under the framework of Example B.2.25 the Glivenko-Cantelli theorem
tells us that the empirical measures of integer valued i.i.d. R.V.-s {X;} converge in
total-variation to the true law of Xj.

Here is an example from statistics that corresponds to the framework of Example

B.224

EXERCISE 3.2.27. Let V,,41 denote the central value on a list of 2n+1 values (that
is, the (n + 1)th largest value on the list). Suppose the list consists of mutually
independent R.V., each chosen uniformly in [0,1).

(a) Show that Vi1 has probability density function (2n + 1)(27:1)1)”(1 — )"
at each v € [0,1).

(b) Verify that the density f.(v) of V, = V2n(2V,1 — 1) is of the form
fa(v) = cu(1 —v2/(2n))™ for some normalization constant c, that is
independent of [v] < /2n.

(¢) Deduce that for n — oo the densities f,(v) converge point-wise to the

standard normal density, and conclude that Vi 2 a.
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Here is an interesting interpretation of the CLT in terms of weak convergence of
probability measures.

EXERCISE 3.2.28. Let M denote the set of probability measures v on (R,B) for
which [x?dv(z) =1 and [xdv(z) = 0, and v € M denote the standard normal
distribution. Consider the mapping T : M — M where Tv is the law of (X7 +
X5)/V/2 for X1 and Xo ii.d. of law v each. Ezplain why the CLT implies that
Ty 2 ~ asm — oo, for any v € M. Show that Ty =~y (see Lemma [3.1.1), and
explain why ~v is the unique, globally attracting fized point of T in M.

Your next exercise is the basis behind the celebrated method of moments for weak
convergence.

EXERCISE 3.2.29. Suppose that X and Y are [0, 1]-valued random variables such
that E(X™) = E(Y™) forn=0,1,2,....
(a) Show that Ep(X) = Ep(Y) for any polynomial p(-).
(b) Show that Eh(X) = Eh(Y) for any continuous function h : [0,1] — R
and deduce that X 2V .

Hint: Recall Weierstrass approzimation theorem, that if h is continuous on [0, 1]
then there exist polynomials py, such that sup,cpo 1) |h(z) — pn(2)| — 0 as n — oo.

We conclude with the following example about weak convergence of measures in
the space of infinite binary sequences.

EXERCISE 3.2.30. Consider the topology of coordinate wise convergence on S =
{0,1}Y and the Borel probability measures {v,} on S, where v, is the uniform
measure over the (27’;) binary sequences of precisely n ones among the first 2n

coordinates, followed by zeros from position 2n 4+ 1 onwards. Show that v, = Vs
where Voo denotes the law of i.i.d. Bernoulli random variables of parameter p = 1/2.
Hint: Any open subset of S is a countable union of disjoint sets of the form Ag ) =
{weS:wi=0;i=1,...,k} for some § = (61,...,0;) € {0,1}* and k € N.

3.2.3. Uniform tightness and vague convergence. So far we have studied
the properties of weak convergence. We turn to deal with general ways to establish
such convergence, a subject to which we return in Subsection To this end,
the most important concept is that of uniform tightness, which we now define.

DEFINITION 3.2.31. We say that a probability measure p on (S, Bs) is tight if for
each € > 0 there exists a compact set K. C S such that p(K¢S) < e. A collection
{pg} of probability measures on (S, Bs) is called uniformly tight if for each € > 0
there exists one compact set K. such that pg(KS) < e for all 5.

Since bounded closed intervals are compact and [—M,M]¢ | 0 as M 1 oo, by
continuity from above we deduce that each probability measure p on (R, B) is
tight. The same argument applies for a finite collection of probability measures on
(R, B) (just choose the maximal value among the finitely many values of M = M,
that are needed for the different measures). Further, in the case of S = R which we
study here one can take without loss of generality the compact K. as a symmetric
bounded interval [—M., M.], or even consider instead (—M,, M.] (whose closure
is compact) in order to simplify notations. Thus, expressing uniform tightness
in terms of the corresponding distribution functions leads in this setting to the
following alternative definition.
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DEFINITION 3.2.32. A sequence of distribution functions F, is called uniformly
tight, if for every e > 0 there exists M = M, such that
limsup[l — F,,(M) + F,(—M)] <e.
n—oo
REMARK. As most texts use in the context of Definition “tight” (or “tight
sequence”) instead of uniformly tight, we shall adopt the same convention here.

Uniform tightness of distribution functions has some structural resemblance to the
U.I. condition (L3II). As such we have the following simple sufficient condition
for uniform tightness (which is the analog of Exercise [[3.54]).

EXERCISE 3.2.33. A sequence of probability measures v, on (R,B) is uniformly
tight if sup,, vn(f(|z])) is finite for some non-negative Borel function such that
f(r) = 0o as v — oco. Alternatively, if sup,, Ef(|X,|) < oo then the distribution
functions Fx, form a tight sequence.

The importance of uniform tightness is that it guarantees the existence of limit
points for weak convergence.

THEOREM 3.2.34 (PROHOROV THEOREM). A collection T' of probability measures
on a complete, separable metric space S equipped with its Borel o-algebra Bs, is
uniformly tight if and only if for any sequence vy, € T there exists a subsequence
Vm, that converges weakly to some probability measure v, on (S, Bs) (where v is
not necessarily in T' and may depend on the subsequence my,).

REMARK. For a proof of Prohorov’s theorem, which is beyond the scope of these
notes, see [Dud89), Theorem 11.5.4].

Instead of Prohorov’s theorem, we prove here a bare-hands substitute for the
special case S = R. When doing so, it is convenient to have the following notion of
convergence of distribution functions.

DEFINITION 3.2.35. When a sequence F,, of distribution functions converges to a
right continuous, non-decreasing function Fo, at all continuous points of F, we
say that F,, converges vaguely to F.., denoted F,, = Fso.

In contrast with weak convergence, the vague convergence allows for the limit
Foo(x) = Voo ((—00, z]) to correspond to a measure Vo, such that v (R) < 1.

EXAMPLE 3.2.36. Suppose Fy, = pljy o) +ql|—pn 00) + (1 —=p—q) F for somep,q >0
such that p+q < 1 and a distribution function F' that is independent of n. It is easy
to check that F, 5 Fu asn — 00, where Foo = q+ (1 —p—q)F is the distribution
function of an R-valued random variable, with probability mass p at +00 and mass
q at —oco. If p+q > 0 then F is not a distribution function of any measure on R
and F,, does not converge weakly.

The preceding example is generic, that is, the space R is compact, so the only loss
of mass when dealing with weak convergence on R has to do with its escape to £oc.
It is thus not surprising that every sequence of distribution functions have vague
limit points, as stated by the following theorem.

THEOREM 3.2.37 (HELLY’S SELECTION THEOREM). For every sequence F,, of dis-
tribution functions, there is a subsequence Fy,, and a non-decreasing right contin-
wous function Fuo such that Fy,, (y) — Foo(y) as k — oo at all continuity points y
of Fso, that is F,, S
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Deferring the proof of Helly’s theorem to the end of this section, uniform tightness
is exactly what prevents probability mass from escaping to oo, thus assuring the
existence of limit points for weak convergence.

LEMMA 3.2.38. The sequence of distribution functions {F,} is uniformly tight if
and only if each vague limit point of this sequence is a distribution function. That
is, if and only if when F,, — F, necessarily 1 — F(x) + F(—z) — 0 as z — oo.

PROOF. Suppose first that {F,,} is uniformly tight and F,, - F. Fixing ¢ > 0,
there exist 1y < —M,. and ro > M, that are both continuity points of F. Then, by
the definition of vague convergence and the monotonicity of F,,,

1-— F(TQ) + F(’I”1> = klggo(l — Fnk (TQ) + Fnk (Tl))
<limsup(l — F,,(M:) + F,(—M,)) < e.
n—oo

It follows that limsup,_,.. (1 — F(z) + F(—z)) < € and since € > 0 is arbitrarily
small, F' must be a distribution function of some probability measure on (R, B).

Conversely, suppose {F}, } is not uniformly tight, in which case by Definition B.2.32]
for some € > 0 and ny T oo

(3.2.6) 1—F,, (k) + F,, (k) >¢ for all k.

By Helly’s theorem, there exists a vague limit point F' to F},, as k — oco. That
is, for some k; T 0o as | — oo we have that F,, 5 F. For any two continuity

points r1 < 0 < rg of F, we thus have by the definition of vague convergence, the
monotonicity of £, , and (B.2.0), that

L= F(r) + F(r1) = lim (1= Fy, (r2) + Fy,, (1))
> H}Eiﬂf(l — o, (k1) + Fyy, (ki) > e

Considering now r = min(—r1,re) — 00, this shows that inf,.(1—-F(r)+F(-r)) > ¢,
hence the vague limit point F' cannot be a distribution function of a probability
measure on (R, B). O

REMARK. Comparing Definitions B.2.3T] and we see that if a collection T’
of probability measures on (R, B) is uniformly tight, then for any sequence v,,, € T’
the corresponding sequence F,,, of distribution functions is uniformly tight. In view
of Lemma [B.2.38 and Helly’s theorem, this implies the existence of a subsequence
my, and a distribution function Fo, such that F,, 2 F.. By Proposition
we deduce that v, =2 Vs, a probability measure on (R, B), thus proving the only
direction of Prohorov’s theorem that we ever use.

ProoF oF THEOREM [3.2.37 Fix a sequence of distribution function F,,. The
key to the proof is to observe that there exists a sub-sequence nj; and a non-
decreasing function H : Q — [0, 1] such that F,, (¢) — H(q) for any ¢ € Q.

This is done by a standard analysis argument called the principle of ‘diagonal
selection’. That is, let g1,¢2,..., be an enumeration of the set Q of all rational
numbers. There exists then a limit point H(q1) to the sequence F,(q1) € [0,1],

that is a sub-sequence n,(:) such that F ) (q1) — H(q1). Since F ) (g2) € [0,1],
k k

there exists a further sub-sequences n,(f) of n,(cl) such that
F o (qi) = H(q;) fori=1,2.
k
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In the same manner we get a collection of nested sub-sequences n,(j) C n,(j_l) such
that

F o (q) = H(g;), forallj<i.
k

(k)
k

The diagonal n; ’ then has the property that

Fn)ik)(Qj) — H(q;), for all j,

k) . . . . .
SO ng = n,(C ) is our desired sub-sequence, and since each Fj, is non-decreasing, the

limit function H must also be non-decreasing on Q.
Let Foo(z) := inf{H(q) : ¢ € Q,q > z}, noting that F, € [0, 1] is non-decreasing.
Further, F is right continuous, since

lim Foo(z,) = inf{H(q) : ¢ € Q,q > x, for some n}

Tnlx
=inf{H(¢) : ¢ € Q,q > z} = Fx(z).

Suppose that x is a continuity point of the non-decreasing function F,. Then, for
any £ > 0 there exists y < z such that Foo(x) — ¢ < Fo(y) and rational numbers
y <r1 <x <7 such that H(rg) < Foo(x) + €. It follows that

(3.2.7) Foo(z) — & < Foo(y) < H(r) < H(rs) < Fao(z) + £

Recall that F,,, (x) € [Fy, (r1), Fn, (r2)] and Fy,, (r;) — H(r;) as k — oo, fori = 1, 2.
Thus, by B27) for all k large enough

Foo(#) — € < Fy (1) < F (2) < Fry (r2) < Foo(2) &,

which since € > 0 is arbitrary implies F,, () — Foo(x) as k — 0. O

EXERCISE 3.2.39. Suppose that the sequence of distribution functions {Fx,} is
uniformly tight and EX? < oo are such that EX? — 0o as n — oo. Show that then
also Var(X,,) = oo as n — oo.

2
Hint: If |EX,,|? — oo then sup, Var(X,,) < oo yields X,, /EX,, L 1, whereas the
uniform tightness of {Fx, } implies that X,, /EX,, 0.

Using Lemma[3.2.38 and Helly’s theorem, you next explore the possibility of estab-
lishing weak convergence for non-negative random variables out of the convergence
of the corresponding Laplace transforms.

EXERCISE 3.2.40.
(a) Based on Ezercise show that if Z > 0 and W > 0 are such that
E(e=%%) = E(e™*W) for each s > 0, then Z Zw.
(b) Further, show that for any Z > 0, the function Lz(s) = E(e %) is
infinitely differentiable at all s > 0 and for any positive integer k,
dk

k ks
E[Z"] = (1) lslfg d—SkLZ(S),

even when (both sides are) infinite.

(c) Suppose that X, > 0 are such that L(s) = lim, E(e™*%X») eists for all
s> 0 and L(s) = 1 for s | 0. Show that then the sequence of distribution
functions {Fx, } is uniformly tight and that there exists a random variable

X > 0 such that X, 2, Xoo and L(s) = E(e=%=) for all s > 0.
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Hint: To show that X, N Xoo try reading and adapting the proof of
Theorem [3.3.18

(d) Let X, = n=t>}_, kI for I, € {0,1} independent random variables,
with P(I, = 1) = k1. Show that there exists Xoo > 0 such that X, 2,
X and E(e™3%=) = exp(fo1 t=t(e™st —1)dt) for all s > 0.

REMARK. The idea of using transforms to establish weak convergence shall be
further developed in Section [3.3] with the Fourier transform instead of the Laplace
transform.

3.3. Characteristic functions

This section is about the fundamental concept of characteristic function, its rele-
vance for the theory of weak convergence, and in particular for the cLT.

In Subsection B3Il we define the characteristic function, providing illustrating ex-
amples and certain general properties such as the relation between finite moments
of a random variable and the degree of smoothness of its characteristic function. In
Subsection we recover the distribution of a random variable from its charac-
teristic function, and building upon it, relate tightness and weak convergence with
the point-wise convergence of the associated characteristic functions. We conclude
with Subsection in which we re-prove the CLT of Section 3] as an applica-
tion of the theory of characteristic functions we have thus developed. The same
approach will serve us well in other settings which we consider in the sequel (c.f.

Sections B4l and B.5)).

3.3.1. Definition, examples, moments and derivatives. We start off
with the definition of the characteristic function of a random variable. To this
end, recall that a C-valued random variable is a function Z : Q +— C such that the
real and imaginary parts of Z are measurable, and for Z = X 4+4Y with XY € R
integrable random variables (and i = v/—1), let E(Z) = E(X) +iE(Y) € C.

DEFINITION 3.3.1. The characteristic function ® x of a random variable X is the
map R — C given by

dx(0) = E[e"X] = E[cos(AX)] + iE[sin(6X)]

where @ € R and obviously both cos(0X) and sin(0X) are integrable R.V.-s.

We also denote by ®,(0) the characteristic function associated with a probability
measure p on (R, B). That is, ®,(0) = p(e) is the characteristic function of a
R.V. X whose law Px is .

Here are some of the properties of characteristic functions, where the complex
conjugate x — iy of z = x + iy € C is denoted throughout by Z and the modulus of

z=x+iyis |z| = V2?2 + y2.
PROPOSITION 3.3.2. Let X be a R.V. and ®x its characteristic function, then
(a) ®x(0) =1
(b) ®x(—0) = 2x(6)
(c) [2x(0) <1
(d) 0+ @x(0) is a uniformly continuous function on R
(e) Puxip(0) = e Dx(ab)
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PRrOOF. For (a), ®x(0) = E[¢?*X] = E[1] = 1. For (b), note that
O x(—0) = Ecos(—0X) + iEsin(—0X)
= Ecos(6X) — iEsin(0X) = &x(6).
For (c), note that the function |2| = /22 + 32 : R? — R is convex, hence by
Jensen’s inequality (c.f. Exercise [[3.20]),
[2x(0)] = [Be| < E[e”¥| =1

(since the modulus [e?®| = 1 for any real z and 6).
For (d), since ®x (§+h)—®x (0) = EeX (et"X —1), it follows by Jensen’s inequality
for the modulus function that

|Bx (0 +h) — Dx(0)| < E[[e?X||e"X —1]] = E]eX — 1| = §(h)

(using the fact that |zv| = |z||v]). Since 2 > [e*"* — 1| — 0 as h — 0, by bounded
convergence 6(h) — 0. As the bound §(h) on the modulus of continuity of ®x (6)
is independent of §, we have uniform continuity of ®x(-) on R.

For () simply note that ®,x,(0) = Ee?(@X+0) = 0 Ei(e0)X — ¢i00g  (qh). O

We also have the following relation between finite moments of the random variable
and the derivatives of its characteristic function.

LEMMA 3.3.3. If E|X|" < oo, then the characteristic function ®x(0) of X has
continuous derivatives up to the n-th order, given by

k
(3.3.1) %@X(e) =E[( X)X, for k=1,...,n
PRrROOF. Note that for any x,h € R
h
ethr — 1 = m:/ ey .
0

Consequently, for any h # 0, § € R and positive integer k we have the identity
(332) Ak,h(x) — hfl((ix)kflei(GJrh)z _ (Z-:E)kfleiem) _ (Z-:E)keiem

h
= (ia:)kewzhfl/ (™ —1)du,
0

from which we deduce that |Ag p,(z)| < 2|z|* for all @ and h # 0, and further that
|Ak.n(x)] — 0 as h — 0. Thus, for k =1,...,n we have by dominated convergence
(and Jensen’s inequality for the modulus function) that

[EA, (X)) < E|Apn(X)] =0 for h—0.
Taking k = 1, we have from [3.2]) that
EA; (X)) =h Y (®x (0 + h) — Dx(0)) — E[iXe],

so its convergence to zero as h — 0 amounts to the identity (B.3.1I) holding for
k = 1. In view of this, considering now [8.3:2) for k = 2, we have that

EAy (X) = h ™1 (@ (0 + h) — @ (0)) — E[(1X)%eX],

and its convergence to zero as h — 0 amounts to (B3] holding for k = 2. We
continue in this manner for ¥ = 3,...,n to complete the proof of B3I). The
continuity of the derivatives follows by dominated convergence from the convergence
to zero of |(iz)ke’OHMT — (iz)kei®| < 2lz|F as h — 0 (with k =1,...,n). O
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The converse of Lemma[3.3.3 does not hold. That is, there exist random variables
with E|X| = oo for which ®x(0) is differentiable at § = 0 (c.f. Exercise B.3.24]).

However, as we see next, the existence of a finite second derivative of ®x(6) at
6 = 0 implies that EX? < cc.

LEMMA 3.3.4. Ifliminfg_o 0 2(20x (0)—®x (0)—Px(—0)) < oo, then EX? < o00.
PROOF. Note that §72(2®x(0) — ®x () — ®x(—0)) = Egg(X), where
go(z) = 072(2 — %% — e79%) = 20721 — cos(fz)] — 2> for #—0.
Since gg(x) > 0 for all § and z, it follows by Fatou’s lemma that
lim inf Egy(X) > E[liminf go(X)] = EX?,
6—0 6—0
thus completing the proof of the lemma. (I
We continue with a few explicit computations of the characteristic function.

EXAMPLE 3.3.5. Consider a Bernoulli random variable B of parameter p, that is,
P(B=1)=p and P(B =0) =1 — p. Its characteristic function is by definition

5 (0) = E[e"P] = pe’ + (1 — p)e™® =pe” +1-p.

The same type of explicit formula applies to any discrete valued R.V. For example,
if N has the Poisson distribution of parameter A\ then

iON = (Ae)* Y i0
(3.3.3) On(0) =B[N = et =exp(Ae’? —1).
k=0 ’

The characteristic function has an explicit form also when the R.V. X has a
probability density function fx as in Definition [L2.40l Indeed, then by Corollary
[.3.62] we have that

(3.3.4) Dy (0) :/Rei‘g””fx(x)dx,

which is merely the Fourier transform of the density fx (and is well defined since
cos(0x) fx (x) and sin(0z) fx (x) are both integrable with respect to Lebesgue’s mea-
sure).

EXAMPLE 3.3.6. If G has the N'(u,v) distribution, namely, the probability density
function fa(y) is giwen by (311), then its characteristic function is

@0(9) _ eiu@—v92/2 i
Indeed, recall Example that G = 0 X + u for o = /v and X of a standard
normal distribution N(0,1). Hence, considering part (e) of Proposition for
a =/ and b = p, it suffices to show that ®x(0) = e=?"/2. To this end, as X is
integrable, we have from Lemmal3.3.3 that
' (0) = E(iXeX) = / —zsin(z) fx (z)dx
R
(since xcos(0x) fx (x) is an integrable odd function, whose integral is thus zero).

The standard normal density is such that f%(x) = —xfx (), hence integrating by
parts we find that

'y (0) = /Rsin(Hx)fg( (x)dx = — /]R 0 cos(0z) fx (z)dz = —0P x (0)
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(since sin(0x) fx (x) is an integrable odd function). We know that ®x(0) = 1 and

since p(0) = e=9°/2 s the unique solution of the ordinary differential equation
@' (0) = —0p(0) with p(0) = 1, it follows that Px(0) = ¢(6).

EXAMPLE 3.3.7. In another example, applying the formula (3.37)) we see that
the random wvariable U = U(a,b) whose probability density function is fy(x) =
(b—a) 1 1a<z<p, has the characteristic function

eifb _ gifa

Py (0) = h—a)

(recall that f: e**dx = (e*® — e*%)/z for any z € C). For a = —b the characteristic
function simplifies to sin(b8)/(b8). Or, in case b =1 and a = 0 we have Py (0) =
(e —1)/(i0) for the random variable U of Example [[1.20.

Fora =0 and z = =X+ 16, A > 0, the same integration identity applies also
when b — oo (since the real part of z is negative). Consequently, by ([3.37), the
exponential distribution of parameter A > 0 whose density is fr(t) = de 150
(see Example [[.3.68), has the characteristic function () = A/(\ — i6).

Finally, for the density fs(s) = 0.5e~ 15l it is not hard to check that ®5(0) =
0.5/(1 —i0) + 0.5/(1 4 i0) = 1/(1 + 02) (just break the integration over s € R in

(5-54) according to the sign of s).

We next express the characteristic function of the sum of independent random
variables in terms of the characteristic functions of the summands. This relation
makes the characteristic function a useful tool for proving weak convergence state-
ments involving sums of independent variables.

LEMMA 3.3.8. If X and Y are two independent random variables, then
Px4y(0) = Px(0)Py (0)
PROOF. By the definition of the characteristic function
By y(0) = Eeif(X+Y) _ E[¢X ] = E[e®X|E[?Y],

where the right-most equality is obtained by the independence of X and Y (i.e.
applying (LZIZ) for the integrable f(z) = g(x) = €¥*). Observing that the right-
most expression is @ x (0)Py (6) completes the proof. O

Here are three simple applications of this lemma.

EXAMPLE 3.3.9. If X and Y are independent and uniform on (—1/2,1/2) then
by Corollary [14.33| the random variable A = X +Y has the triangular density,
fa(x) = (1 = |2[)1jz<1. Thus, by Example[3.37, Lemma[33.8, and the trigono-
metric identity cos = 1 — 2sin*(0/2) we have that its characteristic function is

2sin(0/2)\2  2(1 —cosf
0a(0) =[x (0)" = (ZIOL2))7 20 —cosd)

EXERCISE 3.3.10. Let X, X be i.i.d. random variables.

(a) Show that the characteristic function of Z = X — X isa non-negative,
real-valued function.

(b) Prove that there do not exist a < b and i.3.d. random variables X, X
such that X — X is the uniform random variable on (a,b).
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In the next exercise you construct a random variable X whose law has no atoms
while its characteristic function does not converge to zero for § — oc.

EXERCISE 3.3.11. Let X =257 37%By, for {By} i.i.d. Bernoulli random vari-
ables such that P(By, =1) = P(B =0) =1/2.
(a) Show that ®x (3k7) = ®x(m) #0 for k=1,2,....
(b) Recall that X has the uniform distribution on the Cantor set C, as speci-

fied in Example[1.2.]3. Verify that x — Fx (z) is everywhere continuous,
hence the law Px has no atoms (i.e. points of positive probability).

We conclude with an application of characteristic functions for proving an inter-
esting identity in law.

EXERCISE 3.3.12. Forinteger 1 < n < oo and i.i.d. Ty, k =1,2,..., each of which
has the standard exponential distribution, let S, := >, _; k=1 (T} — 1).

(a) Show that with probability one, S is finite valued and S, — So as
n — 0o.
(b) Show that Sp+Y_j_, k~* has the same distribution as M, := maxj_, {T}}.

(c) Deduce that P(See+70e < y) =e~¢ ", for ally € R, where yoo is Buler’s
constant, namely the limit as n — oo of

Tn = (ki

1

) —logn.

=

3.3.2. Inversion, continuity and convergence. Is it possible to recover the
distribution function from the characteristic function? Then answer is essentially
yes.

THEOREM 3.3.13 (LEVY’S INVERSION THEOREM). Suppose ®x is the characteris-
tic function of random wariable X whose distribution function is Fx. For any real
numbers a < b and 0, let

1 b ibu efiGa _ e*iﬁb
(335) ’(/Ja)b(e) = E‘/a (& du = T .
Then,

(" 1 | _
336) Jm [ 0up(@@x(0)d0 = 5Fx®) + Fe(b)] - 5[Px(@) + Pl )]

Furthermore, if [, |®x(0)|d0 < oo, then X has the bounded continuous probability
density function

(3.3.7) fx(z) = % /R e D5 (0)dh .

REMARK. The identity (33.7) is a special case of the Fourier transform inversion
formula, and as such is in ‘duality’ with ®x(0) = [; €® fx(z)dz of B34). The
formula ([33:6) should be considered its integrated version, which thereby holds
even in the absence of a density for X.

Here is a simple application of the ‘duality’ between [B37) and [B.34).
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EXAMPLE 3.3.14. The Cauchy density is fx(x) = 1/[r(1 + 2?)]. Recall Example
[3.37 that the density fs(s) = 0.5¢~1%l has the positive, integrable characteristic

function 1/(1 + 0%). Thus, by (3.3.7),

0.5¢~ 15l = i/ ! e~ qt.
27T R 1 + t2

Multiplying both sides by two, then changing t to x and s to —0, we get (3.3.4) for
the Cauchy density, resulting with its characteristic function ®x(0) = e~ 171,

When using characteristic functions for proving limit theorems we do not need
the explicit formulas of Lévy’s inversion theorem, but rather only the fact that the
characteristic function determines the law, that is:

COROLLARY 3.3.15. If the characteristic functions of two random variables X and
Y are the same, that is ®x(0) = @y (0) for all 0, then X 2y,

REMARK. While the real-valued moment generating function Mx (s) = E[e*¥] is
perhaps a simpler object than the characteristic function, it has a somewhat limited
scope of applicability. For example, the law of a random variable X is uniquely
determined by Mx () provided Mx (s) is finite for all s € [—4d,d], some ¢ > 0 (c.f.
[Bil95, Theorem 30.1]). More generally, assuming all moments of X are finite, the
Hamburger moment problem is about uniquely determining the law of X from a
given sequence of moments EX*. You saw in Exercise that this is always
possible when X has bounded support, but unfortunately, this is not always the case
when X has unbounded support. For more on this issue, see [Durl0, Subsection
3.3.5].

PROOF OF COROLLARY B.3.T5 Since ®x = Py, comparing the right side of
B30) for X and Y shows that

[Fx (b) + Fx (b7)] = [Fx(a) + Fx(a7)] = [Fy (b) + Fy (b7)] = [Fy (a) + Fy (a7)] .

As Fx is a distribution function, both Fx(a) — 0 and Fx(a~) — 0 when a | —o0.
For this reason also Fy (a) — 0 and Fy (a~) — 0. Consequently,

Fx(b)+ Fx(b™) = Fy(b)+ Fy(b") forall beR.

In particular, this implies that Fx = Fy on the collection C of continuity points
of both Fx and Fy. Recall that F'x and Fy have each at most a countable set of
points of discontinuity (see Exercise [[L2.39]), so the complement of C is countable,
and consequently C is a dense subset of R. Thus, as distribution functions are non-
decreasing and right-continuous we know that Fy (b) = inf{Fx(z) : x > b,z € C}
and Fy (b) = inf{Fy(x) : ¢ > b,z € C}. Since Fx(z) = Fy(x) for all z € C, this

identity extends to all b € R, resulting with X 2y. (]

REMARK. In Lemma BT it was shown directly that the sum of independent
random variables of normal distributions N (ux, vi) has the normal distribution
N(p,v) where p = >, pup and v = >, vp. The proof easily reduces to dealing
with two independent random variables, X of distribution A (u1,v1) and Y of
distribution N (u2,v2) and showing that X +Y has the normal distribution M (p; +
2, v1+v2). Here is an easy proof of this result via characteristic functions. First by
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the independence of X and Y (see Lemma[B:3.8), and their normality (see Example

B.3.6),
Pxiy(0) = Ox(0)Py (0) = exp(ipu10 — v10?/2) exp(ip2b — v202/2)
= exp(i(p + p2)0 — %(Ul +12)0%)

We recognize this expression as the characteristic function corresponding to the
N(p1 + po,v1 + ve) distribution, which by Corollary B.3.15 must indeed be the
distribution of X 4+ Y.

PROOF OF LEVY’S INVERSION THEOREM. Consider the product p of the law
Px of X which is a probability measure on R and Lebesgue’s measure of § € [T, T1,
noting that p is a finite measure on R x [—T, T of total mass 27T".
Fixing a < b € R let hop(z,0) = 145(0)e®", where by (B3.5) and Jensen’s
inequality for the modulus function (and the uniform measure on [a, b)),

b—a
2

1 b —i0u
|hap(z,0)] = |ta,p(0)] < Z/ le 0| du =

Consequently, [ |hqp|dp < 0o, and applying Fubini’s theorem, we conclude that
T T _
Ir@.) = [ a5 )8 = [ 0as®)] [ eoapx(o)]as
T -T R

_/i [/Rha,b(a:,e)dpx(x)]do_/R[/z ha,b(xﬁ)d@} dPx ().

Since hq p(z,0) is the difference between the function e?*/(i270) at u =  — a and
the same function at u = x — b, it follows that

T
/ hap(z,0)d0 = R(x —a,T) — R(x —b,T).
-7

Further, as the cosine function is even and the sine function is odd,

T ifu T s
B e B sin(fu) . sgn(u)
R(U’T)_/Ti%'@da_/o oy df = - S(|lu|T),

with S(r) = [y ' sinz da for r > 0.

Even though the Lebesgue integral [~ 27! sina dz does not exist, because both
the integral of the positive part and the integral of the negative part are infinite,
we still have that S(r) is uniformly bounded on (0, c0) and

lim S(r) = g

rToo
(c.f. Exercise [3.3.16). Consequently,

if z<a or x>0

Tl’l'l‘lga[R(x —a,T) = R(x = b,T)] = gap(x) =

if z=a or x=0
if a<z<bd

== O
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Since S(-) is uniformly bounded, so is |R(z —a,T) — R(x — b,T)| and by bounded

convergence,

hTrn Jr(a,b) = llTrgj [R(z —a,T) — R(x — b, T)]dPx(z) = /Rgaﬁb(x)d'PX (z)

= 2Px({a}) + Px((@,b) + 5Px (D).
With Px({a}) = Fx(a) — Fx(a™), Px((a,b)) = Fx(b~) — Fx(a) and Px({b}) =
Fx(b) — Fx(b™), we arrive at the assertion (3:3.6).

Suppose now that [, |®x(0)|dd = C' < oo. This implies that both the real and the

imaginary parts of e’*®x () are integrable with respect to Lebesgue’s measure on
R, hence fx (z) of B3.7)) is well defined. Further, |fx(x)| < C is uniformly bounded
and by dominated convergence with respect to Lebesgue’s measure on R,

. . 1 —i0x —i6h
— < —_— e e — =

implying that fx(-) is also continuous. Turning to prove that fx(-) is the density
of X, note that

|wa,b(6‘)q)X (9)| = (9)| )
so by dominated convergence we have that
(3.3.8) ThTm Jr(a,b) = Jx(a,b) = / Ya,p(0)Px (0)dl
o0 R

Further, in view of (8:3.), upon applying Fubini’s theorem for the integrable func-
tion e}, j(u)®x () with respect to Lebesgue’s measure on R?, we see that

Joo(a,b) = ;ﬁ / [ /a be—iBUdu}@X(e)dez /a ’ Fx (w)du

for the bounded continuous function fx(-) of 831). In particular, J(a,b) must
be continuous in both a and b. Comparing (B:3.8) with ([B:3.6) we see that

Joela,b) = 3 [Fx(6) + Fx(b7)] = 5[Fx(a) + Fx(a )],

so the continuity of Jo (-, -) implies that Fx (-) must also be continuous everywhere,
with

Fx(b) = Fx(a) = Joo(a,b) /fx

for all @ < b. This shows that necessarily fx(z) is a non-negative real-valued
function, which is the density of X. O

EXERCISE 3.3.16. Integrating [ z~'e'*dz around the contour formed by the “up-
per” semi-circles of radii € and r and the intervals [—r, —¢] and [r,e], deduce that
= for x~Lsinxdz is uniformly bounded on (0,00) with S(r) — m/2 as r — co.

Our strategy for handling the CLT and similar limit results is to establish the
convergence of characteristic functions and deduce from it the corresponding con-
vergence in distribution. One ingredient for this is of course the fact that the
characteristic function uniquely determines the corresponding law. Our next result
provides an important second ingredient, that is, an explicit sufficient condition for
uniform tightness in terms of the limit of the characteristic functions.
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LEMMA 3.3.17. Suppose {v,} are probability measures on (R,B) and ®,, (0) =
vn(€¥9%) the corresponding characteristic functions. If ®,, (0) — ®(0) as n — oo,
for each 6 € R and further ®(0) is continuous at 6 = 0, then the sequence {vy} is
uniformly tight.

REMARK. To see why continuity of the limit ®(-) at 0 is required, consider the
sequence v, of normal distributions N'(0,n%). From Example we see that
the point-wise limit ®(0) = Iy—o of ®,, (0) = exp(—n?6?/2) exists but is dis-
continuous at § = 0. However, for any M < oo we know that v, ([—-M, M]) =
vi([-M/n,M/n]) — 0 as n — oo, so clearly the sequence {1} is not uniformly
tight. Indeed, the corresponding distribution functions F,(x) = Fy(z/n) converge
vaguely to F(z) = F1(0) = 1/2 which is not a distribution function (reflecting
escape of all the probability mass to £00).

PRrROOF. We start the proof by deriving the key inequality

1 T
(3:39) » [0 waonao = a2/

which holds for every probability measure p on (R, B) and any r > 0, relating the
smoothness of the characteristic function at 0 with the tail decay of the correspond-
ing probability measure at +oco. To this end, fixing r > 0, note that

J(x) = / (1- eiez)dﬁ =2r— / (cosbzx + isinfz)dd = 2r — 2sinrx '

-Tr - €

So J(x) is non-negative (since |sinu| < |u| for all u), and bounded below by 2r —
2/|z| (since |sinu| < 1). Consequently,

2
(3310) J(:E) > max(2r - m, 0) > TI{\1\>2/T} .

Now, applying Fubini’s theorem for the function 1 —e** whose modulus is bounded
by 2 and the product of the probability measure p and Lebesgue’s measure on
[—r, r], which is a finite measure of total mass 2r, we get the identity

[ a-woa= [ [ [a-eaw]a= [ rwae.

Thus, the lower bound (310) and monotonicity of the integral imply that

L - =1 [ I@au) 2 [ Beamdute) = u(-2/n 2/,

rJ—r

hence establishing ([3.3.9]).

We turn to the application of this inequality for proving the uniform tightness.
Since ®,, (0) = 1 for all n and ®,_(0) — ®(0), it follows that ®(0) = 1. Further,
®(0) is continuous at § = 0, so for any € > 0, there exists r = r(¢) > 0 such that

>|1—-®(0)| forall 6e[—rr],

= ™

and hence also

e 1 (7
— > 1—®(0)|do .
221 [ n-00)

—-r
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The point-wise convergence of @, to ® implies that |1 — &, _(0)] — |1 — ®(6)]. By
bounded convergence with respect to Uniform measure of 6 on [—r, 7], it follows
that for some finite ng = ng(e) and all n > ny,

e> 1/ 11— ®,, (0)[d0,
T -7

which in view of (833.9) results with

1 T

e > —/ [1—®, (0)]d0 > v,([—2/r,2/r]°).
r -Tr

Since € > 0 is arbitrary and M = 2/r is independent of n, by Definition this

amounts to the uniform tightness of the sequence {v,}. O

Building upon Corollary B.3.15 and Lemma [3:3.17 we can finally relate the point-
wise convergence of characteristic functions to the weak convergence of the corre-
sponding measures.

THEOREM 3.3.18 (LEVY’S CONTINUITY THEOREM). Let vy, 1 < n < oo be proba-
bility measures on (R, B).

(a) If vy, = Voo, then @, (0) — ®,_(0) for each 6 € R.

(b) Conversely, if ®,, (0) converges point-wise to a limit ®(0) that is contin-

uous at 6 = 0, then {v,} is a uniformly tight sequence and v, = v such
that ®, = ®.

PrOOF. For part (a), since both z +— cos(fz) and x +— sin(fx) are bounded
continuous functions, the assumed weak convergence of v, to v, implies that
D, (0) = v, (%) = 1o (e97) = @, (6) (c.f. Definition B2.17).

Turning to deal with part (b), recall that by Lemma B3.T7 we know that the
collection T' = {v,,} is uniformly tight. Hence, by Prohorov’s theorem (see the
remark preceding the proof of Lemma[3.2.38)), for every subsequence v/, there is a
further sub-subsequence v, (,,, ) that converges weakly to some probability measure
Voo. Though in general v, might depend on the specific choice of n(m), we deduce
from part (a) of the theorem that necessarily @, = ®. Since the characteristic
function uniquely determines the law (see Corollary B3.1H), here the same limit
V = Vs applies for all choices of n(m). In particular, fixing h € C(R), the sequence
Yn = Vn(h) is such that every subsequence () has a further sub-subsequence
Yn(my) that converges to y = v(h). Consequently, y, = vn(h) = y = v(h) (see
Lemma Z2.TT)), and since this applies for all h € Cy(R), we conclude that v,, = v
such that &, = ®. O

Here is a direct consequence of Lévy’s continuity theorem.

EXERCISE 3.3.19. Show that if X, N Xoo, Yo L Yoo and Y, is independent of
X, for 1 <n < oo, then X, +Y, LXOO—FYOO.
Combining Exercise [3.3.19 with the Portmanteau theorem and the CLT, you can

now show that a finite second moment is necessary for the convergence in distribu-
tion of n=1/23"}_| X, for iid. {X}.

EXERCISE 3.3.20. Suppose { Xy, Xz} are ii.d. and n=1/2 Sorei Xk L2z (with
the limit Z € R).
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a) Set Y. = Xi — )N(k and show that n= 23" Y} L Z — Z, with Z and
k=1
Z i.i.d.
(b) Let Uy = Yily,|<p and Vi = Yily,|>p. Show that for any u < oo and
all n,

ZYk>u\/_ >PZUk>“\/_ZVk>O % ZUk>u\/_

(c) Apply the Portmanteau theorem and the CLT for the bounded ii.d. {Ux}
to get that for any u,b < oo,

P(Z—-Z>u)> %P(qu/ EU2).

Considering the limit b — oo followed by u — oo deduce that EYE < oco.
(d) Conclude that if n=*/2 37| Xy N Z, then necessarily EX? < co.

REMARK. The trick of replacing X by the variables Y, = X — X  whose law is

symmetric (i.e. Yy E4 —Y%), is very useful in many problems. It is often called the
symmetrization trick.

EXERCISE 3.3.21. Provide an example of a random variable X with a bounded
probability density function but for which [ |®x(0)|d§ = oo, and another example
of a random variable X whose characteristic function ®x(0) is not differentiable at

0 =0.
As you find out next, Lévy’s inversion theorem can help when computing densities.

EXERCISE 3.3.22. Suppose the random variables Uy, are i.i.d. where the law of each
U}, is the uniform probability measure on (—1,1). Considering Example[3-3.77, show
that for each n > 2, the probability density function of S, =Y p_, Uy is

fs.(s) = 1 /Ooo cos(6s)(sin6/0)"do

™

and deduce that [~ cos(6s)(sin/6)"df = 0 for all s > n > 2.

EXERCISE 3.3.23. Deduce from Example [3.53.17) that if { Xy} are i.i.d. each having
the Cauchy density, then n™! > or_y Xk has the same distribution as X1, for any
value of n.

We next relate differentiability of ®x(-) with the weak law of large numbers and
show that it does not imply that E|X]| is finite.

EXERCISE 3.3.24. Let S, = Y ,_, Xj, where the i.i.d. random variables { X} have
each the characteristic function ®x(-).

(a) Show that if%(O) = 2 €C, then z = ia for somea € R andn~'S, > a
as n — oo.

(b) Show that if n='S, % a, then ®x (+hy,)™ — e*9¢ for any hy 10, 0 >0
and ny, = [0/hy], and deduce that “2(0) = ia.

(¢) Conclude that the weak law of large numbers holds (i.e. n=1S, % a for
some non-random a), if and only if ®x(-) is differentiable at 6 =0 (this
result is due to E.J.G. Pitman, see [Pit56]).

(d) Use Ezercise 2113 to provide a random variable X for which ®x(-) is
differentiable at 0 = 0 but E|X| =
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As you show next, X, L2y X yields convergence of ®x () to Px__(-), uniformly
over compact subsets of R.

EXERCISE 3.3.25. Show that if X, N X then for any r finite,
lim sup |[®x,(0) — Px_(0)]=0.

Hint: By Theorem [3.2.7 you may further assume that X, “3 Xeo.

Characteristic functions of modulus one correspond to lattice or degenerate laws,
as you show in the following refinement of part (c¢) of Proposition B.3.2]

EXERCISE 3.3.26. Suppose |®y (0)] =1 for some 6 # 0.

(a) Show thatY is a (27/6)-lattice random variable, namely, that Y mod (27/6)
is P-degenerate.
Hint: Check conditions for equality when applying Jensen’s inequality for
(cos0Y,sin0Y") and the convex function g(z,y) = /2% + y2.

(b) Deduce that if in addition | Py (A0)| =1 for some X\ ¢ Q then Y must be
P-degenerate, in which case ®y (0) = exp(ibc) for some c € R.

Building on the preceding two exercises, you are to prove next the following con-
vergence of types result.

EXERCISE 3.3.27. Suppose Z, Loy and BnZin + Vn Dy for some }A/, non-P-
degenerate Y, and non-random B, > 0, vy.
(a) Show that B, — 5 >0 finite.
Hint: Start with the finiteness of limit points of {8n}.
(b) Deduce that v, — =y finite.
(c) Conclude that Y28y + 5.
Hint: Recall Slutsky’s lemma.

REMARK. This convergence of types fails for P-degenerate Y. For example, if
Zn 2 N(0,n73), then both Z, - 0 and nZ, — 0. Similarly, if Z, 2 N(0,1)

n

then 8,2, 2 N(0,1) for the non-converging sequence 3, = (—1)
signs).

(of alternating

Mimicking the proof of Lévy’s inversion theorem, for random variables of bounded
support you get the following alternative inversion formula, based on the theory of
Fourier series.

EXERCISE 3.3.28. Suppose R.V. X supported on (0,t) has the characteristic func-
tion ®x and the distribution function Fx. Let 6y = 27/t and q () be as in
(333), with ap(0) = 2.

(a) Show that for any 0 <a <b<t

T

, 13 1 1 _
%ITI(I}O k;T 00(1 =75 )a,b(kbo) Px (ko) = 5 [Fx (b) + Fix (b7)] = 5 [Fix (@) + Fx (a7)]-
Hint: Recall that Sp(r) = Zle(l - k/T)% is uniformly bounded for

r € (0,2m) and integer T > 1, and Sr(r) = 5+ as T — oo.
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(b) Show that if >, |®x(kby)| < oo then X has the bounded continuous
probability density function, given for x € (0,t) by

9 —1 x
fx(z) = %kezze 00T By (kbp) -

(¢) Deduce thatif R.V.s X andY supported on (0,t) are such that ®x (kby) =
By (kbo) for all k € Z, then X 2 Y.

Here is an application of the preceding exercise for the random walk on the circle
S1 of radius one (c.f. Definition [E.I.6 for the random walk on R).

EXERCISE 3.3.29. Let t = 27 and Q denote the unit circle S' parametrized by
the angular coordinate to yield the identification Q = [0,t] where both end-points
are considered the same point. We equip Q with the topology induced by [0,t] and
the surface measure A similarly induced by Lebesgue’s measure (as in Exercise
[I4-37). In particular, R.V.-s on (Q, Bq) correspond to Borel periodic functions on
R, of period t. In this context we call U of law t~'\q a uniform R.V. and call
Sn = (O"r_; &)mod ¢, with i.i.d &, & € Q, a random walk.

(a) Verify that Fxercise applies for g =1 and R.V.-s on Q.

(b) Show that if probability measures v, on (Q,Bq) are such that ®,, (k) —
@(k) for n — oo and fized k € Z, then v, = vs and (k) = ®,__ (k) for
all k € Z.
Hint: Since Q is compact the sequence {v,} is uniformly tight.

(c) Show that @y (k) = 1x=o and @g, (k) = P¢(k)™. Deduce from these facts

that if & has a density with respect to \q then S, Ly U asn— .
Hint: Recall part (a) of Exercise [Z.3.261
(d) Check that if & = « is non-random for some aft ¢ Q, then S, does

not converge in distribution, but Sk, 2u for K, which are uniformly
chosen in {1,2,...,n}, independently of the sequence {&}.

3.3.3. Revisiting the cLT. Applying the theory of Subsection we pro-
vide an alternative proof of the CLT, based on characteristic functions. One can
prove many other weak convergence results for sums of random variables by prop-
erly adapting this approach, which is exactly what we will do when demonstrating
the convergence to stable laws (see Exercise B:3.34), and in proving the Poisson
approximation theorem (in Subsection B.41]), and the multivariate CLT (in Section
B3).

To this end, we start by deriving the analog of the bound BIT) for the charac-
teristic function.

LEMMA 3.3.30. If a random variable X has E(X) =0 and E(X?) =v < oo, then
for all 0 e R,

‘@X(e) —(1- 3092)] < 0*Emin(|X|% 0] X |2/6).

PROOF. Let Ry(x) = e — 1 —ix — (ix)?/2. Then, rearranging terms, recalling
E(X) = 0 and using Jensen’s inequality for the modulus function, we see that

1 . 2
’@X(o)— (1— 51;92)‘ - ‘E[e“’X 10X — %92)(2]’ - ‘ERQ(GX)‘ < E|R.(6X)).
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Since |Rz(z)| < min(|z|?, |z|3/6) for any z € R (see also Exercise 3.3.35)), by mono-
tonicity of the expectation we get that E|R2(6X)| < Emin(|0X|?,[0X]3/6), com-
pleting the proof of the lemma. O

The following simple complex analysis estimate is needed for relating the approx-
imation of the characteristic function of summands to that of their sum.

LEMMA 3.3.31. Suppose z, 1 € C are such that z, = Zzzl Znk = Zoo and 1, =
Sori |znkl* = 0 when n — co. Then,

n

e H(l + znk) = exp(zeo)  for n — oo.
k=1

PROOF. Recall that the power series expansion

> (_q)k—1k
log(1+z) = Z %

k=1

converges for |z| < 1. In particular, for |z| < 1/2 it follows that

o Jz[* o 272 e —(k=1) _ |12
log(1+2) —2| < Y == <o Y =—— <[22 = |22 .
k=2 k=2 k=2
Let 6, = max{|z, x| : k = 1,...,n}. Note that §2 < n,, so our assumption that

7n, — 0 implies that §,, < 1/2 for all n sufficiently large, in which case

[log @ — 2n| = [log [T(1+ 20) = D znkl <D 1og(1+ 20k) = 20kl < -
k=1 k=1 k=1
With z, — 2. and 1, — 0, it follows that log ¢, — 2.. Consequently, v, —
exp(zs0) as claimed. O

We will give now an alternative proof of the cLT of Theorem [3.1.2]

PROOF OF THEOREM From Example 336 we know that &4 (6) = e
is the characteristic function of the standard normal distribution. So, by Lévy’s
continuity theorem it suffices to show that @5 (6) — exp(—0%/2) as n — oo, for
cach € R. Recall that S, = Y7, Xpx, with X, = (Xi — p)/v/on iid.
random variables, so by independence (see Lemma B.3.8)) and scaling (see part (e)
of Proposition B3.2]), we have that

on =g (0) = [] O, (0) = By (n71726)" = (14 2o /m)",
k=1

where Y = (X7 — p)/v/v and z, = 2,(0) := n[®y (n~1/20) — 1]. Applying Lemma
B33 for 2,k = 2,/n it remains only to show that z, — —62/2 (for then 7, =
|zn|?/n — 0). Indeed, since E(Y) = 0 and E(Y?) = 1, we have from Lemma 3.3.30
that

|2 + 02/2] = |n[®y (R /20) — 1] + 6%/2| < EV,,,

for V,, = min(|0Y|2,n=1/2|0Y|?/6). With V,, “3 0 as n — oo and V,, < [0]?|Y]?
which is integrable, it follows by dominated convergence that EV,, — 0 as n — oo,
hence z, — —0?/2 completing the proof of Theorem B.I.2] (I
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We proceed with a brief introduction of stable laws, their domain of attraction
and the corresponding limit theorems (which are a natural generalization of the
CLT).

DEFINITION 3.3.32. Random wvariable Y has a stable law if it is non-degenerate

and for any m > 1 there exist constants d,, > 0 and c,,, such that Y1 +...4Y, s
dnY + ¢, where {Y;} are i.i.d. copies of Y. Such variable has a symmetric stable

law if in addition Y 2y, we further say that random wvariable X is in the
domain of attraction of non-degenerate Y if there exist constants b, > 0 and a,
such that Z,(X) = (Sp — an)/bn Dy for S, =>"7_, Xk and i.i.d. copies Xy of
X.

By definition, the collection of stable laws is closed under the affine map Y —
+vY + p for p € R and v > 0 (which correspond to the centering and scale of the
law, but not necessarily its mean and variance). Clearly, each stable law is in its
own domain of attraction and as we see next, only stable laws have a non-empty
domain of attraction.

PRrROPOSITION 3.3.33. If X is in the domain of attraction of some non-degenerate
variable Y, then Y must have a stable law.

Proor. Fix m > 1, and setting n = km let 3, = b,/by > 0 and ~, =
(an, — mag)/bi. We then have the representation

ﬁnZn(X) + v = ZZ]?) )
=1

where Z,(Ci) = (X(i—1)kt1 + -+ + Xix — ax) /by, are i.i.d. copies of Z;(X). From our
assumption that Zj(X) L2, ¥ we thus deduce (by at most m — 1 applications of
Exercise33.19), that 8, Z,(X)+7x 2, }7, where Y = Yi+...4+Y,, foriid. copies
{Y:} of Y. Moreover, by assumption Z,(X) 2, ¥, hence by the convergence of

types yZ2 dnY + ¢, for some finite non-random d,,, > 0 and ¢, (c.f. Exercise
B327). Recall Lemma that ®5(0) = [®y(0)]™. So, with ¥ assumed non-

degenerate the same applies to Y (see Exercise B.3.20), and in particular d,,, > 0.
Since this holds for any m > 1, by definition Y has a stable law. O

We have already seen two examples of symmetric stable laws, namely those asso-
ciated with the zero-mean normal density and with the Cauchy density of Example
B3I4 Indeed, as you show next, for each o € (0,2) there corresponds the sym-
metric a-stable variable Y, whose characteristic function is @y, (6) = exp(—|6|%)
(so the Cauchy distribution corresponds to the symmetric stable of inder o = 1
and the normal distribution corresponds to index a = 2).

EXERCISE 3.3.34. Fizing « € (0,2), suppose X 2 _X and P(X|>z)=x" for
allx > 1.
(a) Check that ®x(0) = 1—~(]0])|0|™ where v(r) = affo(l—cosu)u_(o“"l)du
converges as r | 0 to v(0) finite and positive.
(b) Setting @ao(0) = exp(—|0]*), by = (y(0)n)/* and S, = b;* Sr_, Xy
for ii.d. copies Xy of X, deduce that g (0) — ¢a,0(f) as n — oo, for
any fized 0 € R.
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(c) Conclude that X is in the domain of attraction of a symmetric stable
variable Yo, whose characteristic function is ©a.0(:).

(d) Fiz o = 1 and show that with probability one limsup,,_, ., S, = oo and
lim inf,, oo §n = —00.
Hint: Recall Kolmogorov’s 0-1 law. The same proof applies for any oo > 0
once we verify that Yo, has unbounded support.

(e) Show that if o = 1 then ngnzzzl | Xk| — 1 in probability but not
almost surely (in contrast, X is integrable when o > 1, in which case the
strong law of large numbers applies).

REMARK. While outside the scope of these notes, one can show that (up to scaling)
any symmetric stable variable must be of the form Y, for some a € (0, 2]. Further,

for any « € (0,2) the necessary and sufficient condition for X 2 _X to be in the
domain of attraction of Y, is that the function L(z) = z*P(|X| > z) is slowly
varying at oo (that is, L(ux)/L(x) — 1 for x — oo and fixed u > 0). Indeed, as
shown for example in [Bre92, Theorem 9.32], up to the mapping Y — /vY + p,
the collection of all stable laws forms a two parameter family Y, ., parametrized
by the index « € (0,2] and skewness k € [—1,1]. The corresponding characteristic
functions are

(3.3.11) Gan(8) = exp(—[6]° (1 + irsgn(6)ga(9))

where ¢1(r) = (2/m)log|r| and g, = tan(ra/2) is constant for all @ # 1 (in
particular, go = 0 so the parameter x is irrelevant when a = 2). Further, in case
o < 2 the domain of attraction of Y, ,, consists precisely of the random variables
X for which L(z) = z*P (| X| > z) is slowly varying at co and (P(X > z) - P(X <
—z))/P(|X| > ) — k as © — oo (for example, see [Bre92, Theorem 9.34]). To
complete this picture, we recall [Fel71, Theorem XVII.5.1], that X is in the domain
of attraction of the normal variable Y5 if and only if L(z) = E[X?]|x|<,] is slowly
varying (as is of course the case whenever EX? is finite).

As shown in the following exercise, controlling the modulus of the remainder term
for the n-th order Taylor approximation of e*® one can generalize the bound on
®x (6) beyond the case n = 2 of Lemma [3.3.30)

EXERCISE 3.3.35. For any x € R and non-negative integer n, let

(ix)*
—

R, (z) = e — Z 3
k=0 ’

(a) Show that Ry (x) = [; iRn—1(y)dy for all n > 1 and deduce by induction
on n that

20" 2|t
n! 7 (n+1)!
(b) Conclude that if E|X|™ < oo then

— (i0)*EX* n 21X el X
‘@X((’)_kz:oT|§|9| B min (= CES )]

|Rn(x)|§min( ) forall x€eRn=0,1,2,....

By solving the next exercise you generalize the proof of Theorem [3.1.2] via char-
acteristic functions to the setting of Lindeberg’s CLT.
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EXERCISE 3.3.36. Consider S, = > ory Xnk for mutually independent random
variables X, 1, kK = 1,...,n, of zero mean and variance vy, such that v, =
S h_Unk — 1 asn — oco.

(a) Fizing 6 € R show that

Pn = (I)@l (0) = H(l + Znk)
k=1

where z, , = ®x, ,(0) — 1.
(b) With 200 = —0%/2, use Lemma[Z:Z.30 to verify that |z, k| < 20%v,, k. and
further, for any e > 0,
: o
|Zn - vnzoo| S ]; |Zn,k - vn,kzoo| S 92971(5) + Tsvn 5
where zn =Y 1_q Znk and gn(€) is gwen by (3.13).
(¢) Recall that Lindeberg’s condition g, () — 0 implies that 2 = maxy vy, ) —
0 as n — co. Deduce that then z, — zoo and m, = Y p_; |20 kl> = 0
when n — oo.

(d) Applying Lemma 3331, conclude that S, 2a.

We conclude this section with an exercise that reviews various techniques one may
use for establishing convergence in distribution for sums of independent random
variables.

EXERCISE 3.3.37. Throughout this problem S, =Y _;_; X, for mutually indepen-
dent random variables {X}.
(a) Suppose that P(Xy = k%) = P(X} = —k®) = 1/(2k") and P(X} = 0) =
1 — k=P. Show that for any fived « € R and B > 1, the series S,(w)
converges almost surely as n — 0.
(b) Consider the setting of part (a) when 0 < <1 and vy =2a—5+1 is

positive. Find non-random b,, such that b;lSn i> Z and 0 < Fz(z) <1
for some z € R. Provide also the characteristic function ®z(0) of Z.
(¢) Repeat part (b) in case B =1 and a > 0 (see Exercise[3 L1l for « =0).
(d) Suppose now that P(Xy = 2k) = P(X), = —2k) = 1/(2k?) and P(X}, =
1) = P(Xy = —1) = 0.5(1 — k~2). Show that S, //n —> G.

3.4. Poisson approximation and the Poisson process

Subsection B.4.1] deals with the Poisson approximation theorem and few of its ap-
plications. It leads naturally to the introduction of the Poisson process in Subsection
B.42] where we also explore its relation to sums of i.i.d. Exponential variables and
to order statistics of i.i.d. uniform random variables.

3.4.1. Poisson approximation. The Poisson approximation theorem is about
the law of the sum S,, of a large number (= n) of independent random variables.
In contrast to the CLT that also deals with such objects, here all variables are non-
negative integer valued and the variance of S,, remains bounded, allowing for the
approximation in law of S,, by an integer valued variable. The Poisson distribution
results when the number of terms in the sum grows while the probability that each
of them is non-zero decays. As such, the Poisson approximation is about counting
the number of occurrences among many independent rare events.
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n
THEOREM 3.4.1 (POISSON APPROXIMATION). Let S, = ZZ”J“’ where for each
k=1
n the random variables Z,, i for 1 <k <n, are mutually independent, each taking
value in the set of non-negative integers. Suppose that pn = P(Znr = 1) and
enk = P(Znx > 2) are such that as n — oo,

a) an,k — A < 00,

k=1
(b) kfIllaX {pn,k} - 07

) i&n)k — 0.
k=1

Then, Sy, SN Ny of a Poisson distribution with parameter \, as n — oo.

PROOF. The first step of the proof is to apply truncation by comparing .S,

with
gn = 2771,/@
k=1
where 7n,;€ = Znklz, <1 for k =1,...,n. Indeed, observe that,
k=1 k=1

I
M=

ek — 0 for n — oo, by assumption (c).

E
Il
—

Hence, (S, — S,) & 0. Consequently, the convergence S, 2N » of the sums of

truncated variables imply that also S, —— Ny (c.f. Exercise B2.F]).

As seen in the context of the CLT, characteristic functions are a powerful tool
for the convergence in distribution of sums of independent random variables (see
Subsection B:3.3). This is also evident in our proof of the Poisson approximation

theorem. That is, to prove that S, 2N A, if suffices by Levy’s continuity theorem
to show the convergence of the characteristic functions ¢35 () — @, (0) for each
6 eR.

To this end, recall that Z, ; are independent Bernoulli Variables of parameters
DPnk, k = 1,...,n. Hence, by Lemma B38 and Example B35 we have that for

Zn,k = Pn, k(ele - 1)

n

H (I)Zn k H(l — Pn,k +pn,ke H 1 + Zn, k
k=1 k=1

k=1
Our assumption (a) implies that for n — oo

Zp 1= ZZ"k = (anyk)(ew —1) = Ae? —1) = 2.
k=1

k=1

S

Further, since |z, k| < 2pp i, our assumptions (a) and (b) imply that for n — oo,

n n n
n = ; [n k| < 4;pi,k < 4(kir11§§)n{pn,k})(;pn,k) —0
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Applying Lemma [3:3.3T] we conclude that when n — oo,
g (0) — exp(z00) = exp(A(e? — 1)) = D, (0)
(see (B33) for the last identity), thus completing the proof. O

REMARK. Recall Example [3.2.25] that the weak convergence of the laws of the
integer valued S,, to that of Ny also implies their convergence in total variation.
In the setting of the Poisson approximation theorem, taking A\, = >"}_, pn.k, the
more quantitative result

IPs, = Pry, Ml = Y [P(Sn = k) = P(Na, = k)| < 2min(A; " 1) Y9}
k=0 =

due to Stein (1987) also holds (see also [Durl0} (3.6.1)] for a simpler argument,
due to Hodges and Le Cam (1960), which is just missing the factor min(A;1,1)).

For the remainder of this subsection we list applications of the Poisson approxi-
mation theorem, starting with

EXAMPLE 3.4.2 (POISSON APPROXIMATION FOR THE BINOMIAL). Take indepen-
dent variables Zp € {0,1}, so en i = 0, with p, = pn that does not depend on
k. Then, the variable S, = S, has the Binomial distribution of parameters (n,py,).
By Stein’s result, the Binomial distribution of parameters (n,p,) is approzimated
well by the Poisson distribution of parameter X\, = np,, provided p, — 0. In case
An, = NPy = A < 00, Theorem [3.1] yields that the Binomial (n,p,) laws converge
weakly as n — oo to the Poisson distribution of parameter \. This is in agreement
with Example [3-1.7] where we approzimate the Binomial distribution of parameters
(n,p) by the normal distribution, for in Example[3.1.8 we saw that, upon the same
scaling, Ny, s also approximated well by the normal distribution when A, — oo.

Recall the occupancy problem where we distribute at random r distinct balls
among n distinct boxes and each of the possible n” assignments of balls to boxes is
equally likely. In Example we considered the asymptotic fraction of empty
boxes when r/n — a and n — oo. Noting that the number of balls M, j in the
k-th box follows the Binomial distribution of parameters (r,n~1), we deduce from
Example 42 that M, — N,. Thus, P(M,; = 0) —» P(N, = 0) = e~
That is, for large n each box is empty with probability about e™®, which may
explain (though not prove) the result of Example Here we use the Poisson
approximation theorem to tackle a different regime, in which r = r, is of order
nlogn, and consequently, there are fewer empty boxes.

PROPOSITION 3.4.3. Let S,, denote the number of empty boxes. Assuming r =T,
is such that ne~"/™ — X € [0, 00), we have that S, Ly Ny as n— oo.

PRrOOF. Let Z, x = Iy, =0 for k =1,...,n, that is Z, x = 1 if the k-th box
is empty and Z, j = 0 otherwise. Note that S, = 22:1 Zn,k, With each Z,, j
having the Bernoulli distribution of parameter p, = (1 —n~1)". Our assumption
about r,, guarantees that np, — A. If the occupancy Z, j of the various boxes were
mutually independent, then the stated convergence of S,, to N would have followed
from Theorem [3.4.3l Unfortunately, this is not the case, so we present a bare-
hands approach showing that the dependence is weak enough to retain the same



136 3. WEAK CONVERGENCE, cutr AND POISSON APPROXIMATION

conclusion. To this end, first observe that for any [ = 1,2,...,n, the probability
that given boxes k1 < ko < ... < k; are all empty is,

l
P(Zn1k1 :Zn1k2 —= .. = .k :1):(1_5)7«

Let p; = pi(r,n) = P(S, = 1) denote the probability that exactly | boxes are empty
out of the n boxes into which the r balls are placed at random. Then, considering
all possible choices of the locations of these [ > 1 empty boxes we get the identities
pi(r,n) = by(r,n)po(r,n — 1) for

(3.4.1) bi(r,n) = <7> -1y

n

Further, po(r,n) = 1—P( at least one empty box), so that by the inclusion-exclusion
formula,

(3.4.2) po(r,n) =Y (=1)'bu(r,n) .

1=0

According to part (b) of Exercise B.44] po(r,n) — e~*. Further, for fixed | we
have that (n —1)e™"/("=) — X  so as before we conclude that po(r,n — 1) — e~
By part (a) of Exercise B.44] we know that bj(r,n) — A/I! for fixed I, hence
pi(r,n) — e *MN/Il. As p; = P(S, = 1), the proof of the proposition is thus
complete. (I

The following exercise provides the estimates one needs during the proof of Propo-
sition B43] (for more details, see [Durl0l Theorem 3.6.5]).

EXERCISE 3.4.4. Assuming ne~"/™ — X, show that

(a) bi(r,n) of (34-1) converges to A\'/1! for each fized I.
(b) po(r,n) of (34-8) converges to e .

Finally, here is an application of Proposition B.4.3]to the coupon collector’s prob-
lem of Example 2.T.8) where T,, denotes the number of independent trials, it takes
to have at least one representative of each of the n possible values (and each trial
produces a value U; that is distributed uniformly on the set of n possible values).

EXAMPLE 3.4.5 (REVISITING THE COUPON COLLECTOR’S PROBLEM). For any
z € R, we have that
(3.4.3) lim P(T, — nlogn < nz) = exp(—e™%),

n—00

which is an improvement over our weak law result that T, /nlogn — 1. Indeed, to
derive (34.3) view the first v trials of the coupon collector as the random placement
of r balls into n distinct bozxes that correspond to the n possible values. From this
point of view, the event {T, < r} corresponds to filling all n bozes with the r
balls, that is, having none empty. Taking r = r, = [nlogn + nx| we have that
ne~"/" — X\ = e~ %, and so it follows from Proposition [F4.3 that P(T,, < 1p) —
P(Ny = 0) =e™?, as stated in (3.4.9).

Note that though T,, = 22:1 Xk with X, 1, independent, the convergence in dis-
tribution of T,,, given by (34-3), is to a non-normal limit. This should not surprise
you, for the terms X, with k near n are large and do not satisfy Lindeberg’s
condition.
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EXERCISE 3.4.6. Recall that 7;' denotes the first time one has ¢ distinct values
when collecting coupons that are uniformly distributed on {1,2,...,n}. Using the
Poisson approxzimation theorem show that if n — oo and £ = £(n) is such that

n~Y20 — X € [0,00), then T — (€ 2, N with N a Poisson random variable of
parameter \?/2.

3.4.2. Poisson Process. The Poisson process is a continuous time stochastic
process w — N¢(w), t > 0 which belongs to the following class of counting processes.

DEFINITION 3.4.7. A counting process is a mapping w — N¢(w), where Ni(w)
is a piecewise constant, non-decreasing, right continuous function of t > 0, with
No(w) = 0 and (countably) infinitely many jump discontinuities, each of whom is
of size one.

Associated with each sample path Ni(w) of such a process are the jump times
0=To<Th <---<T, <+ such that T, = inf{t > 0: N; > k} for each k, or
equivalently

N =sup{k >0: Ty <t}
In applications we find such Ny as counting the number of discrete events occurring
in the interval [0,t] for each t > 0, with Ty, denoting the arrival or occurrence time
of the k-th such event.

REMARK. It is possible to extend the notion of counting processes to discrete
events indexed on R? d > 2. This is done by assigning random integer counts
N4 to Borel subsets A of R in an additive manner, that is, Naug = Na + Np
whenever A and B are disjoint. Such processes are called point processes. See also
Exercise for more about Poisson point process and inhomogeneous Poisson
processes of non-constant rate.

Among all counting processes we characterize the Poisson process by the joint
distribution of its jump (arrival) times {T%}.

DEFINITION 3.4.8. The Poisson process of rate A > 0 is the unique counting
process with the gaps between jump times 7, = T — Tp—1, k = 1,2,... being i.i.d.
random variables, each having the exponential distribution of parameter \.

Thus, from Exercise [[.4.46] we deduce that the k-th arrival time T} of the Poisson
process of rate A has the gamma density of parameters a = k and A,

/\kuk—l
fr(u) = m
As we have seen in Example 2237 counting processes appear in the context of
renewal theory. In particular, as shown in Exercise 2.3.8] the Poisson process of
rate A satisfies the strong law of large numbers ¢t~ N; 37 \.
Recall that a random variable N has the Poisson(u) law if
n
P(N =n) = %e—“, n=0,1,2,....

G_Au1u>0 .

Our next proposition, which is often used as an alternative definition of the Poisson
process, also explains its name.

PROPOSITION 3.4.9. For any ¢ and any 0 =ty < t1 < --- < tg, the increments
Ny, Ny — Ny, oo, Ny — Ny, , are independent random variables and for some
A>0 and allt > s > 0, the increment N; — Ny has the Poisson(A(t — s)) law.
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Thus, the Poisson process has independent increments, each having a Poisson law,
where the parameter of the count N, — N, is proportional to the length of the
corresponding interval [s, t].

The proof of Proposition 3.4.9] relies on the lack of memory of the exponential
distribution. That is, if the law of a random variable T is exponential (of some
parameter A > 0), then for all ¢,s > 0,

P(T>t+s) e

(344) PIT>t+sT>t)= P> 1) = ¢ =PI >s).

Indeed, the key to the proof of Proposition [3.4.9]is the following lemma.

LEMMA 3.4.10. Fizing t > 0, the variables {7;} with 71 = Tn,41 —t, and 7] =
Tn+i — TNy+j—1, J = 2 are i.i.d. each having the exponential distribution of pa-
rameter \. Further, the collection {7]} is independent of Ny which has the Poisson
distribution of parameter \t.

REMARK. Note that in particular, Et = Tn,41 — ¢ which counts the time till
next arrival occurs, hence called the excess life time at t, follows the exponential
distribution of parameter A.

PRrROOF. Fixing t > 0 and n > 1 let H,(x) = P(t > T,, > t — x). With
r) = fom fr,(t —y)dy and T, independent of 7,11, we get by Fubini’s theorem
(for It1>1,>t—7,.,), and the integration by parts of Lemma that

P(N;=n)=P(t> Ty >t —141) = E[H,(7041)]
/ fr, (t = y)P(Tnt1 > y)dy

ni4 _ 1 n
(3.4.5) B R G ) S YU S P 4 ()
0 (n—1)! n!

As this applies for any n > 1, it follows that N; has the Poisson distribution of
parameter A\t. Similarly, observe that for any s; > 0 and n > 1,

P(Nt = ’n,T{ > 81) = P(t >Ty >t — Tyt +Sl)

t
N / Fr,(t = )P (Tns1 > s1+y)dy
0
_ e—)\slP(Nt — TL) = P(Tl > Sl)P(Nt = n) .

Since Ty = 0, P(N; = 0) = e * and Ty = 71, in view of (3.4.4) this conclusion
extends to n = 0, proving that 77 is independent of N; and has the same exponential
law as 71.

Next, fix arbitrary integer £ > 2 and non-negative s; > 0 for j = 1,...,k. Then,
for any n > 0, since {7,,4;,j > 2} are i.i.d. and independent of (T3, T+1),

P(Ny=n,7; >s5,j=1,...,k)
=P(t>T, >t —Tot1 + 81, Ty — Thtj—1 > 85,5 = 2,. k)
k

k
:P(tZTn>t—Tn+1+81)HP(Tn+j>Sj) Nt—n HPTJ>SJ
Jj=2 Jj=1
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Since s; > 0 and n > 0 are arbitrary, this shows that the random variables IV; and
7}, j = 1,..., k are mutually independent (c.f. Corollary [L4.12)), with each 7/ hav-
ing an exponential distribution of parameter A. As k is arbitrary, the independence

of Ny and the countable collection {77} follows by Definition [.4.3] O
Proor or ProrosiTIiON [3.4.9 Fix t,s; > 0, 7 = 1,...,k, and non-negative

integers n and mj, 1 < j < k. The event {N,;, = m;,1 < j < k} is of the form
{(r1,...,7) € H} for r = my, + 1 and

k
H = ﬂ{ze[(),oo)rzazl—l—-'-—kxmj <sj<ar+- A+ Ty}
j=1

Since the event {(7{,...,7)) € H} is merely {Nyys, — Ny = my,1 < j < k}, it

»or

follows form Lemma that
P(N; =n,Nips, — Ny =mj,1 <j<k)=P(N,=n,(r,...,7.) € H)
=P(N; =n)P((11,...,77) € H) = P(Ny = n)P(Ns, =mj,1 < j<k).
By induction on ¢ this identity implies that if 0 =ty < t; <ty < --- < ty, then

¢
(3.4.6) P(N, = Nio, =ni, 1 i <0) = [[P(No, v, = i)
i=1
(the case £ = 1 is trivial, and to advance the induction to £+ 1 set k = ¢, ¢t = 1,
n=mn; and S5 = tj+1 — tl, m; = 11_21 ni).

Considering (B4 for £ = 2, to = ¢ > s = t1, and summing over the values of n,
we see that P(N; — Ny = n2) = P(N;—s = na), hence by (B:45) we conclude that
N; — N has the Poisson distribution of parameter \(t — s), as claimed. O

The Poisson process is also related to the order statistics {V;, 1} for the uniform
measure, as stated in the next two exercises.

EXERCISE 3.4.11. Let Uy,Us, ..., U, be i.i.d. with each U; having the uniform
measure on (0,1]. Denote by V,, . the k-th smallest number in {Us,...,U,}.

(a) Show that (Vp1,..., Vo) has the same law as (Th/Tnt1, -+ Tn/Tnt1),
where {Ty} are the jump (arrival) times for a Poisson process of rate A
(see Subsection[I.4.2 for the definition of the law Px of a random vector
X).

(b) Taking A =1, deduce that nV,, x 2, Ty as n — oo while k is fized, where
Ty has the gamma density of parameters a =k and s = 1.

EXERCISE 3.4.12. Fizing any positive integer n and 0 < t; <ty < ... < t, <,
show that

| t1 to tn
P(Tkgtk,k:l,...,n|Nt:n):%/ / (/ dxy)dx,—1 - dxy .
0 T Tp—1

That is, conditional on the event Ny = n, the first n jump times {T}, : k=1,...,n}
have the same law as the order statistics {V,, x : k=1,...,n} of a sample of n i.i.d
random variables Uy, ..., Uy, each of which is uniformly distributed in [0, ].

Here is an application of Exercise 3.4.12

EXERCISE 3.4.13. Consider a Poisson process Ny of rate X and jump times {T}}.
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n

(a) Compute the values of g(n) = E(In,—n Z Tk).

k=1
Ny

(b) Compute the value of v = E(Z(t —Tr)).
k=1

(c) Suppose that Ty is the arrival time to the train station of the k-th pas-
senger on a train that departs the station at time t. What is the meaning
of Ny and of v in this case?

The representation of the order statistics {V,, 1} in terms of the jump times of
a Poisson process is very useful when studying the large n asymptotics of their
spacings { R, }. For example,

EXERCISE 3.4.14. Let Ry = Voo — Vak—1, kK = 1,...,n, denote the spacings
between V, . of Exercise[3.4.11| (with V0 =0). Show that as n — oo,

(3.4.7) " max Rap 51,
logn k=1,....,n

and further for each fixed x > 0,

(3.4.8) Gn(x) :=n"" ZI{Rn,k>$/”} Be,
k=1
(3.4.9) B, (z) := P(k_Hllin Rog > x/n?) — e ",

As we show next, the Poisson approximation theorem provides a characterization
of the Poisson process that is very attractive for modeling real-world phenomena.

COROLLARY 3.4.15. If Ny is a Poisson process of rate A > 0, then for any fized
k, 0 <t] <ty <---<tr and non-negative integers ni,ng, -+ , N,
P(Ni+n — Ny, = 1Ny, = ny, j < k)= Ah+o(h),
P(N¢,+n — Nt > 2Ny, = nj, j < k) =o(h),
where o(h) denotes a function f(h) such that h='f(h) — 0 as h ] 0.

PRrOOF. Fixing k, the ¢; and the nj, denote by A the event {Ny, = nj, j < k}.
For a Poisson process of rate A the random variable Ny, 4, — Ny, is independent of
A with P(Ny, 4n— Ny, = 1) = e MArand P(Ny, 15, — Ny, > 2) = 1—e (14 \h).
Since e = 1—Ah+o0(h) we see that the Poisson process satisfies this corollary. [

Our next exercise explores the phenomenon of thinning, that is, the partitioning
of Poisson variables as sums of mutually independent Poisson variables of smaller
parameter.

EXERCISE 3.4.16. Suppose {X;} are i.i.d. with P(X;, = j)=p; for j=0,1,...,k
and N a Poisson random variable of parameter \ that is independent of {Xy}. Let

N

Nj=Y Ix=j j=0,....k.
=1

(a) Show that the variables Nj, 7 = 0,1,..., k are mutually independent with
N; having a Poisson distribution of parameter Ap;.
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(b) Show that the sub-sequence of jump times {Tk} obtained by independently
keeping with probability p each of the jump times {T} of a Poisson pro-
cess Ny of rate A, yields in turn a Poisson process N; of rate Ap.

We conclude this section noting the superposition property, namely that the sum
of two independent Poisson processes is yet another Poisson process.

EXERCISE 3.4.17. Suppose Ny = Nt(l) + Nt(2) where Nt(l) and Nt(z) are two inde-
pendent Poisson processes of rates Ay > 0 and Ao > 0, respectively. Show that Ny
is a Poisson process of rate A\ + Ao.

3.5. Random vectors and the multivariate CLT

The goal of this section is to extend the CLT to random vectors, that is, R%-valued
random variables. Towards this end, we revisit in Subsection [B5.1] the theory
of weak convergence, this time in the more general setting of R%valued random
variables. Subsection is devoted to the extension of characteristic functions
and Lévy’s theorems to the multivariate setting, culminating with the Cramér-
wold reduction of convergence in distribution of random vectors to that of their
one dimensional linear projections. Finally, in Subsection B.5.3] we introduce the
important concept of Gaussian random vectors and prove the multivariate CLT.

3.5.1. Weak convergence revisited. Recall Definition B.2.17 of weak con-
vergence for a sequence of probability measures on a topological space S, which
suggests the following definition for convergence in distribution of S-valued random
variables.

DEFINITION 3.5.1. We say that (S, Bs)-valued random variables X,, converge in
distribution to a (S, Bs)-valued random wvariable X, denoted by X, 2, Xoo, if
Px, = Px...

As already remarked, the Portmanteau theorem about equivalent characterizations

of the weak convergence holds also when the probability measures v, are on a Borel
measurable space (S, Bs) with (S, p) any metric space (and in particular for S = R9).

THEOREM 3.5.2 (PORTMANTEAU THEOREM). The following five statements are
equivalent for any probability measures v,, 1 < n < oo on (S, Bs), with (S, p) any
metric space.

w
a) Vp = Voo
For every closed set F, one has limsup v, (F) < veo(F)
n—oo
For every open set G, one has liminf v,(G) > v (G)
n—oo
For every veo-continuity set A, one has lim v, (A) = Voo (A)
n—oo
If the Borel function g : S = R is such that ve(D,) = 0, then v, 09~ ! =
Voo © g1 and if in addition g is bounded then v, (g) — Voo (g)-

REMARK. For S =R, the equivalence of (a)—(d) is the content of Theorem [3.2.21]
while Proposition B2.T9 derives (e) out of (a) (in the context of convergence in
distribution, that is, X, — Xoo and P(Xo € Dy) = 0 implying that g(X,,) —»
9(X)). In addition to proving the converse of the continuous mapping property,
we extend the validity of this equivalence to any metric space (S, p), for we shall



142 3. WEAK CONVERGENCE, cutr AND POISSON APPROXIMATION

apply it again in Subsection [0.2] considering there S = C([0, 00)), the metric space
of all continuous functions on [0, co).

PROOF. The derivation of (b) = (¢) = (d) in Theorem B.22T] applies for any
topological space. The direction (e) = (a) is also obvious since h € Cp(S) has
D;, = 0 and Cp(S) is a subset of the bounded Borel functions on the same space
(c.f. Exercise [[2.20). So taking g € Cy(S) in (e) results with (a). It thus remains
only to show that (a) = (b) and that (d) = (e), which we proceed to show next.
(a) = (b). Fixing A € Bs let pa(x) = infyca p(z,y) : S — [0,00). Since |pa(z) —
pa(z")| < p(z, ') for any x,2’, it follows that z — pa(x) is a continuous function
on (S, p). Consequently, h.(xz) = (1 —rpa(z))+ € Cp(S) for all r > 0. Further,
pa(z) =0 for all z € A, implying that h, > I4 for all r. Thus, applying part (a)
of the Portmanteau theorem for h, we have that

lim sup Vn(A) < nlggo Vn(hr) = Voo(hr> :

n—r oo

As pa(z) = 0 if and only if x € A it follows that h, | I; as r — oo, resulting with
limsup v, (A) < voo (A4) .

n—r oo

Taking A = A = F a closed set, we arrive at part (b) of the theorem.

(d) = (e). Fix a Borel function g : S — R with K = sup, |g(z)| < oo such that
Voo(Dgy) = 0. Clearly, {o € R: vso 0 g ({a}) > 0} is a countable set. Thus, fixing
e > 0 we can pick £ < oo and ap < oy < --+ < ay such that ve 0 g7 ({ai}) =0
for0 <i</l ag< K< K<aand aj —a;_1 < eforl <i </ Let
A =A{x:a;-1 < g(z) <} fori=1,...,¢ noting that 0A4; C {z: g(x) = a1,
or g(x) = a;} UD,. Consequently, by our assumptions about g(-) and {a;} we
have that v (0A4;) = 0 for each ¢ = 1,...,£. It thus follows from part (d) of the
Portmanteau theorem that

14 14
Z OéiVn(Ai) — Z aiVoo(Ai)
=1 =1

as n — o0o. Our choice of «; and A; is such that g < Zle a;la, < g+ ¢, resulting
with

4
vn(g) < Zaiyn(Ai) <vn(g) +¢
=1

forn =1,2,...,00. Considering first n — oo followed by € | 0, we establish that
Un(g) = Voo(g). More generally, recall that Dyoy C Dy for any g: S+— R and h €
Cy(R). Thus, by the preceding proof v, (hog) — Ve (ho g) as soon as v« (Dy) = 0.
This applies for every h € C(R), so in this case v, 0 g7 = Vo 0 g7 1. O

We next show that the relation of Exercise B.2.6] between convergences in proba-
bility and in distribution also extends to any metric space (S, p), a fact we will later
use in Subsection [0.2] when considering the metric space of all continuous functions
on [0, 00).

COROLLARY 3.5.3. If random wvariables X,,, 1 < n < oo on the same probability
space and taking value in a metric space (S, p) are such that p(X,, X)) = 0, then

X, 2 x...
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PROOF. Fixing h € Cp(S) and € > 0, we have by continuity of h(-) that G, TS,
where
G, ={y €S:|h(z) — h(y)| < e whenever p(z,y) <r '}.
By definition, if X+, € G, and p(X,,, Xoo) < 7% then |h(X,,)—h(Xs)| < e. Hence,
for any n,r > 1,

E[[h(Xn) = h(Xoo)l] < € +2[|h]loo(P(Xoo ¢ Gr) + P(p(Xn, Xoo) > 7,71)) )
where || Ao = sup,cg |h(x)| is finite (by the boundedness of h). Considering n — co
followed by r — oo we deduce from the convergence in probability of p(X,,, Xo)
to zero, that

limsup E[|h(X,,) — h(Xx)|] <€ +2[|h|o lim P(Xo ¢ Gy) =¢.
T—>00

n—oo
Since this applies for any € > 0, it follows by the triangle inequality that Eh(X,,) —
Eh(X ) for all h € Cy(S), ie. Xp — Xoo. O

REMARK. The notion of distribution function for an R%-valued random vector
X=(X1,...,Xy) is

F&(Q)ZP(Xl le,---,XdSId)-

Inducing a partial order on R? by z < y if and only if 2 — y has only non-negative
coordinates, each distribution function F 'x (z) has the three properties listed in
Theorem [[2.37 Unfortunately, these three properties are not sufficient for a given
function F : R? + [0, 1] to be a distribution function. For example, since the mea-
sure of each rectangle A = H?:l (a;, b;] should be positive, the additional constraint

of the form A F = Zj; +F(x;) > 0 should hold if F(-) is to be a distribution

function. Here z; enumerates the 2¢ corners of the rectangle A and each corner
is taken with a positive sign if and only if it has an even number of coordinates
from the collection {a1,...,aq}. Adding the fourth property that A4F > 0 for
each rectangle A C R, we get the necessary and sufficient conditions for F(-) to be
a distribution function of some R%-valued random variable (c.f. [Bil95, Theorem

12.5] for a detailed proof).

Recall Definition B.2.31] of uniform tightness, where for S = R? we can take K. =
[~ M., M.]% with no loss of generality. Though Prohorov’s theorem about uniform
tightness (i.e. Theorem B.2.34)) is beyond the scope of these notes, we shall only
need in the sequel the fact that a uniformly tight sequence of probability measures
has at least one limit point. This can be proved for S = R? in a manner similar
to what we have done in Theorem 3237 and Lemma B3.2.38 for S = R', using the
corresponding concept of distribution function Fx(-) (see [Durl0, Theorem 3.9.2]
for more details).

3.5.2. Characteristic function. We start by extending the useful notion of
characteristic function to the context of R%-valued random variables (which we also
call hereafter random vectors).

DEFINITION 3.5.4. Adopting the notation (z,y) = Z'Z:l z;y; for z,y € R, a ran-
dom vector X = (X1, Xa,- -, Xq) with values in RY has the characteristic function

Dx(0) = E[ei(ﬁﬁi)] ,
where § = (01,02, ,04) € R? and i = /—1.
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REMARK. The characteristic function ®y : R% — C exists for any X since
(3.5.1) "X = cos(, X) + isin(0, X) ,

with both real and imaginary parts being bounded (hence integrable) random vari-
ables. Actually, it is easy to check that all five properties of Proposition 3.3.2 hold,
where part (e) is modified to ® a+x44(8) = exp(i(b, 8)) P x (AB), for any non-random
d x d-dimensional matrix A and b € R? (with A’ denoting the transpose of the
matrix A).

Here is the extension of the notion of probability density function (as in Definition
[C240) to a random vector.

DEFINITION 3.5.5. Suppose fx is a non-negative Borel measurable function with
f]Rd fx(z)dz = 1. We say that a random vector X = (X1,...,Xq) has a probability
density functlon fx () if for every b= (b1,...,bq),

by bg
/ fX(xl,...,xd)d:Ed---d:El

(such fx is sometimes called the joint density of X1,...,X4). This is the same as
saying that the law of X is of the form fx A with A\* the d-fold product Lebesque
measure on R? (i.e. the d > 1 extension of Ezample [1.3.60).

EXAMPLE 3.5.6. We have the following extension of the Fourier transform formula
(5-574) to random vectors X with density,

NOR R INETE

(this is merely a special case of the extension of Corollary[L.362 to h : R% — R).
We next state and prove the corresponding extension of Lévy’s inversion theorem.

THEOREM 3.5.7 (LEVY’S INVERSION THEOREM). Suppose ®x (8) is the character-

istic function of random vector X = (X1,...,Xq) whose law is Px, a probability
measure on (RY, Bga). If A = [a1,b1] X - -+ X [aq, ba] with Px(0A) =0, then

d
(3.5.2) Px(A) = lim I %a, 6, (05)@x(0)d0

for Yo u(-) of (3330). Further, the characteristic function determines the law of a
random vector. That is, if ®x(8) = @y (0) for all § then X has the same law as Y.

PrOOF. We derive (3.5.2)) by adapting the proof of Theorem 3313 First apply
Fubini’s theorem with respect to the product of Lebesgue’s measure on [T, T]¢
and the law of X (both of which are finite measures on R) to get the identity

r(a,b) /TT]dH%” )Px (0 )d0—/Rd H/ hay b; (2,0;)d6; | dPx (z)

(where hgp(z,0) = 14.5(0)e®®). In the course of proving Theorem B.3.13 we have
seen that for j = 1,...,d the integral over 6; is uniformly bounded in 7" and that
it converges to gq; b, () as T 1 oo. Thus, by bounded convergence it follows that

lim Jr(a,b) = / Gub(2)dPx (2)
TTOO Rd
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where
d
gﬂvé(z) = H YGa;,b; (IJ) )
j=1

is zero on A€ and one on A° (see the explicit formula for g, ,(z) provided there).
So, our assumption that Px(0A) = 0 implies that the limit of Jr(a,b) as T 1 oo is
merely Px (A), thus establishing (3.5.2]).

Suppose now that ®x () = @y () for all §. Adapting the proof of Corollary B.3.15]
to the current setting, let 7 = {a € R: P(X; = a) > 0 or P(Y; = a) > 0 for some
j =1,...,d} noting that if all the coordinates {a;,b;,j7 = 1,...,d} of a rectangle
A are from the complement of J then both Px(0A) = 0 and Py (0A) = 0. Thus,
by (B5.2) we have that Px(A) = Py (A) for any A in the collection C of rectangles
with coordinates in the complement of J. Recall that J is countable, so for any
rectangle A there exists A, € C such that A,, | A, and by continuity from above of
both Px and Py it follows that Px(A) = Py (A4) for every rectangle A. In view of
Proposition and Exercise [LT.27] this implies that the probability measures
Px and Py agree on all Borel subsets of RY. 0

We next provide the ingredients needed when using characteristic functions en-
route to the derivation of a convergence in distribution result for random vectors.
To this end, we start with the following analog of Lemma B.3.117

LEMMA 3.5.8. Suppose the random vectors X,,, 1 <n < oo on R? are such that
Px (0) = ®x_(0) as n — oo for each § € R, Then, the corresponding sequence
of laws {Px } is uniformly tight.

ProoF. Fixing § € R? consider the sequence of random variables Y,, = 0,X,).
Since ®y, () = ®x (af) for 1 < n < oo, we have that Py, (o) — Py, (a) for all
a € R. The uniform tightness of the laws of Y,, then follows by Lemma B3T117
Considering 6, ...,8,; which are the unit vectors in the d different coordinates,
we have the uniform tightness of the laws of X, ; for the sequence of random
vectors X,, = (Xn,1,Xn,2,...,Xnq) and each fixed coordinate j = 1,...,d. For
the compact sets K. = [~M_, M ] and all n,

d
P(X, ¢ K:) <) P(IXn | > Me).
j=1
As d is finite, this leads from the uniform tightness of the laws of X, ; for each
j=1,...,d to the uniform tightness of the laws of X ,. O

Equipped with Lemma [3.5.8 we are ready to state and prove Lévy’s continuity
theorem.

THEOREM 3.5.9 (LEVY’S CONTINUITY THEOREM). Let X, 1 < n < oo be random
vectors with characteristic functions ®x (0). Then, X, EN X if and only if
dx (0) = @x_(0) as n — oo for each fived § € R

o0

PRrOOF. This is a re-run of the proof of Theorem B.3.18, adapted to R?-valued
random variables. First, both z — cos((8,z)) and = — sin((6,z)) are bounded

. . . D
continuous functions, so if X, — X, then clearly as n — oo,

Ox, (0) = E[¢"®XD)] - E[¢@X)| oy (0).
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For the converse direction, assuming that ®x — ®x_ point-wise, we know from
Lemma that the collection {Px } is uniformly tight. Hence, by Prohorov’s
theorem, for every subsequence n(m) there is a further sub-subsequence n(my) such

that Px (m,, COTIVETZES weakly to some probability measure Py, possibly dependent
—_—n ’V?’Lk —_—

upon the choice of n(m). As X (ma) N Y, we have by the preceding part of the
proof that ®x ey ®y, and necessarily &y = ®x . The characteristic function
—=n(mp — -— o

determines the law (see Theorem BE5T), so Y 2x « 1s independent of the choice
of n(m). Thus, fixing h € C,(R?), the sequence y, = Eh(X,)) is such that every
subsequence Y, () has a further sub-subsequence y,(m,) that converges to yoo.
Consequently, ¥, — Yoo (see Lemma [Z2.1T)). This applies for all o € Cy(R9), so we

conclude that X, N X, as stated. O

REMARK. As in the case of Theorem[3.3.18 it is not hard to show that if ®x (8) —
®(0) as n — oo and P(f) is continuous at § = 0 then P is necessarily the charac-

teristic function of some random vector X and consequently X, N X o

The proof of the multivariate CLT is just one of the results that rely on the following
immediate corollary of Lévy’s continuity theorem.

COROLLARY 3.5.10 (CRAMER-WOLD DEVICE). A sufficient condition for X, SN
X is that (0,X,) 2, (0, X ) for each § € RY.

PRrROOF. Since (4, X)) N (8, X ) it follows by Lévy’s continuity theorem (for
d =1, that is, Theorem B3.T8)), that

lim E{ei(ﬂ,én)} — E[ei(ﬁém)} )
n—00

. . D . s
As this applies for any § € R? we get that X, — X__ by applying Lévy’s
continuity theorem in R? (i.e., Theorem [3.5.), now in the converse direction. [

REMARK. Beware that it is not enough to consider only finitely many values of
0 in the Cramér-Wold device. For example, consider the random vectors X, =
(Xn,Y,) with {X,,, Y2, } 1.i.d. and Y241 = Xa2,41. Convince yourself that in this

case X, i> Xy and Y, i> Y7 but the random vectors X, do not converge in
distribution (to any limit).

The computation of the characteristic function is much simplified in the presence
of independence.

EXERCISE 3.5.11. Show that if Y = (Y1,...,Yq) with Y, mutually independent
R.V., then for all = (6y,...,04) € R?,

d
(3.5.3) oy (0) = [ ®v. (0x)
k=1

Conversely, show that if [3.5.3) holds for all @ € R?, the random variables Yy,
k=1,...,d are mutually independent of each other.
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3.5.3. Gaussian random vectors and the multivariate cLT. Recall the
following linear algebra concept.

DEFINITION 3.5.12. An d x d matriz A with entries Aji is called non-negative
definite (or positive semidefinite) if Ajx = Ayj for all j,k, and for any § € R?

d
(0,A0) => > 0,450, > 0.

j=1k=1

We are ready to define the class of multivariate normal distributions via the cor-
responding characteristic functions.

DEFINITION 3.5.13. We say that a random vector X = (X1, Xa, -+, X4) is Gauss-
ian, or alternatively that it has a multivariate normal distribution if

(3.5.4) Dx(f) = e 2EVOIE@w

for some non-negative definite d x d matriz V, some = (1, ..., pa) € R? and all
6= (01,...,04) € R We denote such a law by N'(u, V).

REMARK. For d =1 this definition coincides with Example [3.3.0]

Our next proposition proves that the multivariate N (g, V) distribution is well
defined and further links the vector p and the matrix V to the first two moments
of this distribution.

PROPOSITION 3.5.14. The formula ([3-54]) corresponds to the characteristic func-
tion of a probability measure on R®. Further, the parameters w1 and 'V of the Gauss-
ian random vector X are merely p; = EX; and Vi, = Cov(X;, Xy), j,k=1,...,d.

PROOF. Any non-negative definite matrix V can be written as V = U!D?U
for some orthogonal matrix U (i.e., such that U'U = I, the d x d-dimensional
identity matrix), and some diagonal matrix D. Consequently,

(0,V0) = (Af, Af)

for A = DU and all § € R%. We claim that ([3.5.4)) is the characteristic function
of the random vector X = A'Y + pu, where Y = (Y3,...,Y,) has i.i.d. coordinates
Y3, each of which has the standard normal distribution. Indeed, by Exercise B5.11]
Py (0) = exp(—5(8,0)) is the product of the characteristic functions exp(—63/2) of
the standard normal distribution (see Example[33.0]), and by part (e) of Proposition
B32 ©x(0) = exp(i(f, n))Py (Af), yielding the formula (3.5.7).

We have just shown that X has the N(u, V) distribution if X = A'Y + p for a
Gaussian random vector Y (whose distribution is A'(0,1)), such that EY; = 0 and
Cov(Y;,Yr) = 1= for j,k = 1,...,d. It thus follows by linearity of the expec-
tation and the bi-linearity of the covariance that EX; = u; and Cov(X;, X) =
[EA'Y (A'Y)!];1 = (A'TA)jx = Vi, as claimed. O

Definition allows for V that is non-invertible, so for example the constant
random vector X = p is considered a Gaussian random vector though it obviously
does not have a density. The reason we make this choice is to have the collection
of multivariate normal distributions closed with respect to L?-convergence, as we
prove below to be the case.
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PROPOSITION 3.5.15. Suppose Gaussian random vectors X, converge in L? to
a random vector X o, that is, B[|X,, — X |I?] — 0 as n — oo. Then, X is

a Gaussian random vector, whose parameters are the limits of the corresponding
parameters of X,,.

PROOF. Recall that the convergence in L? of X, to X . implies that B, = EX,
converge to p_ = EX _ and the element-wise convergence of the covariance matri-

ces V,, to the corresponding covariance matrix V. Further, the L?-convergence
implies the corresponding convergence in probability and hence, by bounded con-
vergence @y (0) — ®x_(6) for each § € R?. Since Oy (0) = e 2@ Va)iln,)
for any n < oo, it follows that the same applies for n = co. It is a well known fact
of linear algebra that the element-wise limit V. of non-negative definite matrices
V,, is necessarily also non-negative definite. In view of Definition B5.13] we see
that the limit X  is a Gaussian random vector, whose parameters are the limits
of the corresponding parameters of X . O

One of the main reasons for the importance of the multivariate normal distribution
is the following LT (which is the multivariate extension of Proposition BI.2).

THEOREM 3.5.16 (MULTIVARIATE CLT). Let S, =n~% Z(&k — ), where { X }
k=1

are i.i.d. random vectors with finite second moments and such that p = EX,.

Then, Sn 2, G, with G having the N'(0, V) distribution and where V is the d x d-
dimensional covariance matrix of X, .

ProoOF. Consider the i.i.d. random vectors Y, = X; — p each having also the
covariance matrix V. Fixing an arbitrary vector # € R? we proceed to show that
6.5,) 2, (0, G), which in view of the Cramér-Wold device completes the proof
of the theorem. Indeed, note that (6,5,) =n~2 > or_y Zk, where Zj, = (6,Y,) are
i.i.d. R-valued random variables, having zero mean and variance

vg = Var(Z1) = E[(0,Y,)’] = (6, E[Y,Y1]0) = (6, V0).

Observing that the cLT of Proposition [3.1.2] thus applies to (6, Sn), it remains only
to verify that the resulting limit distribution N(0,vp) is indeed the law of (¢, G).
To this end note that by Definitions B.5.4] and B.5.13] for any s € R,

(I)(Q,Q) (S) _ @Q(SQ) _ e—%s2(Q7VQ) — 6—11252/27

which is the characteristic function of the N(0, vg) distribution (see Example[3.3.0)).
Since the characteristic function uniquely determines the law (see CorollaryB:3.19),
we are done. (]

Here is an explicit example for which the multivariate CLT applies.

EXAMPLE 3.5.17. The simple random walk on Z?¢ is S, = >°}'_, X, where X,
X, are i.i.d. random vectors such that

1
P(KZ—I—Q‘):P(X:—Q‘):% i=1,...,d,
and e; is the unit vector in the i-th direction, i = 1,...,d. In this case EX =0

and if i # j then EX,X; = 0, resulting with the covariance matriz V = (1/d)I for
the multivariate normal limit in distribution of n=/2S,,.
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Building on Lindeberg’s cLT for weighted sums of i.i.d. random variables, the
following multivariate normal limit is the basis for the convergence of random walks
to Brownian motion, to which Section is devoted.

EXERCISE 3.5.18. Suppose {&x} are i.i.d. with E& = 0 and EE? = 1. Consider
the random functions S, (t) = n=1/28(nt) where S(t) = ZE:]Zl & + (t = D&+
and [t] denotes the integer part of t.

(a) Verify that Lindeberg’s CLT applies for S, = > heq an i€k whenever the
non-random {an } are such that r, = max{|anx| : k=1,...,n} =0
and vy, = Y p_qar, — 1.

(b) Let c(s,t) = min(s,t) and fixzing 0 =tg < t1 < --- < tq, denote by C the
d x d matriz of entries Cj = c(t;,t1). Show that for any § € RY,

d I
Z(tr - trfl)(z 9]’)2 - (Qv CQ) )
r=1 j=1

(¢) Using the Cramér-Wold device deduce that (Sy(t1),...,5n(ta)) iNye!

with G having the N'(0, C) distribution.

As we see in the next exercise, there is more to a Gaussian random vector than
each coordinate having a normal distribution.

EXERCISE 3.5.19. Suppose X1 has a standard normal distribution and S is inde-
pendent of X1 and such that P(S =1)=P(S=-1)=1/2.
(a) Check that Xo = SX1 also has a standard normal distribution.
(b) Check that X1 and X2 are uncorrelated random variables, each having
the standard normal distribution, while X = (X1, X2) is not a Gaussian
random vector and where X1 and Xo are not independent variables.

Motivated by the proof of Proposition [3.5.14 here is an important property of
Gaussian random vectors which may also be considered to be an alternative to
Definition B.5.13]

EXERCISE 3.5.20. A random vector X has the multivariate normal distribution
if and only if (Z?:l a;iX;,j = 1,...,m) is a Gaussian random vector for any
non-random coefficients ai1, a2, ..., amq € R.

The classical definition of the multivariate normal density applies for a strict subset
of the distributions we consider in Definition B.5.13]

DEFINITION 3.5.21. We say that X has a non-degenerate multivariate normal
distribution if the matriz 'V is invertible, or alternatively, when V is (strictly)
positive definite matriz, that is (8, V8) > 0 whenever § # 0.

We next relate the density of a random vector with its characteristic function, and
provide the density for the non-degenerate multivariate normal distribution.

EXERCISE 3.5.22.

(a) Show that if [p.|Px(0)|d0 < oo, then X has the bounded continuous
probability density function

(3.5.5) fx(z) = @ /R ) e e Py (0)do .
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(b) Show that a random vector X with a non-degenerate multivariate normal
distribution N (p, V) has the probability density function

1
fx(z) = (@m)2detV) Ve (- 5@ - p V2 - ).
Here is an application to the uniform distribution over the sphere in R", as n — oo.

EXERCISE 3.5.23. Suppose {Yi} are i.i.d. random variables with EY? = 1 and
EY; =0. Let W,, =n~! Zzzl Y2 and Xy = Yi /Wy, fork=1,...,n.
(a) Noting that W, 21 deduce that Xn1 2, Y:.
(b) Show that n=Y/23" 0| X, 1 2, G whose distribution is N'(0,1).

(c) Show that if {Yi} are standard normal random variables, then the ran-
dom vector X,, = (Xn1,..., Xnn) has the uniform distribution over the
surface of the sphere of radius \/n in R™ (i.e., the unique measure sup-
ported on this sphere and invariant under orthogonal transformations),
and interpret the preceding results for this special case.

Next you find an interesting property about the coordinate of maximal value in
certain Gaussian random vectors.

EXERCISE 3.5.24. Suppose random vector X = (X1, Xoa, -+, X4) has the multi-
variate normal distribution N (0, V), with V;; = 1 for all i and V;; < 1 for all
1% 7.

(a) Show that for each 1 < j < d, the random variable X; is independent of
My e (K
1<i<d,i#j 1-Vy
(b) Check that with probability one, the index

j* :=argmax X;,
1<j<d
s uniquely attained and that j* = j if and only iof X; > M;.
(¢) Deduce that U (X j«, M;«) is uniformly distributed on (0,1), where U(x,m) :
(1 - Fg(x))/(1 — Fg(m)) for x,m € R and a standard normal variable
G.

We conclude the section with the following exercise, which is a multivariate, Lin-
deberg’s type CLT.

EXERCISE 3.5.25. Let y' denotes the transpose of the vector y € R% and ||y||
its Buclidean norm. The independent random vectors {Y .} on R? are such that

Xk 2 _Kki
HILH;O;P(IILCII > /n) =0,

and for some symmetric, (strictly) positive definite matriz V and any fized € €
(07 1]7

lim n~! Z E(Kkz};[”xkngs\/ﬁ) =V.

n— o0
k=1

(a) Let T, =>_, X, g for X, = nil/QXkIHZkHS\/ﬁ' Show that T, BN
G, with G having the N'(0, V) multivariate normal distribution.
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(b) Let Sn =n"123°0 Y, and show that Sn G
(¢) Show that (S,)'V~LS, 2, 7 and identify the law of Z.






CHAPTER 4

Conditional expectations and probabilities

The most important concept in probability theory is the conditional expectation
to which this chapter is devoted. In contrast with the elementary definition often
used for a finite or countable sample space, the conditional expectation, as defined
in Section [4.]] is itself a random variable. Section details the important prop-
erties of the conditional expectation. Section provides a representation of the
conditional expectation as an orthogonal projection in Hilbert space. Finally, in
Section 4] we represent the conditional expectation also as the expectation with
respect to the random regular conditional probability distribution.

4.1. Conditional expectation: existence and uniqueness

In Subsection l.1.1] we review the elementary definition of the conditional expec-
tation E(X|Y) in case of discrete valued R.V.-s X and Y. This motivates our
formal definition of the conditional expectation for any pair of R.V.s. such that
X is integrable. The existence and uniqueness of the conditional expectation is
shown there based on the Radon-Nikodym theorem, the proof of which we provide
in Subsection

4.1.1. Conditional expectation: motivation and definition. Suppose
the R.V.s X and Z on a probability space (Q, F,P) are both simple functions.
More precisely, let X take the distinct values z1,...,z, € R and Z take the
distinct values z1,...,z, € R, where without loss of generality we assume that
P(Z =2;) >0fori=1,...,n. Then, from elementary probability theory, we know
that foranyi=1,...,n,j=1,...,m,

P(X = Iy, 7 = Zz)
P(Z = Zi) ’

and we can compute the corresponding conditional expectation

EX|Z=z]=) zP(X=1Z=2z).
j=1

Noting that this conditional expectation is a function of w € Q (via the value of
Z(w)), we define the R.V. Y = E[X|Z] on the same probability space such that
Y (w) = E[X|Z = z] whenever w is such that Z(w) = z;.

EXAMPLE 4.1.1. Suppose that X = wy and Z = wa on the probability space F =
29 Q = {1,2}? with

P(1,1)=.5, P(1,2)=.1, P(2,1)=.1, P(2,2) = 3.

153
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Then

7

implying that P(X =2|Z =1) = £ and
) 1 7
EX|Z=1=1--4+2.--=-.
Ry ] cT2 5%
Likewise, check that B[X|Z =2] =2, hence E[X|Z] = 2171 + TI5_.

Partitioning €2 into the discrete collection of Z-atoms, namely the sets G; = {w :
Z(w) = z;} for i = 1,...,n, observe that Y (w) is constant on each of these sets.
The o-algebra G = FZ = o(Z) = {Z7'(B), B € B} is in this setting merely
the collection of all 2™ possible unions of various Z-atoms. Hence, G is finitely
generated and since Y (w) is constant on each generator G; of G, we see that Y (w)
is measurable on (§2,G). Further, since any G € G is of the form G =, G; for
the disjoint sets G; and some Z C {1,...,n}, we find that

EYIc] =) E[YIg] =Y E[X|Z=z]P(Z=z)

i€l

i€l €L
=3 2 P(X =u;, Z=2)=E[XIg].
i€Z j=1

To summarize, in case X and Z are simple functions and G = o(Z), we have
Y = E[X|Z] as a R.V. on (Q,G) such that E[YIg] = E[XIg] for all G € G.
Since both properties make sense for any o-algebra G and any integrable R.V. X
this suggests the definition of the conditional expectation as given by the following
theorem.

THEOREM 4.1.2. Given X € LY (Q, F,P) and G C F a o-algebra there exists a
R.V.Y called the conditional expectation (C.E.) of X given G, denoted by E[X|G],
such that Y € L*(2,G,P) and for any G € G,

(4.1.1) E[X-Y)Ig =0.

Moreover, if (4.1.1) holds for any G € G and R.V.sY and Y, both of which are in
LY(Q,G,P), then P(Y =Y) = 1. In other words, the C.E. is uniquely defined for

P-almost every w.

REMARK. We call Y € L'(,G,P) that satisfies (1)) for all G € G a version
of the C.E. E[X|G]. In view of the preceding theorem, unless stated otherwise we
consider all versions of the C.E. as being the same R.V.

Given our motivation for Theorem 1.2, we let E[X|Z] stand for E[X|FZ] and
likewise E[X|Z1, Za, . ..] stand for E[X|FZ], where FZ = 0(Z1, Za, .. .).

To check whether a R.V. is a C.E. with respect to a given o-algebra G, it suffices
to verify (.I11) for some m-system that contains 2 and generates G, as you show in
the following exercise. This useful general observation is often key to determining
an explicit formula for the C.E.

EXERCISE 4.1.3. Suppose that P is a w-system of subsets of ) such that Q) € P
and G = o(P) C F. Show that if X € L*(Q, F,P) and Y € LY(Q,G,P) are such
that E[X1¢] = E[Y Ig] for every G € P then Y = E[X|G].
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To prove the existence of the C.E. we need the following definition of absolute
continuity of measures.

DEFINITION 4.1.4. Let v and u be two measures on measurable space (S, F). We
say that v is absolutely continuous with respect to u, denoted by v < p, if

u(A) =0 = v(A)=0
for any set A € F.

Recall Proposition[[.3.50 that given a measure p on (S, F), any f € mJF, induces a
new measure fu on (S, F). The next theorem, whose proof is deferred to Subsection
T2 shows that all absolutely continuous o-finite measures with respect to a o-
finite measure y are of this form.

THEOREM 4.1.5 (RADON-NIKODYM THEOREM). If v and p are two o-finite mea-
sures on (S, F) such that v < u, then there exists f € mF finite valued such that

v = fu. Further, if fu = gp then u({s: f(s) # g(s)}) = 0.

REMARK. The assumption in Radon-Nikodym theorem that y is a o-finite measure
can be somewhat relaxed, but not completely dispensed off.

DEFINITION 4.1.6. The function f such that v = fu is called the Radon-Nikodym
derivative (or density) of v with respect to p and denoted f = g—:.

We note in passing that a real-valued R.V. has a probability density function f
if and only if its law is absolutely continuous with respect to the completion A
of Lebesgue measure on (R, B), with f being the corresponding Radon-Nikodym
derivative (c.f. Example [3.60).

PrROOF OF THEOREM Given two versions Y and Y of E[X|G] we apply
@IT) for the set Gs = {w : Y(w) — Y(w) > 0} to see that (by linearity of the
expectation),

0=E [XIg,|-E [XIg,]=E[Y = Y) Ig,] > 6P(Gs).

Hence, P(Gs) = 0. Since this applies for any § > 0 and Gs T Gy as § | 0, we deduce
that P(Y — Y > 0) = 0. The same argument applies with the roles of ¥ and Y
reversed, so P(Y —Y = 0) = 1 as claimed.

We turn to the existence of the C.E. assuming first that X € L1(Q, F,P) is also
non-negative. Let p denote the probability measure obtained by restricting P to
the measurable space (€2, G) and v denote the measure obtained by restricting XP
of Proposition to this measurable space, noting that v is a finite measure
(since v(Q2) = (XP)(Q) = E[X] < 00). If G € G is such that u(G) = P(G) = 0,
then by definition also v(G) = (XP)(G) = 0. Therefore, v is absolutely continuous
with respect to p, and by the Radon-Nikodym theorem there exists Y € mG, such
that v = Yu. This implies that for any G € G,

E[XIc] =P(Xlg) =v(G) = (Yu)(G) = u(Ylg) = E[Y I¢]

(and in particular, that E[Y] = v(Q) < o), proving the existence of the C.E. for
non-negative R.V.s.

Turning to deal with the case of a general integrable R.V. X we use the representa-
tion X = Xy — X_ with X > 0and X_ > 0 such that both E[X ] and E[X_] are
finite. Set Y = Y+ — Y~ where the integrable, non-negative R.V.s Y* = E[X1|F]
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exist by the preceding argument. Then, Y € mg is integrable, and by definition of
Y* we have that for any G € G

E[YIc]=E[YT Ig] - E[Y™ Ig| = E[X, ] - E[X_Ig] = E[XIg].
This establishes ({.11)) and completes the proof of the theorem. O

REMARK. Beware that for Y = E[X|G] often Yy # E[X1|G] (for example, take
the trivial G = {0,Q} and P(X = 2) = P(X = —2) = 1/2 for which Y = 0 while
E[X4[G] =1).

EXERCISE 4.1.7. Suppose either E(Yy) 4 is finite or E(Yy)_ s finite for random
variables Yy, k = 1,2 on (Q,F,P) such that E[Y114] < E[Y2l4] for any A € F.
Show that then P(Y, <Y3) =1.

In the next exercise you show that the Radon-Nikodym density preserves the
product structure.

EXERCISE 4.1.8. Suppose that v, < g are pairs of o-finite measures on (Sg, F)
for'k=1,... n with the corresponding Radon-Nikodym derivatives fi = dvg/duy,.

(a) Show that the o-finite product measure v = vy X -+ X vy, on the product
space (S, F) is absolutely continuous with respect to the o-finite measure
po= p1 X oo Xy oon (S, F), with dv/du(s) = [1i_; fe(sk) for s =
(815-+-58n)-

(b) Suppose p and v are probability measures on S = {(s1,...,8n) : Sk €
Sk, k = 1,...,n}. Show that fr(sg), k = 1,...,n, are both mutually
p-independent and mutually v-independent.

4.1.2. Proof of the Radon-Nikodym theorem. This section is devoted
to proving the Radon-Nikodym theorem, which we have already used for estab-
lishing the existence of C.E. This is done by proving the more general Lebesgue
decomposition, based on the following definition.

DEFINITION 4.1.9. Two measures 1 and ps on the same measurable space (S, F)
are mutually singular if there is a set A € F such that u1(A) =0 and p2(A¢) = 0.
This is denoted by p1lpse, and we sometimes state that p1 is singular with respect
to pe, instead of p1 and pe mutually singular.

Equipped with the concept of mutually singular measures, we next state the
Lebesgue decomposition and show that the Radon-Nikodym theorem is a direct
consequence of this decomposition.

THEOREM 4.1.10 (LEBESGUE DECOMPOSITION). Suppose p and v are measures
on the same measurable space (S,F) such that p(S) and v(S) are finite. Then,
UV = Ve + Vs where the measure vy is singular with respect to p and v, = fu for
some f € mFy. Further, such a decomposition of v is unique (per given ).

REMARK. To build your intuition, note that Lebesgue decomposition is quite
explicit for o-finite measures on a countable space S (with F = 2%). Indeed, then
Vac and v are the restrictions of v to the support S, = {s € S : u({s}) > 0}
of p and its complement, respectively, with f(s) = v({s})/n({s}) for s € S, the
Radon-Nikodym derivative of v,. with respect to u (see Exercise for more
on the support of a measure).
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PROOF OF THE RADON-NIKODYM THEOREM. Assume first that v(S) and u(S)
are finite. Let v = v, + vs be the unique Lebesgue decomposition induced by pu.
Then, by definition there exists a set A € F such that v4(A°) = u(A) = 0. Further,
our assumption that v < p implies that v5(A4) < v(A) = 0 as well, hence v4(S) = 0,
ie. ¥ =1y = fu for some f € mF,.

Next, in case v and p are o-finite measures the sample space S is a countable union
of disjoint sets A,, € F such that both v(A,,) and p(A,) are finite. Considering the
measures v, = I, v and p, = T4, p such that v,(S) = v(4,) and p,(S) = u(A,)
are finite, our assumption that v < p implies that v, < p,. Hence, by the
preceding argument for each n there exists f,, € mF, such that v,, = f,u,. With
v=>, vyand v, = (fnla,)n (by the composition relation of Proposition [L3.50),
it follows that v = fu for f = 3" f.la, € mFy finite valued.

As for the uniqueness of the Radon-Nikodym derivative f, suppose that fu = gu
for some g € mF, and a o-finite measure p. Consider E,, = D,,(\{s: g(s)— f(s) >
1/n, g(s) < n} and measurable D,, 1 S such that u(D,) < co. Then, necessarily
both u(fIg,) and p(glg,) are finite with

n= p(En) < pl(g = HIe,) = (90)(En) = (fu)(En) =0,
implying that u(E,) = 0. Considering the union over n = 1,2,... we deduce
that pu({s : g(s) > f(s)}) = 0, and upon reversing the roles of f and g, also

p({s: g(s) < fs)}) = 0. O

REMARK. Following the same argument as in the preceding proof of the Radon-
Nikodym theorem, one easily concludes that Lebesgue decomposition applies also
for any two o-finite measures v and pu.

Our next lemma is the key to the proof of Lebesgue decomposition.

LEMMA 4.1.11. If the finite measures p and v on (S, F) are not mutually singular,
then there exists B € F and € > 0 such that u(B) > 0 and v(A) > eu(A) for all
Ae Fg.

The proof of this lemma is based on the Hahn-Jordan decomposition of a finite
signed measure to its positive and negative parts (for a definition of a finite signed
measure see the remark after Definition [[LT.2]).

THEOREM 4.1.12 (HAHN DECOMPOSITION). For any finite signed measure v :
F — R there exists D € F such that vy = Ipv and v_— = —Ipcv are measures on

(S, F).

See [Bil95, Theorem 32.1] for a proof of the Hahn decomposition as stated here,
or [Dud89, Theorem 5.6.1] for the same conclusion in case of a general, that is
[—00, oo]-valued signed measure, where uniqueness of the Hahn-Jordan decomposi-
tion of a signed measure as the difference between the mutually singular measures
vy is also shown (see also [Durl0, Theorems A.4.3 and A.4.4]).

REMARK. If Ipv is a measure we call B € F a positive set for the signed measure
v and if —Ipv is a measure we say that B € F is a negative set for v. So, the Hahn
decomposition provides a partition of S into a positive set (for v) and a negative
set (for v).

Proor oF LEMMA LTIl Let A =J, Dy, where D,,, n =1,2..., is a posi-
tive set for the Hahn decomposition of the finite signed measure v —n~'u. Since A°
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is contained in the negative set D¢ for v —n =1y, it follows that v(A°) < n=tu(A°).
Taking n — oo we deduce that v(A°) = 0. If u(D,,) = 0 for all n then u(A) =0
and necessarily v is singular with respect to u, contradicting the assumptions of
the lemma. Therefore, u(D,,) > 0 for some finite n. Taking e = n~! and B = D,,
results with the thesis of the lemma. ]

PROOF OF LEBESGUE DECOMPOSITION. Our goal is to construct f € mFy
such that the measure v, = v — fu is singular with respect to p. Since necessarily
vs(A) > 0 for any A € F, such a function f must belong to

H={hemF;: :v(A) > (hu)(A), forall Ae F}.

Indeed, we take f to be an element of H for which (fu)(S) is maximal. To show
that such f exists note first that 7 is closed under non-decreasing passages to the
limit (by monotone convergence). Further, if h and h are both in 7 then also
max{h, h} € H since with T' = {s : h(s) > h(s)} we have that for any A € F,

v(A) = v(ANT) + v(ANT) > p(hlanr) + p(hIanre) = p(max{h, h}I4).

That is, H is also closed under the formation of finite maxima and in particu-
lar, the function lim, max(hq,...,h,) is in H for any h, € H. Now let k =
sup{(hu)(S) : h € H} noting that x < v(S) is finite. Choosing h, € H such
that (h,u)(S) > k — n~! results with f = lim, max(hq,...,h,) in H such that
(fu)(S) > limy,(h,u)(S) = k. Since f is an element of H both v, = fu and
vs = v — fu are finite measures.

If v, fails to be singular with respect to pu then by Lemma ET.TT] there exists
B € F and € > 0 such that p(B) > 0 and vs(A) > (eIpp)(A) for all A € F. Since
v = vs+ fu, this implies that f+elp € H. However, ((f+elp)u)(S) > k+eu(B) > k
contradicting the fact that x is the finite maximal value of (hu)(S) over h € H.
Consequently, this construction of f has v = fu + v with a finite measure v, that
is singular with respect to p.

Finally, to prove the uniqueness of the Lebesgue decomposition, suppose there
exist f1, fo € mFy, such that both v — fipu and v — fou are singular with respect to
w. That is, there exist A;, Ay € F such that pu(A4;) =0 and (v — fu)(A¢) =0 for
i =1,2. Considering A = A; U Az it follows that u(A) =0 and (v — fiu)(A°) =0
for i = 1,2. Consequently, for any E € F we have that (v — fiu)(E) =v(ENA) =
(v — fop)(E), proving the uniqueness of vy, and hence of the decomposition of v as
Vac + Vs. O

We conclude with a simple application of Radon-Nikodym theorem in conjunction
with Lemma [[.3.8

EXERCISE 4.1.13. Suppose v and p are two o-finite measures on the same mea-
surable space (S, F) such that v(A) < u(A) for all A € F. Show that if v(g) = u(g)
is finite for some g € mF such that pu({s: g(s) <0}) =0 then v(-) = u(-).

4.2. Properties of the conditional expectation

In some generic settings the C.E. is rather explicit. One such example is when X
is measurable on the conditioning o-algebra G.

EXAMPLE 4.2.1. If X € LY(Q,G,P) then Y = X € m@G satisfies [{-1.1) so
E[X|G] = X. In particular, if X = c is a constant R.V. then E[X|G] = ¢ for
any o-algebra G.
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Here is an extension of this example.

EXERCISE 4.2.2. Suppose that (Y,))-valued random variable Y is measurable on
G and (X, X)-valued random variable Z is P-independent of G. Show that if ¢ is
measurable on the product space (X X Y, X x V) and ©(Z,Y) is integrable, then
Elp(Z,Y)|G] = g(Y) where g(y) = E[p(Z,y)].

Since only constant random variables are measurable on Fy = {0, Q}, by definition
of the C.E. clearly E[X|Fy] = EX. We show next that E[X|H] = EX also whenever
the conditioning o-algebra # is independent of o(X) (and in particular, when H is
P-trivial).

PROPOSITION 4.2.3. If X € LY(Q,F,P) and the o-algebra H is independent of
o(0(X),G), then

E[X|o(#,9)] = E[X]d].
For G = {0,Q} this implies that
H independent of o(X) = E[X|H] =
REMARK. Recall that a P-trivial o-algebra H C F is independent of o(X) for

any X € mJF. Hence, by Proposition 23] in this case E[X|H] = EX for all
X € LY(Q, F, P).

PrROOF. Let Y = E[X|G] € mG. Because H is independent of o(G, o(X)), it
follows that for any G € G and H € H the random variable Iy is independent of
both XIg and Y1s. Consequently,

E[XIcny] = E[XIcIy] = E[XIG|Ely

E[Y Icnn] = E[Y IcIy] = E[Y IG]Ely

E[YIg] by the definition of Y, hence E[XI4] = E[YI4] for

NH:Ge G H e H} Applymg Exercise 1.3l with Y €
(Q,0(H,G),P) and A a m-system of subsets containing © and
), we thus conclude that

E[X|o(9,H)] =Y = E[X]]]

as claimed. O

Further, E[XIg] =
any A € A = {
LY(Q,6,P) C L!

H

generating o (G,

We turn to derive various properties of the C.E. operation, starting with its posi-
tivity and linearity (per fixed conditioning o-algebra).

PROPOSITION 4.2.4. Let X € L*(Q, F,P) and set Y = E[X|G] for some o-algebra
G C F. Then,

(a) EX =EY
(b) (PosiTivity) X >0 = Y >0as and X>0 = Y >0
a.sS.

PrOOF. Considering G = Q2 € G in the definition of the C.E. we find that
EX = E[XIs] = E[Y ;] = EY.

Turning to the positivity of the C.E. note that if X > 0 a.s. then 0 < E[X1g] =
E[YIg] < 0 for G = {w : Y(w) < 0} € G. Hence, in this case E[YIy<o] = 0.
That is, almost surely Y > 0. Further, JP(X > 6,Y < 0) < E[XIxssly<o] <
E[XIy<o] =0 for any 6 > 0, so P(X > 0,Y =0) =0 as well. O

We next show that the C.E. operator is linear.
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PROPOSITION 4.2.5. (LINEARITY) Let X, Y € LY(Q, F,P) and G C F a o-algebra.
Then, for any o, 8 € R,

ElaX + 8Y|G] = aE[X|G] + BE[Y]]] .

PrOOF. Let Z = E[X|G] and V = E[Y|G]. Since Z,V € L'(Q, F,P) the
same applies for aZ + SV. Further, for any G € G, by linearity of the expectation
operator and the definition of the C.E.

E[(aZ+8V)Ig] = aE[ZIg])+ BE[VIg] = aE[XIg|+ BE]Y I¢] = E[(aX + 8Y)1s],
as claimed. ]
From its positivity and linearity we immediately get the monotonicity of the C.E.

COROLLARY 4.2.6 (MONOTONICITY). If X,Y € LY(Q, F,P) are such that X <Y,
then E[X|G] < E[Y|G] for any o-algebra G C F.

In the following exercise you are to combine the linearity and positivity of the
C.E. with Fubini’s theorem.

EXERCISE 4.2.7. Show that if X,Y € L*(Q, F,P) are such that E[X|Y] =Y and
E[Y|X] = X then almost surely X =Y.
Hint: First show that E[(X —Y)I{x>c>yy] = 0 for any non-random c.

We next deal with the relationship between the C.E.s of the same R.V. for nested
conditioning o-algebras.

PROPOSITION 4.2.8 (TOWER PROPERTY). Suppose X € LY(Q, F,P) and the o-
algebras H and G are such that H C G C F. Then, E[X|H] = E[E(X|G)|H].

PROOF. Recall that Y = E[X|G] is integrable, hence Z = E[Y|#] is integrable.
Fixing A € H we have that E[YI4] = E[Z14] by the definition of the C.E. Z. Since
H C G, also A € G hence E[XI14] = E[Y 4] by the definition of the C.E. Y. We
deduce that E[XI4] = E[Z14] for all A € H. It then follows from the definition of
the C.E. that Z is a version of E[X|H]. O

REMARK. The tower property is also called the law of iterated expectations.

Any o-algebra G contains the trivial o-algebra Fo = {0,Q2}. Applying the tower
property with H = Fy and using the fact that E[Y|Fy] = EY for any integrable
random variable Y, it follows that for any o-algebra G

(4.2.1) EX = E[X|F| = E[E(X|G)|Fo] = E[E(X]|9)].

Here is an application of the tower property, leading to stronger conclusion than
what one has from Proposition [£.2.3]

LEMMA 4.2.9. If integrable R.V. X and o-algebra G are such that E[X|G] is in-
dependent of X, then E[X|G] = E[X].

ProOOF. Let Z = E[X|G]. Applying the tower property for H = o(Z) C G we
have that E[X|H] = E[Z|H]. Clearly, E[Z|H] = Z (see Example L2T]), whereas
our assumption that X is independent of Z implies that E[X|H] = E[X] (see
Proposition £.23)). Consequently, Z = E[X], as claimed. O

As shown next, we can take out what is known when computing the C.E.

PROPOSITION 4.2.10. Suppose Y € mG and X € L*(Q, F,P) are such that XY €
LY(Q, F.P). Then, E[XY|G] = YE[X|G].
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PRrROOF. Let Z = E[X|G] which is well defined due to our assumption that
E|X| < co. With YZ € mG and E|XY| < oo, it suffices to check that

(4.2.2) E[XY 1] = E[ZY1,]

for all A € G. Indeed, if Y = Ig for B€ G then YIy = Ig for G=BNA€Gso
(#22) follows from the definition of the C.E. Z. By linearity of the expectation,
this extends to Y which is a simple function on (£2,G). Recall that for X > 0 by
positivity of the C.E. also Z > 0, so by monotone convergence ({22 then applies
for all Y € mGy. In general, let X = Xy —X_andY =Y, —Y_ for Y3 € mG,
and the integrable X4 > 0. Since |XY| = (X4 + X_)(Y} + Y_) is integrable, so
are the products X1 Y} and ([£2.2) holds for each of the four possible choices of the
pair (X4,Yy), with Z* = E[X1|G] instead of Z. Upon noting that Z = Z+ — Z~
(by linearity of the C.E.), and XY = X, ¥, — X, Y. — X_VY, + X_Y_| it readily
follows that (£Z2) applies also for X and Y. O

Adopting hereafter the notation P(A|G) for E[I4]G], the following exercises illus-
trate some of the many applications of Propositions[4.2.§ and [£.2.10

EXERCISE 4.2.11. For any o-algebras G; C F, i = 1,2,3, let G;; = 0(G;,G;) and
prove that the following conditions are equivalent:
(a) P[A3]Gi2] = P[A3|G2] for all A3 € Gs.
(b) P[Al n A3|gg] = P[A1|g2]P[A3|gg] fO’I’ all A1 € g1 and A3 S gg.
(c) P[A1]Ga3] = P[A1|G2] for all Ay € Gy.

REMARK. Taking G1 = o(Xi,k < n), Go = o(X,,) and Gz = o(Xi, k > n),
condition (a) of the preceding exercise states that the sequence of random variables
{X%} has the Markov property. That is, the conditional probability of a future
event Az given the past and present information Gis is the same as its conditional
probability given the present Go alone. Condition (c¢) makes the same statement,
but with time reversed, while condition (b) says that past and future events A; and
Aj are conditionally independent given the present information, that is, Gs.

EXERCISE 4.2.12. Let Z = (X,Y) be a uniformly chosen point in (0,1)%. That
is, X and Y are independent random variables, each having the U(0,1) measure
of Example L1201 Set T = 2I4(Z) + 10Ip(Z) + 41c(Z) where A = {(z,y) :
0<z<1/43/4<y<1}, B={(z,y) :1/4 <2z <3/40 <y <1/2} and
C={(z,y):3/4<z<1,1/4<y<1}.

(a) Find an explicit formula for the conditional erpectation W = E(T|X)
and use it to determine the conditional expectation U = E(TX|X).
(b) Find the value of E[(T — W)sin(eX)].

EXERCISE 4.2.13. Flizing a positive integer k, compute E(X|Y) in case Y = kX —
[kX] for X having the U(0,1) measure of Example (and where [x] denotes
the integer part of x).

EXERCISE 4.2.14. Fizing t € R and X integrable random wvariable, let Y
max(X,t) and Z = min(X,t). Setting a; = E[X|X < t] and by = E[X|X >
show that E[X|Y] =Y Iyst+aily—: and E[X|Z) = ZIz<t + bilz—+.

I,

EXERCISE 4.2.15. Let X, Y be i.i.d. random variables. Suppose 0 is independent
of (X,Y), with P(0 = 1) = p, P(0 =0) = 1—p. Let Z = (Z1,Z2) where
Z1=0X+(1-0)Y and Zo =0Y + (1 —0)X.
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(a) Prove that Z and 0 are independent.
(b) Obtain an explicit expression for E[g(X,Y)|Z], in terms of Z1 and Za,
where g : R%2 +— R is a bounded Borel function.

EXERCISE 4.2.16. Suppose EX? < 0o and define Var(X|G) = E[(X —E(X]G))3|4].
(a) Show that, E[Var(X|Gs)] < E[Var(X|G1)] for any two o-algebras G1 C Gy

(that is, the dispersion of X about its conditional mean decreases as the
o—algebra grows).
(b) Show that for any o-algebra G,

Var[X] = E[Var(X|G)] + Var[E(X]9)] .

EXERCISE 4.2.17. Suppose N is a non-negative, integer valued R.V. which is in-
dependent of the independent, integrable R.V.-s & on the same probability space,
and that Y, P(N > i)E|&] is finite.

(a) Check that

N (w)
X@)= Y &),

is integrable and deduce that EX = . P(N > i)E¢;.

(b) Suppose in addition that &; are identically distributed, in which case this
is merely Wald’s identity EX = ENE¢&;. Show that if both & and N are
square-integrable, then so is X and

Var(X) = Var(&)EN + Var(N)(E&)?.

Suppose XY, X and Y are integrable. Combining Proposition 4.2.10 and ([A.2.1))
convince yourself that if E[X|Y] = EX then E[XY] = EXEY. Recall that if X and
Y are independent and integrable then E[X|Y] = EX (c.f. Proposition 223). As
you show next, the converse implications are false and further, one cannot dispense
of the nesting relationship between the two o-algebras in the tower property.

EXERCISE 4.2.18. Provide examples of X, Y € {—1,0,1} such that
(a) E[XY]=EXEY bt E[X|Y] #EX.
(b) E[X|Y] = EX but X is not independent of Y.
(¢c) For Q=1{1,2,3} and F; = o({i}), 1 =1,2,3,
E[E(X|F1)|F2] # E[E(X[F2)|F].
As shown in the sequel, per fixed conditioning o-algebra we can interpret the
C.E. as an expectation in a different (conditional) probability space. Indeed, every

property of the expectation has a corresponding extension to the C.E. For example,
the extension of Jensen’s inequality is

PROPOSITION 4.2.19 (JENSEN’S INEQUALITY). Suppose g(-) is a convez function
on an open interval G of R, that is,

M)+ (1 =Ng(y) 2gAz+(1-Ny) Vaz,yelG, 0<A<1

If X is an integrable R.V. with P(X € G) =1 and g(X) is also integrable, then
almost surely E[g(X)|H] > g(E[X|H]) for any o-algebra H.

PROOF. Recall our derivation of (IL3:3) showing that
g9(x) =2 g(c) + (D-g)(c)(x —c) Vered
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Further, with (D_g)(-) a finite, non-decreasing function on G where g(-) is contin-
uous, it follows that

g9(x) = sup {g(c) + (D-g)(c)(x — )} = sup{anz + bn}
ceGNQ n

for some sequences {a,} and {b,} in R and all x € G.

Since P(X € G) = 1, almost surely g(X) > a,X + b, and by monotonicity of
the C.E. also E[g(X)|H] > a,Y + b, for Y = E[X|H]. Further, P(Y € G) =1
due to the linearity and positivity of the C.E., so almost surely E[g(X)|H] >
sup,,{a,Y + b} = g(Y), as claimed. O

EXAMPLE 4.2.20. Fizing ¢ > 1 and applying (the conditional) Jensen’s inequality
for the conver function g(x) = |z|?, we have that E[|X|Y|H] > |E[X|H]|? for any
X € L1(Q, F,P). So, by the tower property and the monotonicity of the expectation,

X1 = EIX]? = E[E(|X|*[#H)]
> E[[E(X[H)|"] = [[E(X[H)[|7-
In conclusion, | X||q > ||E(X|H)|lq for all ¢ > 1.

EXERCISE 4.2.21. Let Z = E[X|G] for an integrable random variable X and a
o-algebra G.

(a) Show that if EZ? = EX? < oo then Z = X a.s.

(b) Suppose that Z = E[X|G] has the same law as X. Show that then Z = X
a.s. even if EX? = oo.
Hint: Show that E[(|X| — X)I4] = 0 for A = {Z > 0} € G, so X > 0 for
almost every w € A. Applying this for X — ¢ with ¢ non-random deduce that
P(X <¢<Z)=0 and conclude that X > Z a.s.

In the following exercises you are to derive the conditional versions of Markov’s
and Holder’s inequalities.

EXERCISE 4.2.22. Suppose p > 0 is non-random and X is a random variable in
(Q, F,P) with E|X|P finite.
(a) Prove that for every o-algebra G C F, with probability one

EIX1PI6] = [ pe? 'P(X| > [0)d.
0
(b) Deduce the conditional version of Markov’s inequality, that for any a > 0
P(|X] = alg) < a”PE[|X]"|d]

(compare with Lemma[1.7.31] and Example [I.5.17).

EXERCISE 4.2.23. Suppose E|X|P < co and E|Y|? < co for some p,q > 1 such
that % + % = 1. Prove the conditional Hélder’s inequality

E[XY](g] < (B X" |g])"/* (B[)Y||g])"*
(compare with Proposition [I.5.17).

Here are the corresponding extensions of some of the convergence theorems of

Section [[.3.3

THEOREM 4.2.24 (MONOTONE CONVERGENCE FOR C.E.). If 0 < X, 1 X0 a.s.
and EX o, < 00, then E[X,,,|G] T E[X|]].
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PRrROOF. Let Y, = E[X,,|G] € mG,. By monotonicity of the C.E. we have that
the sequence Y;, is a.s. non-decreasing, hence it has a limit Yo, € mG, (possibly
infinite). We complete the proof by showing that Y., = E[X«|G]. Indeed, for any
Geg,

E[YIg] = 7711_1(}1(100E[leg] = 77}i_]f}mooE[XmIG] =E[X. I,

where since Y,, T Y, and X,, 1 X the first and third equalities follow by the
monotone convergence theorem (the unconditional version), and the second equality
from the definition of the C.E. Y,,,. Considering G = €2 we see that Y is integrable.
In conclusion, E[X,,|G] = Y., T Yoo = E[X oG], as claimed. O

LEMMA 4.2.25 (FATOU’S LEMMA FOR C.E.). If the non-negative, integrable X,
on same measurable space (1, F) are such that liminf, . X, is integrable, then
for any o-algebra G C F,

E (hm inf X,

n—oo

g) <liminf E[X,|G] a.s.
n—oo

PROOF. Applying the monotone convergence theorem for the C.E. of the non-
decreasing sequence of non-negative R.V.s Z,, = inf{X}, : k > n} (whose limit is
the integrable lim inf,, o, X,), results with

(4.2.3) E (llnnilngﬂg) =E(lim Z,[g) = lim E[Z,|g] as.
Since Z,, < X, it follows that E[Z,|G] < E[X,|G] for all n and
(4.2.4) lim E[Z,|G] = liminf E[Z,|G] < liminf E[X,|G] a.s.
n—oo n—oo n—00
Upon combining (£.2.3) and (£.2.4) we obtain the thesis of the lemma. (]

Fatou’s lemma leads to the C.E. version of the dominated convergence theorem.

THEOREM 4.2.26 (DOMINATED CONVERGENCE FOR C.E.). If sup,, | X;| is inte-
grable and X, “5 X oo, then E[X,,|G] 3 E[Xo|G].
PROOF. Let Y =sup,, |[Xn| and Z,, =Y — X,;, > 0. Applying Fatou’s lemma
for the C.E. of the non-negative, integrable R.V.s Z,, <2Y, we see that

E(limianm g) <lminfE[Z,[g] as.

m— 00

Since X,, converges, by the linearity of the C.E. and integrability of Y this is
equivalent to
E( lim Xm‘ Q) > limsup E[X,,|G] a.s.
m—00 m—00
Applying the same argument for the non-negative, integrable R.V.s W,, =Y + X,
results with
E( lim Xm‘ g) < liminf B[X,|0]  as..

m— 00
We thus conclude that a.s. the lim inf and lim sup of the sequence E[X,,|G] coincide
and are equal to E[X|G], as stated. O

EXERCISE 4.2.27. Let X7, X2 be random wvariables defined on same probability
space (0, F,P) and G C F a o-algebra. Prove that (a), (b) and (c) below are

equivalent.
(a) For any Borel sets By and B,

P(Xl (S Bl,Xg c Bz|g) = P(Xl (S Bl|Q)P(X2 c Bg|g)
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(b) For any bounded Borel functions hy and hs,
E[h1(X1)h2(X2)|0] = E[h1(X1)|G]E[h2(X2)|G] .
(c) For any bounded Borel function h,
E[h(X1)|o(G,0(X2))] = E[h(X1)|F].
DEFINITION 4.2.28. If one of the equivalent conditions of Ezercise[{.2.27 holds we
say that X1 and Xs are conditionally independent given G.

EXERCISE 4.2.29. Suppose that X andY are conditionally independent given o(Z)
and that X and Z are conditionally independent given F, where F C o(Z). Prove
that then X and Y are conditionally independent given F.

Our next result shows that the C.E. operation is continuous with respect to L4
convergence.

THEOREM 4.2.30. Suppose X, =R Xoo- That is, X, Xoo € L1(Q, F,P) are such

that E(|X,, — Xo|?) = 0. Then, E[X,|F] L E[X|G] for any o-algebra G C F.

PROOF. We saw already in Example that E[X,|G] are in LI(Q,G,P)
for n < oo. Further, by the linearity of C.E., Jensen’s Inequality for the convex
function |z|? as in this example, and the tower property of (£2.1),

E[[E(X,|9) — E(X«|9)"] = E[[E(X, — X|G)|]

< E[E(X, — X|'9)] = E[| X, — Xso|?] = 0,

by our hypothesis, yielding the thesis of the theorem. O

As you will show, the C.E. operation is also continuous with respect to the follow-
ing topology of weak LY convergence.

DEFINITION 4.2.31. Let L= (8, F,P) denote the collection of all random variables
on (2, F) which are P-a.s. bounded, with ||Y || denoting the smallest non-random
K such that P(|Y| < K) = 1. Setting p(q) : [1,00] = [1,00] via p(q) = ¢/(qg—1), we
say that X, converges weakly in L7 to X, denoted X, w—Lq> Xeoo, if Xy, Xoo € L1
and E[(X,, — Xoo)Y] — 0 for each fized Y such that ||Y||,q) is finite (compare with
Definition [.3.26)).

EXERCISE 4.2.32. Show that E[YE(X|G)] = E[XE(Y|G)] for any o-algebra G C
F, provided that for some ¢ > 1 and p = q/(q — 1) both || X||; and |Y|, are finite.

Deduce that if X,, “L Xoo then E[X,|9] wlky E[X|G] for any o-algebra G C F.

In view of Example we already know that for each integrable random vari-
able X the collection {E[X|G] : G C F is a o-algebra} is a bounded in L*(Q, F, P).
As we show next, this collection is even uniformly integrable (U.l.), a key fact in
our study of uniformly integrable martingales (see Subsection [£.3.1]).

PROPOSITION 4.2.33. For any X € L*(Q,F,P), the collection {E[X|H]: H C F
is a o-algebra} is U.L

PrOOF. Fixing ¢ > 0, let 6 = §(X,e) > 0 be as in part (b) of Exercise [[.3.43
and set the finite constant M = §~'E|X|. By Markov’s inequality and Example
1220 we get that MP(A) < E|Y| < E|X|for A = {|]Y| > M} € Hand Y =
E[X|H]. Hence, P(A) < 6 by our choice of M, whereby our choice of ¢ results
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with E[|X|I4] < € (c.f. part (b) of Exercise [[343]). Further, by (the conditional)
Jensen’s inequality |Y| < E[|X||H] (see Example f.2.20). Therefore, by definition
of the C.E. E[|X| |H],

E[Y[Iiy|>um] < E[[Y[L4] < E[E[X|[H]14] = E[[X|I4] <e.

Since this applies for any o-algebra H C F and the value of M = M (X, ¢) does not
depend on Y, we conclude that the collection of such Y = E[X|#] is U.L O

To check your understanding of the preceding derivation, prove the following nat-
ural extension of Proposition [£.2.33

EXERCISE 4.2.34. Let C be a uniformly integrable collection of random variables
on (Q, F,P). Show that the collection D of all R.V. Y such that Y = BE[X|H] for
some X € C and o-algebra H C F, is U.L

Here is a somewhat counter intuitive fact about the conditional expectation.

EXERCISE 4.2.35. Suppose Y, 5 Yoo in (9, F,P) when n — oo and {Y,,} are
uniformly integrable.

(a) Show that E[Y,|G] L, E[Y|G] for any o-algebra G C F.
(b) Provide an example of such sequence {Y,} and a o-algebra G C F such
that E[Y,|G] does not converge almost surely to E[Yx|G].

4.3. The conditional expectation as an orthogonal projection

It readily follows from our next proposition that for X € L2*(Q,F,P) and o-
algebras G C F the C.E. Y = E[X]|F] is the unique Y € L?*(, G, P) such that

(4.3.1) [X — Y2 =inf{||X — W|2: W € L*(Q,G,P)}.

PROPOSITION 4.3.1. For any X € L?*(Q,F,P) and o-algebras G C F, a R.V.
Y € L3(Q,G,P) is optimal in the sense of ([{.3.1) if and only if it satisfies the

orthogonality relations
(4.3.2) E[(X-Y)Z]=0 forall Z e L*(9,G,P).
Further, any such R.V.'Y is a version of E[X|G].

ProoF. If Y € L?(,G,P) satisfies [3.) then considering W =Y + a7 it
follows that for any Z € L?(Q,G,P) and a € R,

0<|X Y —aZ|?—||X - Y|} =’EZ? - 2aE[(X — Y)Z].

By elementary calculus, this inequality holds for all @ € R if and only if E[(X —
Y)Z] = 0. Conversely, suppose Y € L%*(Q,G,P) satisfies @.3.2) and fix W €
L?(Q,G,P). Then, considering ({3.2)) for Z = W — Y we see that

IX = W3 = [ X = Y5 - 2B[(X = Y)(W = Y)] + |[W = Y| > || X - Y3,

so necessarily Y satisfies @.3.1)). Finally, since I € L?(2,G,P) for any G € G, if
Y satisfies (£3.2]) then it also satisfies the identity (@II) which characterizes the
C.E. E[X|]]. O
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EXAMPLE 4.3.2. If G = 0(A1,...,A,) for finite n and disjoint sets A; such that
P(A;) >0 fori=1,...,n, then L*>(Q,G,P) consists of all variables of the form
W =>3" vla, v; ER. ARV.Y of this form satisfies [{.3-1) if and only if the
corresponding {v;} minimizes

(X — Z _EX2= {ZP Jo? —221}1 XIA]}
i=1 i=1
which amounts to v; = E[X14,]/P(4;). In particular, if Z = Y., zila, for
distinct z;-s, then o(Z) = G and we thus recover our first definition of the C.E.

E[XIz_.)
E[X|Z] = ZP Z= IZ:zi.

_ZZ

As shown in the sequel, using (3] as an alternative characterization of the
C.E. of X € L?(Q, F,P) we can prove the existence of the C.E. without invoking
the Radon-Nikodym theorem. We start by defining the relevant concepts from the
theory of Hilbert spaces on which this approach is based.

DEFINITION 4.3.3. A linear vector space is a set H that is closed under operations
of addition and multiplication by (real-valued) scalars. That is, if hy, ho € H then
hi+ hy € H and ah € H for all « € R, where a(hy + h2) = ahy + ahg, (a+ 8)h =
ah + Bh, a(Bh) = (aB)h and 1h = h. A normed vector space is a linear vector
space H equipped with a norm || - ||. That is, a non-negative function on H such
that ||ah| = |af||h]| for all @ € R and d(hy, he) = ||h1 — h2]| is a metric on H.

DEFINITION 4.3.4. A sequence {hy,} in a normed vector space is called a Cauchy
sequence if Supy , >, |hk — hmll = 0 as n — oo and we say that {h,} converges to
h € H if ||hn — h|| = 0 as n — oo. A Banach space is a normed vector space in
which every Cauchy sequence converges.

Building on the preceding, we define the concept of inner product and the corre-
sponding Hilbert spaces and sub-spaces.

DEFINITION 4.3.5. A Hilbert space is a Banach space H whose norm is of the
form (h,h)Y/? for a bi-linear, symmetric function (hy,hy) : H x H — R such that
(h,h) > 0 and we call such (hy, ha) an inner product for H. A subset K of a Hilbert
space which is closed under addition and under multiplication by a scalar is called
a Hilbert sub-space if every Cauchy sequence {h,} C K has a limit in K.

Here are two elementary properties of inner products we use in the sequel.

EXERCISE 4.3.6. Let |h|| = (h,h)? with (h1,hs) an inner product for a linear
vector space H. Show that Schwarz inequality

(u,0)? < Jlul®lv]?,
and the parallelogram law ||u+v]||?+|u—v||? = 2||ul|?+2||v||? hold for any u,v € H.

Our next proposition shows that for each finite ¢ > 1 the space LI(Q, F,P) is a
Banach space for the norm || - |4, the usual addition of R.V.s and the multiplication
ofaR.V. X (w) by a non-random (scalar) constant. Further, L?(€, G, P) is a Hilbert
sub-space of L?(Q, F,P) for any o-algebras G C F.
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PROPOSITION 4.3.7. Upon identifying R-valued R.V. which are equal with proba-
bility one as being in the same equivalence class, for each ¢ > 1 and a o-algebra F,
the space L1(), F,P) is a Banach space for the norm ||-||4. Further, L*>(Q,G,P) is
then a Hilbert sub-space of L?(, F,P) for the inner product (X,Y) = EXY and
any o-algebras G C F.

ProOOF. Fixing ¢ > 1, we identify X and Y such that P(X # Y) = 0 as
being the same element of L(Q2, 7, P). The resulting set of equivalence classes is a
normed vector space. Indeed, both ||-||4, the addition of R.V. and the multiplication
by a non-random scalar are compatible with this equivalence relation. Further, if
X, Y € L1(Q, F,P) then ||aX |, = |a||| X|lq < oo for all & € R and by Minkowski’s
inequality || X + Y|4 < | X|q+ [|[Y]lq < co. Consequently, LI(Q2, F,P) is closed
under the operations of addition and multiplication by a non-random scalar, with
I - llq & norm on this collection of equivalence classes.

Suppose next that {X,,} C L7 is a Cauchy sequence for || - ||4. Then, by definition,
there exist k,, 1 oo such that [|.X, — X||? < 2-at+l) for all 7, s > k,,. Observe that
by Markov’s inequality

P(| Xk, = Xi, | 2277) < 2| X,y — Xi, || <277,

and consequently the sequence P(| Xy, ., — X,| > 27") is summable. By Borel-
Cantelli I it follows that > [Xk, , (w) — Xk, (w)] is finite with probability one, in
which case clearly

nt1 1

n—1
Xk, = X, + Z(in+1 - Xkl)
i=1
converges to a finite limit X (w). Next let, X = limsup,,_,o, X, (Which per Theo-
rem [[222]is an R-valued R.V.). Then, fixing n and r > k,, for any ¢ > n,

B[|X, - Xp|?] = 1%, - X, |l <27,
so that by the a.s. convergence of X, to X and Fatou’s lemma
E|X, - X|7 = E[ lim |X, — Xkﬂ < liminf B|X, — X, |9 <27,
t—o0 t—o0

This inequality implies that X, — X € L% and hence also X € L?. As r — 00 so

does n and we can further deduce from the preceding inequality that X, X x.

Recall that |[EXY| < VEX2EY? by the Cauchy-Schwarz inequality. Thus, the bi-
linear, symmetric function (X,Y) = EXY on L? x L? is real-valued and compatible
with our equivalence relation. As || X |3 = (X, X), the Banach space L?(Q, F, P) is
a Hilbert space with respect to this inner product.

Finally, observe that for any o-algebra G C F the subset L?(£2, G, P) of the Hilbert
space L2(€2, F,P) is closed under addition of R.V.s and multiplication by a non-
random constant. Further, as shown before, the L? limit of a Cauchy sequence
{X,} C L*(Q,G,P) is limsup,, Xi, which also belongs to L?(2,G, P). Hence, the
latter is a Hilbert subspace of L?(Q, F,P). O

REMARK. With minor notational modifications, this proof shows that for any
measure g on (S, F) and ¢ > 1 finite, the set L(S, F, u) of p-a.e. equivalence classes
of R-valued, measurable functions f such that u(|f|?) < oo, is a Banach space. This
is merely a special case of a general extension of this property, corresponding to
Y = R in your next exercise.
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EXERCISE 4.3.8. For ¢ > 1 finite and a given Banach space (Y, || - ||), consider
the space LA(S, F,1;Y) of all p-a.e. equivalence classes of functions f : S — Y,
measurable with respect to the Borel o-algebra induced on' Y by || - || and such that
p(lFON?) < oo.

(a) Show that ||fll, = p(|lf()I9)Y? makes LIS, F,u;Y) into a Banach
space.

(b) For future applications of the preceding, verify that the space Y = Cy(T)
of bounded, continuous real-valued functions on a topological space T is
a Banach space for the supremum norm ||f|| = sup{|f(t)| : t € T}.

Your next exercise extends Proposition £3.7] to the collection L (2, F,P) of all
R-valued R.V. which are in equivalence classes of bounded random variables.

EXERCISE 4.3.9. Fizing a probability space (2, F,P) prove the following facts:
(a) L>=(, F,P) is a Banach space for || X||oo = inf{M : P(|X| < M) = 1}.
(b) X1l 11X [l a5 g 00, for any X € L=(Q, F,P).

(¢) IfE[|X|?] < o0 for some g > 0 then E|X|9 — P(|X]| > 0) as ¢ — 0.

(d) The collection SE of simple functions is dense in L1(Q,F,P) for any
1<g<oo

(e) The collection Cy(R) of bounded, continuous real-valued functions, is
dense in LR, B, \) for any q > 1 finite.
Hint: The (bounded) monotone class theorem might be handy.

In view of Proposition EL3.7] the existence of the C.E. of X € L? which satisfies
@3T), or the equivalent condition (£3.2), is a special instance of the following
fundamental geometric property of Hilbert spaces.

THEOREM 4.3.10 (ORTHOGONAL PROJECTION). Given h € H and a Hilbert sub-
space G of H, let d = inf{||h —g|| : g € G}. Then, there exists a unique heG,
called the orthogonal projection of h on G, such that d = ||h — h||. This is also the
unique h € G such that (h— h, f)=0 foral f €G.

PROOF. We start with the existence of & € G such that d = ||h — h|. To this
end, let g, € G be such that |h — g,|| — d. Applying the parallelogram law for
w="h— 3(gm + gr) and v = 3(gm — gr) we find that

1 1 1
o= gell2 + 1= gl = 20— 5 (g + 90) >+ 215 (g — 90) I 2 262+ 5 g —

since 3(gm + gr) € G. Taking k,m — oo, both ||h — gi||? and || — gm||? approach
d? and hence by the preceding inequality ||g,, — gx|| — 0. In conclusion, {g,} is a
Cauchy sequence in the Hilbert sub-space G, which thus converges to some heG.
Recall that ||h —?LH > d by the definition of d. Since for n — oo both ||k — gp|| — d
and || 9n —EH — 0, the converse inequality is a consequence of the triangle inequality
[h = hll < lh = gnll + [lgn — Rl|.

Next, suppose there exist g1,g2 € G such that (h — g;, f) = 0 for ¢ = 1,2 and
all f € G. Then, by linearity of the inner product (g1 — g2, f) = 0 for all f € G.
Considering f = g1 — g2 € G we see that (g1 — g2,01 — g2) = [lg1 — g2[I* = 0 s0
necessarily g1 = ga.

We complete the proof by showing that b € G is such that |h — ?LH2 <|lh—gl?
for all g € G if and only if (h — h, f) =0 for all f € G. This is done exactly as in
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the proof of Proposition B33l That is, by symmetry and bi-linearity of the inner
product, for all f € G and « € R,

|h—h—af|?— |h—h|? = 2| f|* - 2a(h — h, f)

We arrive at the stated conclusion upon noting that fixing f, this function is non-
negative for all « if and only if (h — h, f) = 0. O

Applying Theorem E3.10 for the Hilbert subspace G = L?(Q, G, P) of L2(2, F,P)
(see Proposition 377, you have the existence of a unique Y € G satisfying ({3.2)
for each non-negative X € L2,

EXERCISE 4.3.11. Show that for any non-negative integrable X, not necessarily in
L?, the sequence Y, € G corresponding to X, = min(X,n) is non-decreasing and
that its limit Y satisfies {({-1-1]). Verify that this allows you to prove Theorem[{.1.2
without ever invoking the Radon-Nikodym theorem.

EXERCISE 4.3.12. Suppose G C F is a o-algebra.

(a) Show that for any X € L'(Q, F,P) there exists some G € G such that
E[XI¢] = sup E[X14] .
Aeg
Any G with this property is called G-optimal for X.
(b) Show that Y = E[X|G] almost surely, if and only if for any r € R, the
event {w : Y(w) > r} is G-optimal for the random variable (X — r).

Here is an alternative proof of the existence of E[X|G] for non-negative X € L?
which avoids the orthogonal projection, as well as the Radon-Nikodym theorem
(the general case then follows as in Exercise [.31T]).

EXERCISE 4.3.13. Suppose X € L?(Q,F,P) is non-negative. Assume first that
the o-algebra G C F is countably generated. That is G = o(B1, Ba,...) for some
By e F.

(a) LetY, = E[X|G,] for the finitely generated G, = o(By,k < n) (for its
existence, see Example [{.3.2). Show that Y, is a Cauchy sequence in
L?(Q,G,P), hence it has a limit Y € L*(Q,G,P).

(b) Show that Y = E[X|F].

Hint: Theorem [2.210 might be of some help.
Assume now that G is not countably generated.

(c) Let H1 C Ha be finite o-algebras. Show that
E[E(X|H:1)?] < E[E(X|H2)?].

(d) Let o = sup E[E(X|H)?], where the supremum is over all finite o-algebras
H C G. Show that « is finite, and that there exists an increasing sequence
of finite o-algebras H,, such that E[E(X|H,)?] T a as n — oo.

(e) Let Hoo = 0(UpHy,) and Y, = E[X|H,] for the H,, in part (d). Explain
why your proof of part (b) implies the L? convergence of Y, to a R.V. Y
such that E[YT4) = E[X14] for any A € Heo.

(f) Fizing A € G such that A ¢ Heo, let Hpa = 0(A,H,) and Z, =
E[X|Hn a]. Ezplain why some sub-sequence of {Z,} has an a.s. and
L? limit, denoted Z. Show that EZ? = EY? = o and deduce that
E[(Y — 2)?| =0, hence Z =Y a.s.

(g) Show thatY is a version of the C.E. E[X|G].
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4.4. Regular conditional probability distributions

We first show that if the random vector (X,Z) € R? has a probability den-
sity function fx z(z,z) (per Definition B.5.H), then the C.E. E[X|Z] can be com-
puted out of the corresponding conditional probability density (as done in a typ-
ical elementary probability course). To this end, let fz(z) = [ fx,z(x,2)dz and
fx( fR fx,z(x, z)dz denote the probability density functions of Z and X. That
is, fZ( ) =Afx,z(-,2)) and fx(z) = A(fx,z(x,-)) for Lebesgue measure A and the
Borel function fy z on R2. Recall that fZ() and fx(-) are non-negative Borel
functions (for example, consider our proof of Fubini’s theorem in case of Lebesgue
measure on (R? Bgz) and the non-negative integrable Borel function h = fx z).
So, defining the conditional probability density function of X given Z as

fx Ix,z(z,2) if f ( 0
B (z) 1 VA Z) >
x|z) =
fXIZ( |2) { fx(z) otherwise,

guarantees that fxz : R? — Ry is Borel measurable and [, fx|z(#|z)dz = 1 for
all z e R.

PROPOSITION 4.4.1. Suppose the random vector (X, Z) has a probability density
function fx z(x,z) and g(-) is a Borel function on R such that E|g(X)| < co. Then,
9(Z) is a version of Elg(X)|Z] for the Borel function

(4.4.1) i) = / o) fx 1z (x]2)de

in case [, |9(x)|fx,z(x, z)dx is finite (taking otherwise g(z) =0).

PROOF. Since the Borel function h(x,z) = g(z)fx z(z, z) is integrable with
respect to Lebesgue measure on (R?, Byz), it follows that g(-) is also a Borel function
(c.f. our proof of Fubini’s theorem). Further, by Fubini’s theorem the integrability
of g(X) implies that AR\ A) = 0 for A = {z : [|g(2)|fx,z(z,z)dz < oo}, and
with Pz = fzA this implies that P(Z € A) = 1. By Jensen’s inequality,

A< [lo@iaseldn,  vie .
Thus, by Fubini’s theorem and the definition of fx|z we have that
0> Blg(X)] = [ lo@lfx(@de > [lo@)[ [ fztelorfaz)az]do
— [ [ [1s@xiztelnte] fae)az = [ @10z = BlG2)).
A A

So, g(Z) is integrable. With ([{4.1) holding for all 2 € A and P(Z € A) = 1, by
Fubini’s theorem and the definition of fx|z we have that for any Borel set B,

BE2)I5(2) = [ d@raes = [[[ [ o) izl o) 2

= /R2 9(@)Ipna(z)fx,z(z, z)dedz = E[g(X)Ip(2)].

This amounts to E[g(Z)Ig] = Elg(X)Ig] for any G € 0(Z) = {Z7Y(B) : B € B}
so indeed g(Z) is a version of E[g(X)|Z]. O
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To each conditional probability density fx|z(:|-) corresponds the collection of con-

ditional probability measures f’X|Z(B,w) = |5 fx1z(#|Z(w))dz. The remainder of
this section deals with the following generalization of the latter object.

DEFINITION 4.4.2. LetY : Q — S be an (S,S)-valued R.V. in the probability space
(Q, F,P), per Definition[.21], and G C F a o-algebra. The collection :/P\y‘g(', E
S x Q> [0,1] is called the regular conditional probability distribution (R.C.P.D.)
of Y given G if:

(a) f’y‘g(A, -) is a version of the C.E. E[Iycal|G] for each fized A € S.
(b) For any fivzed w € Q, the set function :/P\y‘g(',CLJ) is a probability measure
on (S,S).
In case S=Q, S = F and Y (w) = w, we call this collection the regular conditional
probability (R.C.P.) on F given G, denoted also by P(A|G)(w).

If the R.C.P. exists, then we can define all conditional expectations through the
R.C.P. Unfortunately, the R.C.P. might not exist (see [Bil95, Exercise 33.11] for
an example in which there exists no R.C.P. on F given G).

Recall that each C.E. is uniquely determined only a.e. Hence, for any countable
collection of disjoint sets A,, € F there is possibly a set of w € Q of probability zero
for which a given collection of C.E. is such that

P(U Ap|G)(w) # ZP(An|g)(W) .

In case we need to examine an uncountable number of such collections in order to
see whether P(-|G) is a measure on (2, F), the corresponding exceptional sets of w
can pile up to a non-negligible set, hence the reason why a R.C.P. might not exist.

Nevertheless, as our next proposition shows, the R.C.P.D. exists for any condi-
tioning o-algebra G and any real-valued random variable X. In this setting, the
R.C.P.D. is the analog of the law of X as in Definition [[L2.34] but now given the
information contained in G.

PROPOSITION 4.4.3. For any real-valued random variable X and any o-algebra
G C F, there exists a R.C.P.D. Pxg(-,-).

PRrOOF. Consider the random variables H(q,w) = E[l{x<q|G](w), indexed by
g € Q. By monotonicity of the C.E. we know that if ¢ < r then H(q,w) < H(r,w)
for all w ¢ A, 4 where A, € G is such that P(A,,) = 0. Further, by linearity
and dominated convergence of C.E.s H(q +n~1,w) — H(q,w) as n — oo for all
w ¢ By, where B, € G is such that P(B;) = 0. For the same reason, H(q,w) — 0
as ¢ — —oo and H(q,w) — 1 as ¢ — oo for all w ¢ C, where C € G is such
that P(C) = 0. Since Q is countable, the set D = CUJ, , 4rqU, By is also in
G with P(D) = 0. Next, for a fixed non-random distribution function G(-), let
F(z,w) = inf{G(r,w) : r € Q,r > z}, where G(r,w) = H(r,w) if w ¢ D and
G(r,w) = G(r) otherwise. Clearly, for all w € Q the non-decreasing function
2+ F(x,w) converges to zero when x — —oo and to one when 2 — 0o, as C C D.
Furthermore, x — F(z,w) is right continuous, hence a distribution function, since

lim F(z,,w) = inf{G(r,w) : r € Q,r > x, forsomen}

e

=inf{G(r,w) :r € Q,r >z} = F(z,w).
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Thus, to each w € Q corresponds a unique probability measure 13(~,w) on (R, B)
such that P((—o0,2],w) = F(z,w) for all z € R (recall Theorem [Z37 for its
existence and Proposition for its uniqueness).

Note that G(g,-) € mG for all ¢ € Q, hence so is F(z,-) for each x € R (see
Theorem [L2.22). It follows that {B € B : P(B,:) € mG} is a A-system (see
Corollary and Theorem [[.2.27)), containing the m-system P = {R, (—o0,q] :
q € Q}, hence by Dynkin’s m — A theorem f’(B, -) € mg for all B € B. Further, for
w¢ Dand qgeQ,

H(q,w) = G(q.w) < F(q,w) < Glg+n" " w) = H(g+n"" w) = H(q,w)
as n — oo (specifically, the left-most inequality holds for w ¢ U, A, , and the right-
most limit holds for w ¢ By). Hence, P(B,w) = E[l{xepy|G](w) for any B € P

and w ¢ D. Since P(D) = 0 it follows from the definition of the C.E. that for any
GeGand BeP,

/Gf’(B,w)dP(w) = E[l{xen) Nlal.

Fixing G € G, by monotone convergence and linearity of the expectation, the set £
of B € B for which this equation holds is a A-system. Consequently, £ = o(P) = B.
Since this applies for all G € G, we conclude that f’(B, 1) is a version of E[Ix¢p|J]
for each B € B. That is, f’(B,w) is per Definition the R.C.P.D. of X given
g. O

REMARK. The reason behind Proposition I43]is that o(X) inherits the structure
of the Borel o-algebra B which in turn is “not too big” due to the fact the rational

numbers are dense in R. Indeed, as you are to deduce in the next exercise, there
exists a R.C.P.D. for any (S,S)-valued R.V. X with a B-isomorphic (S, S).

EXERCISE 4.4.4. Suppose (S,S) is B-isomorphic, that is, there exists a Borel set
T (equipped with the induced Borel o-algebra T = {BNT : B € B}) and a one to
one and onto mapping g : S — T such that both g and g~' are measurable. For
any o-algebra G and (S, S)-valued R.V. X let f’y|g(-, -) denote the R.C.P.D. of the
real-valued random variable Y = g(X).

(a) Explain why without loss of generality f’y|g('1[',w) =1 for all w € Q.

(b) Verify that for any A € S both {w: X(w) € A} = {w: Y (w) € g(A)} and
g(A) € B.

(¢) Deduce that Q(A,w) = f’y‘g(g(A),w) is the R.C.P.D. of X given G.

Our next exercise provides a generalization of Proposition £.4.3] which is key to
the canonical construction of Markov chains in Section We note in passing
that to conform with the notation for Markov chains, we reverse the order of the
arguments in the transition probabilities P x|y (y, A) with respect to that of the

R.C.P.D. ]/-5X|U(Y) (A,w).

EXERCISE 4.4.5. Suppose (S,S) is B-isomorphic and X and Y are (S,S)-valued
R.V. in the same probability space (Q, F,P). Prove that there exists (regular) tran-
sition probability P x|y (-,-) : S x & = [0, 1] such that

(a) For each A € S fized, y — ﬁx‘y(y,A) is a measurable function and
f’X|y(Y(w),A) is a version of the C.E. E[Ixcalo(Y)](w).
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(b) For any fixred w € €, the set function :/P\)ﬂy(Y(W),') is a probability
measure on (S,S).
Hint: With g : S — T as before, show that o(Y) = o(g9(Y)) and deduce from
Theorem 220 that f’X|g(g(y))(A,w) = f(A,g(Y(w)) for each A € S, where z —
f(A,2) is a Borel function.

Here is the extension of the change of variables formula (L34 to the setting of
conditional distributions.

EXERCISE 4.4.6. Suppose X € mF and'Y € mG for some o-algebras G C F are
real-valued. Prove that, for any Borel function h : R? — R such that E|h(X,Y)| <

00, almost surely,
BIA(X,V)(6) = [ ha.Y @)dPig(e.c).

For an integrable R.V. X (and a non-random constant ¥ = ¢), this exercise
provides the representation

E[X|g] = / Py g (2,w)

of the C.E. in terms of the corresponding R.C.P.D. (with the right side denoting the
Lebesgue’s integral of Definition [L3T] for the probability space (R, B, P xg(-,w)).

Solving the next exercise should improve your understanding of the relation be-
tween the R.C.P.D. and the conditional probability density function.

EXERCISE 4.4.7. Suppose that the random vector (X,Y, Z) has a probability density
function fxy z per Definition 355

(a) Express the R.C.P.D. :/P\y‘o-(x7z) in terms of fx,v,z.
b) Using this expression show that if X is independent of o(Y, Z), then
g

E[Y|X,Z] = E[Y|Z].

(c) Provide an example of random variables X,Y, Z, such that X is indepen-
dent of Y and
E[Y|X,Z] #E[Y|Z].

EXERCISE 4.4.8. Let S,, = > p_, & for i.i.d. integrable random variables &j.
(a) Show that E[&]S,] =n~1S,.
Hint: Consider E[{;1)ls,eB] for B € B and 7 a uniformly chosen ran-
dom permutation of {1,...,n} which is independent of {&}.
(b) Find P(& < b|S2) in case the i.i.d. &, are Exponential of parameter .
Hint: See the representation of Exercise[3.4.11]

EXERCISE 4.4.9. Let E[X|X < Y] =E[XIx<y]/P(X <Y) for integrable X and
Y such that P(X <Y) > 0. For each of the following statements, either show that
it implies E[X|X <Y]| <EX or provide a counter example.

(a) X andY are independent.

(b) The random vector (X,Y) has the same joint law as the random vector
(Y, X) and P(X = Y) = 0.

(c) EX? < o0, EY? < 00 and E[XY] < EXEY.
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EXERCISE 4.4.10. Suppose (X,Y') are distributed according to a multivariate nor-
mal distribution, with EX = EY =0 and EY? > 0. Show that E[X|Y] = pY with
p=E[XY]/EY?2.






CHAPTER 5

Discrete time martingales and stopping times

In this chapter we study a collection of stochastic processes called martingales.
To simplify our presentation we focus on discrete time martingales and filtrations,
also called discrete parameter martingales and filtrations, with definitions and ex-
amples provided in Section 5] (indeed, a discrete time stochastic process is merely
a sequence of random variables defined on the same probability space). As we shall
see in Section [£.4] martingales play a key role in computations involving stopping
times. Martingales share many other useful properties, chiefly among which are
tail bounds and convergence theorems. Section deals with martingale repre-
sentations and tail inequalities, some of which are applied in Section [5.3] to prove
various convergence theorems. Section further demonstrates the usefulness of
martingales in the study of branching processes, likelihood ratios, and exchangeable
processes.

5.1. Definitions and closure properties

Subsection [5.I.]] introduces the concepts of filtration, martingale and stopping
time and provides a few illustrating examples and interpretations. Subsection [5.1.2]
introduces the related super-martingales and sub-martingales, as well as the power-
ful martingale transform and other closure properties of this collection of stochastic
processes.

5.1.1. Martingales, filtrations and stopping times: definitions and
examples. Intuitively, a filtration represents any procedure of collecting more and
more information as times goes on. Our starting point is the following rigorous
mathematical definition of a (discrete time) filtration.

DEFINITION 5.1.1. A filtration is a non-decreasing family of sub-o-algebras {F,}
of our measurable space (U, F). That is, Fo CF1 CFa C--- C Fp--- C F and
Fn is a o-algebra for each n. We denote by F,, T Foo a filtration {F,} and the
associated o-algebra Foo = o(|J,, Fi) such that the relation Fj, C F; applies for all
0<k</<cc.

Given a filtration, we are interested in stochastic processes (S.Ps) such that for
each n the information gathered by that time suffices for evaluating the value of
the n-th element of the process. That is,

DEFINITION 5.1.2. A S.P. {X,,,n=0,1,...} is adapted to a filtration {F,}, also
denoted Fp-adapted, if o(X,,) C F, for each n (that is, X,, € mJF, for each n).

At this point you should convince yourself that {X,,} is adapted to the filtration
{Fn} if and only if o(Xo, X1,...,X,,) C F, for all n. That is,

177
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DEFINITION 5.1.3. The filtration {FX} with FX = 0(X¢, X1, ..., Xy,) is the min-
imal filtration with respect to which {X,} is adapted. We therefore call it the
canonical filtration for the S.P. {X,}.

Whenever clear from the context what it means, we shall use the notation X,
both for the whole S.P. {X,,} and for the n-th R.V. of this process, and likewise we
may sometimes use F,, to denote the whole filtration {F,}.

A martingale consists of a filtration and an adapted S.P. which can represent the
outcome of a “fair gamble”. That is, the expected future reward given current
information is exactly the current value of the process, or as a rigorous definition:

DEFINITION 5.1.4. A martingale (denoted MG) is a pair (X, Fy), where {F,} is
a filtration and {X,} is an integrable S.P., that is, E|X,| < oo for all n, adapted
to this filtration, such that

(5.1.1) E[X, 11| Fn] = X» Vn, a.s.

REMARK. The “slower” a filtration n — F,, grows, the easier it is for an adapted
S.P. to be a martingale. That is, if H,, C F, for all n and S.P. {X,,} adapted to
filtration {H,} is such that (X,,F,) is a martingale, then by the tower property
(Xn, Hy) is also a martingale. In particular, if (X,,, F,,) is a martingale then {X,}
is also a martingale with respect to its canonical filtration. For this reason, hereafter
the statement {X,} is a MG (without explicitly specifying the filtration), means
that {X,,} is a MG with respect to its canonical filtration FX = o(Xy, k < n).

We next provide an alternative characterization of the martingale property.

PROPOSITION 5.1.5. If X,, = Y.} Dy, then the canonical filtration for {X,} is
the same as the canonical filtration for {Dy,}. Further, (X,,Fy) is a martingale if
and only if {Dy} is an integrable S.P., adapted to {F,}, such that E[Dp41|F,] =0
a.s. for all n.

REMARK. The martingale differences associated with (martingale) {X,,} are D,, =
Xn — anl, n Z 1 and DO = Xo.

PRrOOF. With both the transformation from (X, ..., X,) to (Dy,...,Dy,) and
its inverse being continuous (hence Borel), it follows that FX = FP for each n
(c.f. Exercise[[.2.33)). Therefore, {X,} is adapted to a given filtration {F,} if and
only if {D,} is adapted to this filtration (see Definition B.I.3]). It is easy to show
by induction on n that E|X;| < oo for k = 0,...,n if and only if E|Dy| < oo for
k=0,...,n. Hence, {X,} is an integrable S.P. if and only if {D,, } is. Finally, with
X, € mF, it follows from the linearity of the C.E. that

E[Xn+1|]:n] - X, = E[Xn+1 - Xn|]:n] = E[Dn+1|]:n] )
and the alternative expression for the martingale property follows from (E11). O

Our first example of a martingale, is the random walk, perhaps the most funda-
mental stochastic process.

DEFINITION 5.1.6. The random walk is the stochastic process Sy = So+ > p_; &k
with real-valued, independent, identically distributed {&,} which are also indepen-
dent of Sy. Unless explicitly stated otherwise, we always set Sy to be zero. We say
that the random walk is symmetric if the law of & is the same as that of —&,. We
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call it a simple random walk (on Z), in short SRW, if & € {—1,1}. The SRW is
completely characterized by the parameter p = P(§, = 1) which is always assumed
to be in (0,1) (or alternatively, by g =1 —p =P (& = —1)). Thus, the symmetric
SRW corresponds to p = 1/2 = q (and the asymmetric SRW corresponds top # 1/2).

The random walk is a MG (with respect to its canonical filtration), whenever
E|&1| < 0o and E&; = 0.

REMARK. More generally, such partial sums {S,} form a MG even when the
independent and integrable R.V. & of zero mean have non-identical distributions,
and the canonical filtration of {S,} is merely {F&}, where F& = o(&1,...,&n).
Indeed, this is an application of Proposition [5.1.5] for independent, integrable Dy, =
Sk—Sk,1 = fk, k Z 1 (Wlth DO = 0), where E[Dn+1|D0, Dl, ey Dn] = EDn+1 =0
for all n > 0 by our assumption that E&, = 0 for all k.

DEFINITION 5.1.7. We say that a stochastic process {X,} is square-integrable if
EX?2 < oo for all n. Similarly, we call a martingale (X, F,) such that EX?2 < oo
for all n, an L>-MG (or a square-integrable MG).

Square-integrable martingales have zero-mean, uncorrelated differences and admit
an elegant decomposition of conditional second moments.

EXERCISE 5.1.8. Suppose (X, Fpn) and (Y, Fy) are square-integrable martingales.

(a) Show that the corresponding martingale differences D,, are uncorrelated
and that each D,, n > 1, has zero mean.
(b) Show that for any £ > n >0,

E[XZ}/ELFn] - XnY, = E[(Xf - Xﬂ)(n - Yn)|]:n]
4

= > E[(Xx— Xie1) (Vi — Yi1)|Fl.-
k=n+1

(¢) Deduce that if supy, | Xk| < C non-random then for any £ > 1,
‘ 2
B[(Y_p})’] <6ct.

k=1
REMARK. A square-integrable stochastic process with zero-mean mutually inde-
pendent differences is necessarily a martingale (consider Proposition [5.1.0]). So, in
view of part (a) of Exercise 5.1.8] the MG property is between the more restrictive
requirement of having zero-mean, independent differences, and the not as useful
property of just having zero-mean, uncorrelated differences. While in general these

three conditions are not the same, as you show next they do coincide in case of
Gaussian stochastic processes.

EXERCISE 5.1.9. A stochastic process {X,} is Gaussian if for each n the ran-
dom wvector (X1,...,Xy) has the multivariate normal distribution (c.f. Definition
[7513). Show that having independent or uncorrelated differences are equivalent
properties for such processes, which together with each of these differences having
a zero mean is then also equivalent to the MG property.

Products of R.V. is another classical source for martingales.
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EXAMPLE 5.1.10. Consider the stochastic process M,, = HZ:I Yy for independent,
integrable random variables Yy, > 0. Its canonical filtration coincides with F,X (see
Ezercise [L2:33), and taking out what is known we get by independence that

E[Mn+1|]:§] = E[Yn+1Mn|f2{] = MnE[Yn-i-llfvT] = MnE[Yn-i-l] )

so {My,} is a MG, which we then call the product martingale, if and only if
EY, = 1 for all k > 1 (for general sequence {Y,} we need instead that a.s.
E[Y,41|Y1,...,Y,] =1 for alln).

REMARK. In investment applications, the MG condition EY; = 1 corresponds to
a neutral return rate, and is not the same as the condition E[logY;] = 0 under
which the associated partial sums S,, = log M,, form a MG.

We proceed to define the important concept of stopping time (in the simpler
context of a discrete parameter filtration).

DEFINITION 5.1.11. A random variable T taking values in {0,1,...,n,...,00} is a
stopping time for the filtration {F,} (also denoted F,-stopping time), if the event
{w:7(w) < n} is in Fy, for each finite n > 0.

REMARK. Intuitively, a stopping time corresponds to a situation where the deci-
sion whether to stop or not at any given (non-random) time step is based on the
information available by that time step. As we shall amply see in the sequel, one of
the advantages of MGs is in providing a handle on explicit computations associated
with various stopping times.

The next two exercises provide examples of stopping times. Practice your under-
standing of this concept by solving them.

EXERCISE 5.1.12. Suppose that 8 and T are stopping times for the same filtration
{Fn}. Show that then OAT, OV T and 0+71 are also stopping times for this filtration.

EXERCISE 5.1.13. Show that the first hitting time 7(w) = min{k > 0: X} (w) € B}
of a Borel set B C R by a sequence {Xy}, is a stopping time for the canonical
filtration {FX}. Provide an evample where the last hitting time § = sup{k > 0 :
Xi € B} of a set B by the sequence, is not a stopping time (not surprising, since
we need to know the whole sequence { X} in order to verify that there are no visits
to B after a given time n).

Here is an elementary application of first hitting times.
EXERCISE 5.1.14 (REFLECTION PRINCIPLE). Suppose {Sy} is a symmetric random

walk starting at So = 0 (see Definition [5.1.0).
(a) Show that P(S, — S >0)>1/2 fork=1,2,... n.
(b) Fizing x > 0, let 7 =inf{k > 0: Sk > =} and show that
P(S,>2)>Y P(r=FkS,—S>0)>-> P(r=k).
k=1 k=1

N =

(c) Deduce that for any n and x > 0,

P(Il?%icsk > z) < 2P(S, > x).
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(d) Considering now the symmetric SRW, show that for any positive integers

n,x,
P(I]Eliaiisk >x) =2P(S, > z) — P(S, =)

and that Zap 41 £ (|S2n+1]—1)/2, where Z,, denotes the number of (strict)
sign changes within {So =0, 51,...,Sn}.
Hint: Show that P(Zap41 > 1|S1 = —1) = P(maxi:‘l'l Sk >2r — 1151 =
—1) by reflecting (the signs of ) the increments occurring between the odd
and the even strict sign changes of the SRW.

We conclude this subsection with a useful sufficient condition for the integrability
of a stopping time.

EXERCISE 5.1.15. Suppose the F,,-stopping time T is such that a.s.
Plr<n+r|F,)>¢
for some positive integer r, some € > 0 and all n.
(a) Show that P(t > kr) < (1 —&)* for any positive integer k.

Hint: Use induction on k.
(b) Deduce that in this case ET < co.

5.1.2. Sub-martingales, super-martingales and stopped martingales.
Often when operating on a MG, we naturally end up with a sub-martingale or a
super-martingale, as defined next. Moreover, these processes share many of the
properties of martingales, so it is useful to develop a unified theory for them.

DEFINITION 5.1.16. A sub-martingale (denoted sub-MG) is an integrable S.P.
{X,}, adapted to the filtration {F,}, such that

EX 1| Fn] > X, Yn, as.

A super-martingale (denoted sup-MG) is an integrable S.P. {X,}, adapted to the
filtration {F,} such that

EX,1|Fn] <X, VYn, as.

(A typical S.P. {X,} is neither a sub-MG nor a sup-MG, as the sign of the R.V.
E[X,+41|Fn] — Xn may well be random, or possibly dependent upon n).

REMARK 5.1.17. Note that {X,,} is a sub-MG if and only if {—X,,} is a sup-MG.
By this identity, all results about sub-MGs have dual statements for sup-MGs and
vice verse. We often state only one out of each such pair of statements. Further,
{X,} is a MG if and only if {X,,} is both a sub-MG and a sup-MG. As a result,
every statement holding for either sub-MGs or sup-MGs, also hold for MGs.

EXAMPLE 5.1.18. Ezpanding on Ezample [I110, if the non-negative, integrable
random variables Yy, are such that E[Y,|Y1,...,Y,—1] > 1 a.s. for all n then M,, =
[Ti_; Yi is a sub-MG, and if E[Y,|Y1,...,Y,_1] <1 a.s. for all n then {M,} is a
sup-MG. Such martingales appear for example in mathematical finance, where Yy
denotes the random proportional change in the value of a risky asset at the k-th
trading round. So, positive conditional mean return rate yields a sub-MG while
negative conditional mean return rate gives a sup-MG.

The sub-martingale (and super-martingale) property is closed with respect to the
addition of S.P.
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EXERCISE 5.1.19. Show that if {X,} and {Y,} are sub-MGs with respect to a
filtration {F,}, then so is {X, + Yn}. In contrast, show that for any sub-MG {Y,}
there exists integrable {X,,} adapted to {F,¥} such that {X,+Y,} is not a sub-MG
with respect to any filtration.

Here are some of the properties of sub-MGs (and of sup-MGs).

PROPOSITION 5.1.20. If (X,,, Fy) is a sub-MG, then a.s. E[X,|Fn] > X, for
any € > m. Consequently, for s sub-MG necessarily n — EX,, is non-decreasing.
Similarly, for a sup-MG a.s. E[X¢|Fn] < X (with n — EX,, non-increasing),
and for a martingale a.s. E[X|Fp] = Xp, for all £ > m (with E[X,] independent
of n).

PROOF. Suppose {X,} is a sub-MG and £ =m + k for k > 1. Then,
E[Xm+k|]'—m] = E[E(Xm+k|]:m+k71)|]:m] > E[Xm+k71|]:m]

with the equality due to the tower property and the inequality by the definition
of a sub-MG and monotonicity of the C.E. Iterating this inequality for decreasing
values of k we deduce that E[X,,4x|Fm] > E[X,,|Fn] = X, for all non-negative
integers k, m, as claimed. Next taking the expectation of this inequality, we have
by monotonicity of the expectation and (ZI) that E[X,,+x] > E[X,,] for all
k,m > 0, or equivalently, that n — EX,, is non-decreasing.

To get the corresponding results for a super-martingale {X,} note that then
{—X,} is a sub-martingale, see Remark B.T.T7 As already mentioned there, if
{X,} is a MG then it is both a super-martingale and a sub-martingale, hence
both E[X,|F] > X, and E[X,|F,] < X, resulting with E[X,|F,,] = X,,, as
stated. O

EXERCISE 5.1.21. Show that a sub-martingale (X,,, Fyp) is a martingale if and only
if EX,, = EXy for all n.

We next detail a few examples in which sub-MGs or sup-MGs naturally appear,
starting with an immediate consequence of Jensen’s inequality

PROPOSITION 5.1.22. Suppose ® : R — R is conver and E[|®(X,,)|] < oo for all
n.
(a) If (X, Fn) is a martingale then (®(X,,), Fy) is a sub-martingale.
(b) Ifz — ®(z) is also non-decreasing, (P(X, ), Fn) is a sub-martingale even
when (X, Fpn) is only a sub-martingale.

Proor. With ®(X,,) integrable and adapted, it suffices to check that a.s.
E[®(X,41)|Fn] > ®(X,) for all n. To this end, since ®(-) is convex and X,, is
integrable, by the conditional Jensen’s inequality,

E[(I)(Xn-‘rl”]:n] > (I)(E[Xn-i-lu:n])a

so it remains only to verify that ®(E[X,4+1]|Fn]) > ®(X,). This clearly applies
when (X, F,) is a MG, and even for a sub-MG (X,,, F,,), provided that ®(-) is
monotone non-decreasing. (I

EXAMPLE 5.1.23. Typical convex functions for which the preceding proposition is
often applied are ®(z) = |z|P, p > 1, ®(z) = (r—c)4, ®(x) = max(z,c) (forc € R),
O(x) = €® and ®(x) = xlogx (the latter only for non-negative S.P.). Considering
instead ®(-) concave leads to a sup-MG, as for example when ®(x) = min(z,c) or
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O(x) = aP for some p € (0,1) or ®(x) = logz (latter two cases restricted to non-
negative S.P.). For example, if {X,} is a sub-martingale then (X, — ¢)4 is also
a sub-martingale (since (x — ¢)4 is a convex, non-decreasing function). Similarly,
if {Xn} is a super-martingale, then min(X,,c) is also a super-martingale (since
— X, 1s a sub-martingale and the function —min(—x,c) = max(x, —c) is convex
and non-decreasing).

Here is a concrete application of Proposition [5.1.22]

EXERCISE 5.1.24. Suppose {&;} are mutually independent, E¢; = 0 and EE? = o2.
(a) Let S, =31 & and s2 =57 | 02. Show that {S%} is a sub-martingale
and {S? — s2} is a martingale.
(b) Show that if in addition m, = [[;_, Ee% are finite, then {e"} is a
sub-martingale and M, = e /m,, is a martingale.

REMARK. A special case of Exercise is the random walk S,, of Definition
B.L6, with S2 — nE¢? being a MG when ¢ is square-integrable and of zero mean.
Likewise, e%» is a sub-MG whenever E¢; = 0 and Ee® is finite. Though e is in
general not a MG, the normalized M,, = e /[Eef!]" is merely the product MG of
Example 5. T.I0 for the i.i.d. variables Y; = e% /E(e).

Here is another family of super-martingales, this time related to super-harmonic
functions.

DEFINITION 5.1.25. A lower semi-continuous function f : R — R is super-
harmonic if for any x and r > 0,

1
f(@) 2 75— f(y)dy
|B(O7 T)' B(z,r)
where B(z,r) = {y : |z —y| < r} is the ball of radius r centered at x and |B(z,r)|
denotes its volume.

EXERCISE 5.1.26. Suppose S, = x+Y_,_; & for i.i.d. & that are chosen uniformly
on the ball B(0,1) in RY (i.e. using Lebesque’s measure on this ball, scaled by
its volume). Show that if f(-) is super-harmonic on R then f(S,) is a super-
martingale.
Hint: When checking the integrability of f(Sy) recall that a lower semi-continuous
function is bounded below on any compact set.

We next define the important concept of a martingale transform, and show that
it is a powerful and flexible method for generating martingales.

DEFINITION 5.1.27. We call a sequence {V,,} predictable (or pre-visible) for the
filtration {F,}, also denoted F,-predictable, if V,, is measurable on F,_1 for all
n > 1. The sequence of random variables

Vo= Ve(Xp—Xp1),n>1, Yo=0
k=1
is called the martingale transform of the F,-predictable {V,} with respect to a sub
or super martingale (Xn, Fr).

THEOREM 5.1.28. Suppose {Y,} is the martingale transform of F,-predictable
{V} with respect to a sub or super martingale (X, Fr).
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(a) If'Y, is integrable and (X,,Fyn) is a martingale, then (Y, Fy) is also a
martingale.

(b) If Y., is integrable, V;, > 0 and (X, Fy) is a sub-martingale (or super-
martingale) then (Y, Fy) is also a sub-martingale (super-martingale, re-
spectively).

(c) For the integrability of Y, it suffices in both cases to have |V, | < ¢, for
some non-random finite constants c,, or alternatively to have V, € L4
and X, € LP for all n and some p,q > 1 such that % + % =1.

Proor. With {V,,} and {X,} adapted to the filtration F,, it follows that
ViXi € mF, C mF, for all I < k < n. By inspection Y;,, € mF, as well (see
Corollary [219), i.e. {Y,,} is adapted to {F,}.

Turning to prove part (¢) of the theorem, note that for each n the variable Y, is
a finite sum of terms of the form +V; X;. If V. € LY and X; € LP for some p,q > 1
such that % + % = 1, then by Holder’s inequality Vi X is integrable. Alternatively,
since a super-martingale X; is in particular integrable, Vj, X, is integrable as soon
as | V| is bounded by a non-random finite constant. In conclusion, if either of these
conditions applies for all &, then obviously {Y;,} is an integrable S.P.

Recall that Yy,11 — Y, = Vo1 (Xnt1 — X)) and Vipy € mF, (since {V,,} is F,-
predictable). Therefore, taking out V,,41 which is measurable on F,, we find that

E[YnJrl - Yn|‘/—"n] == E[VnJrl(XnJrl - Xn)|]:n] - Vn+1E[Xn+1 - Xn|‘/—"n] .

This expression is zero when (X,,, F,) is a MG and non-negative when V41 > 0
and (X,,, F,) is a sub-MG. Since the preceding applies for all n, we consequently
have that (Y, F,,) is a MG in the former case and a sub-MG in the latter. Finally,
to complete the proof also in case of a sup-MG (X,,, F;,), note that then —Y,, is the
MG transform of {V,,} with respect to the sub-MG (=X, F,,). O

Here are two concrete examples of a martingale transform.

EXAMPLE 5.1.29. The S.P. Y, = > ;_; Xp-1(Xx — Xi—1) is a MG whenever
X, € L*(Q, F,P) is a MG (indeed, V,, = X, _1 is predictable for the canonical
filtration of {X,} and consider p = q =2 in part (c¢) of Theorem [L.1.28).

EXAMPLE 5.1.30. Given an integrable process {V,, } suppose that for each k > 1 the
bounded &, has zero mean and is independent of Fx—1 = 0(&1, ..., &k—1, V1, -+, V).
Then, Y, = >"1_, Vik is a martingale for the filtration {F,}. Indeed, by assump-
tion, the differences &, of X, = Y p_; & are such that Bl&x|Fr_1] = 0 for all
k > 1. Hence, (X,,F,) is a martingale (c.f. Proposition [5.170), and {Y,} is
the martingale transform of the JF,-predictable {V,,} with respect to the martingale
(X, Fn) (where the integrability of Yy, is a consequence of the boundedness of each
&k and integrability of each Vi ). In discrete mathematics applications one often
uses a special case of this construction, with an auziliary sequence of random i.i.d.
signs & € {—1,1} such that P(§& = 1) = L and {&,} is independent of the given
integrable S.P. {V,,}.

We next define the important concept of a stopped stochastic process and then
use the martingale transform to show that stopped sub and super martingales are
also sub-MGs (sup-MGs, respectively).
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DEFINITION 5.1.31. Given a stochastic process {X,} and a a random variable T
taking values in {0,1,...,n,..., 00}, the stopped at 7 stochastic process, denoted
{Xnar}, is given by

Xn(w), n < 7(w)

Xn/\T(w) = {XT(W)(W), n> T(w)

THEOREM 5.1.32. If (X,,, F,) is a sub-MG (or a sup-MG or a MG) and 0 < T
are stopping times for {F,}, then (Xpar — Xnne, Fn) 18 also a sub-MG (or sup-MG
or MG, respectively). In particular, taking 8 = 0 we have that (Xpnr, Fn) is then
a sub-MG (or sup-MG or MG, respectively).

PRrROOF. We may and shall assume that (X,,, ;) is a sub-MG (just consider
— X, in case X, is a sup-MG and both when X, is a MG). Let Vi (w) = Ig(w)<k<r(w)}-
Since § < 7 are two F,-stopping times, it follows that Vi(w) = I{ow)<@k-1)} —
Itrw)<(k—1)} is measurable on Fj_; for all & > 1. Thus, {V,} is a bounded,
non-negative F,-predictable sequence. Further, since

Xn/\T(W) - Xn/\@(w) = Z I{G(w)<k§7(w)}(Xk(w) - Xk;_l(W))
k=1

is the martingale transform of {V,,} with respect to sub-MG (X, F,,), we know from
Theorem that (Xpar — Xnng, Fn) is also a sub-MG. Finally, considering the
latter sub-MG for # = 0 and adding to it the sub-MG (Xo, F,), we conclude that
(Xnar, Fn) is a sub-MG (c.f. Exercise and note that X0 = Xo). O

Theorem [B.1.32] thus implies the following key ingredient in the proof of Doob’s
optional stopping theorem (to which we return in Section [5.4]).

COROLLARY 5.1.33. If (X, Fy) is a sub-MG and T > 6 are F,,-stopping times,
then EXpnr > EXppg for all n. The reverse inequality holds in case (X, Fy) s a

sup-MG, with EXpng = EXpar for all n in case (X, Fy) is a MG.

ProOOF. Suffices to consider X,, which is a sub-MG for the filtration F,,. In
this case we have from Theorem that Y,, = X,ar — Xnng 1s also a sub-MG
for this filtration. Noting that Yy = 0 we thus get from Proposition that
EY,, > 0. Theorem also implies the integrability of X,,A¢g so by linearity of
the expectation we conclude that EX - > EX, r¢. O

An important concept associated with each stopping time is the stopped o-algebra
defined next.

DEFINITION 5.1.34. The stopped o-algebra F, associated with the stopping time
7 for a filtration {F,} is the collection of events A € Foo such that AN{w : 7(w) <
n} € Fy, for all n.

With F,, representing the information known at time n, think of 7, as quantifying
the information known upon stopping at 7. Some of the properties of these stopped
o-algebras are detailed in the next exercise.

EXERCISE 5.1.35. Let 6 and T be F, -stopping times.

(a) Verify that F. is a o-algebra and if 7(w) = n is non-random then F, =
F.
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(b) Suppose X,, € mF,, for alln (including n = oo unless T is finite for allw).
Show that then X € mF,. Deduce that o(7) C Fr and Xyl € mF:
for any k non-random.

(¢) Show that for any integrable {Y,} and non-random k,

E[Y: Iy |Fr] = BYi| Fillir—py -
(d) Show that if 0 < T then Fy C F,.

Our next exercise shows that the martingale property is equivalent to the “strong
martingale property” whereby conditioning at stopped o-algebras Fy replaces the
one at F,, for non-random n.

EXERCISE 5.1.36. Given an integrable stochastic process {X,} adapted to a filtra-
tion {Fn}, show that (X,,Fyn) is a martingale if and only if E[X,|Fs] = Xg for

any non-random, finite n and all F,,-stopping times 6 < n.

For non-integrable stochastic processes we generalize the concept of a martingale
into that of a local martingale.

EXERCISE 5.1.37. The pair (X, Fy) is called a local martingale if { X, } is adapted
to the filtration {F,} and there exist F,-stopping times 1 such that 7, T 0o with
probability one and (Xpar,, Fn) i a martingale for each k. Show that any martin-
gale is a local martingale and any integrable, local martingale is a martingale.

We conclude with the renewal property of stopping times with respect to the
canonical filtration of an i.i.d. sequence.

EXERCISE 5.1.38. Suppose T is an a.s. finite stopping time with respect to the
canonical filtration {FZ} of a sequence {Z1.} of i.i.d. R.V-s.
(a) Show that T2 = 0(Z.yk,k > 1) is independent of the stopped o-algebra
FZ.
(b) Provide an exzample of a finite FZ-stopping time T and independent {Zy.}
for which T2 is not independent of FZ.

5.2. Martingale representations and inequalities

In Subsection [5.2.1] we show that martingales are at the core of all adapted pro-
cesses. We further explore there the structure of certain sub-martingales, intro-
ducing the increasing process associated with square-integrable martingales. This
is augmented in Subsection by the study of maximal inequalities for sub-
martingales (and martingales). Such inequalities are an important technical tool
in many applications of probability theory. In particular, they are the key to the
convergence results of Section [£.3]

5.2.1. Martingale decompositions. To demonstrate the relevance of mar-
tingales to the study of general stochastic processes, we start with a representation
of any adapted, integrable, discrete-time S.P. as the sum of a martingale and a
predictable process.

THEOREM 5.2.1 (Doob’s decomposition). Given an integrable stochastic process
{X,}, adapted to a discrete parameter filtration {F,}, n > 0, there exists a decom-
position X, =Y, + A, such that (Y, F,) is a MG and {A,} is an F,-predictable
sequence. This decomposition is unique up to the value of Yo € mFy.
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PROOF. Let Ag = 0 and for n > 1 set
An = Anfl + E[Xn - Xn71|]:n71]-

By definition of the conditional expectation we see that Ay — Ag_1 is measurable
on Fi_q for any £k > 1. Since Fxr_1 C Fp_q for all K < n and A, = Ap +
22:1 (A — Ag—1), it follows that {A,} is F,-predictable. We next check that
Y, = X,, — A, is a MG. To this end, recall that since {X,} is integrable so is
{X,, — Xp_1}, whereas the C.E. only reduces the L' norm (see Example F2.20).
Therefore, E|A,, — A,_1| < E|X, — X,—1] < oo. Hence, 4, is integrable, as
is X,,, implying by Minkowski’s inequality that Y,, is integrable as well. With
{X,} adapted and {A,} predictable, hence adapted, to {F,}, we see that {¥,,} is
also Fp-adapted. It remains to check the martingale condition, that almost surely
E[Y, — Y,_1|F.-1] = 0 for all n > 1. Indeed, by linearity of the C.E. and the
construction of the F,-predictable sequence {A,}, for any n > 1,

E[Yn - Yn—1|]:n—1] = E[Xn - Xn—l - (An - An—1)|]:n—1]
=E[X, — X,—1|Fn-1] — (A, — A4,1) =0.
We finish the proof by checking that such a decomposition is unique up to the
choice of Yy. To this end, suppose that X,, =Y, + A, = Y, + A, are two such
decompositions of a given stochastic process { X, }. Then, Y,,—Y,, = 4,,— A,. Since

{A,} and {A,} are both F,-predictable sequences while (Y;,, F,,) and (Y,,, F,) are
martingales, we find that

A, — A, = E[A, — A,|Fn_1] = E[Y, — Y| Fui]
= anl - Ynfl = Anfl - A’z{nfl .

ThuS,NAn _N‘ZI" is independent of n and if in addition Yy = SN/O then A,, — gn =
Ao — Ap =Yy — Yy =0 for all n. In conclusion, both sequences {A,} and {Y,,} are
uniquely determined as soon as we determine Yy, a R.V. measurable on Fj. O

Doob’s decomposition has more structure when (X, F,,) is a sub-MG.

EXERCISE 5.2.2. Check that the predictable part of Doob’s decomposition of a sub-
martingale (X,, Fn) is a non-decreasing sequence, that is, A, < Ap41 for all n.

REMARK. As shown in Subsection (321 Doob’s decomposition is particularly
useful in connection with square-integrable martingales { X, }, where one can relate
the limit of X,, as n — oo with that of the non-decreasing sequence {A,} in the
decomposition of {X?2}.

We next evaluate Doob’s decomposition for two classical sub-MGs.

EXAMPLE 5.2.3. Consider the sub-MG {S2} for the random walk S, = >} _, &k,
where & are i.i.d. random variables with E&; = 0 and B = 1. Since Y, = S22 —n
is a martingale (see Exercise [5.1.24)), and Doob’s decomposition S2 =Y, + A, is

unique, it follows that the non-decreasing predictable part in the decomposition of
S2 is A, =n.

In contrast with the preceding example, the non-decreasing predictable part in
Doob’s decomposition is for most sub-MGs a non-degenerate random sequence, as
is the case in our next example.
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EXAMPLE 5.2.4. Consider the sub-MG (M,,, FZ) where M,, = H?:l Z; for i.i.d.
integrable Z; > 0 such that EZ; > 1 (see Example [5.1.10). The non-decreasing
predictable part of its Doob’s decomposition is such that for n > 1

An+1 - An - E[Mn+1 - Mn|]:7%] = E[Zn+1Mn - Mn|]:1%]
= M,E[Z,1 — 1|FZ = M,(EZ; — 1)
(since Zny1 is independent of FZ). In this case A, = (EZ; — 1) Z;ll My + Aq,

where we are free to choose for A1 any non-random constant. We see that {A,} is
a non-degenerate random sequence (assuming the R.V. Z; are not a.s. constant).

We conclude with the representation of any L'-bounded martingale as the differ-
ence of two non-negative martingales (resembling the representation X = X — X_
for an integrable R.V. X and non-negative X ).

EXERCISE 5.2.5. Let (X, Fn) be a martingale with sup, E|X,| < co. Show that
there is a representation X, =Y, — Z, with (Y,,,F,) and (Z,,F,) non-negative
martingales such that sup,, E|Y,| < co and sup,, E|Z,,| < c.

5.2.2. Maximal and up-crossing inequalities. Martingales are rather tame
stochastic processes. In particular, as we see next, the tail of maxy<, X}, is bounded
by moments of X,,. This is a major improvement over Markov’s inequality, relat-
ing the typically much smaller tail of the R.V. X,, to its moments (see part (b) of

Example [[3.14)).

THEOREM 5.2.6 (DOOB’S INEQUALITY). For any sub-martingale {X,} and z >0
let 7, = min{k > 0: Xy > x}. Then, for any finite n > 0,

(5.2.1) P(%lgéixk > 1) < 'E[Xo I <ny] < 27 E[(X0) 4]
PROOF. Since X, > x whenever 7, is finite, setting
Ap={w:m(w) <n}={w: ril%éch(w) >a},

it follows that
EXnnrr] = E[X I <n] + E[ X0, 50] > 2P(A,) + E[XnIA%].

With {X,} a sub-MG and 7, < co a pair of FX-stopping times, it follows from
Corollary B.T.33 that E[X,17,] < E[X,]. Therefore, E[X,,] — E[X,,[4:] > 2P(A,)
which is exactly the left inequality in (521). The right inequality there holds by
monotonicity of the expectation and the trivial fact XI4 < (X)4 for any R.V. X
and any measurable set A. (Il

REMARK. Doob’s inequality generalizes Kolmogorov’s maximal inequality. In-
deed, consider Xy = Z3 for the L?-martingale Z = Y1 + - -+ + Y}, where {Y;} are
mutually independent with EY; = 0 and EY;* < co. By Proposition 5.1.221 { X } is
a sub-MG, so by Doob’s inequality we obtain that for any z > 0,

P( max |Zy| > 2) = P( max X > 2%) < 27 ?E[(X,,)4] = 2 *Var(Z,)

1<k<n 1<k<n

which is exactly Kolmogorov’s maximal inequality of Proposition [2.3.16]

Combining Doob’s inequality with Doob’s decomposition of non-negative sub-
martingales, we arrive at the following bounds, due to Lenglart.
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LEMMA 5.2.7. Let V,, = max}_, Z; and A, denote the F,-predictable sequence in
Doob’s decomposition of a non-negative submartingale (Z,,, F,) with Zg = 0. Then,
for any F, -stopping time T and all z,y > 0,

(5.2.2) PV, >z, A, <y) <2 'E(A, Ay).

Further, in this case E[VP] < ¢,E[A?] for ¢, =1+ 1/(1 —p) and any p € (0,1).
PROOF. Since M,, = Z,, — A,, is a MG with respect to the filtration {F,}

(starting at My = 0), by Theorem[5.1.32) the same applies for the stopped stochastic

process Mg, with 6 any F,-stopping time. By the same reasoning Z,ng = Mpro+

Apne is a sub-MG with respect to {F,}. Applying Doob’s inequality (B2 for
this non-negative sub-MG we deduce that for any n and > 0,

P(Vopg > x) = P(max Zyng > 2) < o7 'E[ Znng] = 27 B[ Anpg .

Both V,a¢ and A, ¢ are non-negative and non-decreasing in n (see Exercise [5.2.2]),
so by monotone convergence we have that P(Vy > z) < 27 'EAy. In particular,
fixing y > 0, since {4, } is F,,-predictable, § = 7 Amin{n > 0: A,4+1 > y} is an
Fn-stopping time. Further, with A,, non-decreasing, § < 7 if and only if A, > y
in which case Ag <y (by the definition of ). Consequently, Ag < A, Ay and as
{Vr: > a2, A, <y} C{Vy > x} we arrive at the inequality (52.2)).

Next, considering (5.2.2) for z = y we see that for Y = A, and any y > 0,

P(V; > y) < P(Y > y) + E[min(Y/y,1)].

Multiplying both sides of this inequality by py?~! and integrating over y € (0, 0),
upon taking r =1 > p in part (a) of Lemma [[LZ3T] we conclude that

EV? <EY? + (1 —p) 'EY?,
as claimed. O

To practice your understanding, adapt the proof of Doob’s inequality en-route to
the following dual inequality (which is often called Doob’s second sub-MG inequal-

ity).
EXERCISE 5.2.8. Show that for any sub-MG {X,}, finite n >0 and x > 0,

(5.2.3) P(min X, < —2) < 2 (E[(X,)4] — E[Xo)) .

Here is a typical example of an application of Doob’s inequality.

EXERCISE 5.2.9. Fizing s > 0, the independent variables Z,, are such that P(Z,, =
-1)=PZ,=1)=n"°/2 and P(Z, = 0) = 1 —n"*°. Starting at Yoy = 0, for
n>1 let

Y'n, = TLSYn,1|Zn| + ZnI{ynilzo} .

(a) Show that {Y,} is a martingale and that for any x >0 and n > 1,

n—1
n 1
> < — 1=k,
P(Igj{(Yk_x)_ 2x[1—|—kil(k—|—1) (1—£k7%)]

(b) Show that Y, 20 as n — oo and further Y, “3 0 if and only if s > 1,

1
but there is no value of s for which Y, 5o.
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Martingales also provide bounds on the probability that the sum of bounded in-
dependent variables is too close to its mean (in lieu of the cLT).

EXERCISE 5.2.10. Let S’n = Y i, & where {&} are independent and E&, = 0,
|€k] < K for all k. Let s2 =", _, E&;. Using Corollary [5.1.33 for the martingale
S2 — 52 and a suitable stopping time show that

P(Iilili(|8k| <z)<(z+ K)?*/s2.

If the positive part of the sub-MG has finite p-th moment you can improve the
rate of decay in x in Doob’s inequality by an application of Proposition for
the convex non-decreasing ®(y) = max(y, 0)”, denoted hereafter by (y)% . Further,
in case of a MG the same argument yields comparable bounds on tail probabilities
for the maximum of |Yy].

EXERCISE 5.2.11.
(a) Show that for any sub-MG {Y,}, p > 1, finite n >0 and y > 0,

P(I]Icl%(};( Vi >y) < y_pE[max(Yn, O)p] .
(b) Show that in case {Y,} is a martingale, also
P(uiax || = ) <y VB[ [Yal?).

(c) Suppose the martingale {Y,} is such that Yo = 0. Using the fact that

(Y, + ¢)? is a sub-martingale and optimizing over ¢, show that for y > 0,
EY2

P Y > _—"

Here is the version of Doob’s inequality for non-negative sup-MGs and its appli-
cation for the random walk.

EXERCISE 5.2.12.

(a) Show that if T is a stopping time for the canonical filtration of a non-
negative super-martingale {X,} then EXo > EX, A, > E[X I.<,] for
any finite n.

(b) Deduce that if {X,,} is a non-negative super-martingale then for any x >
0

P(sup X > z) <z 'EXjp.
k

(¢) Suppose S, is a random walk with E¢; = —p < 0 and Var(&) = 02 > 0.
Let a = p/(0? + p?) and f(z) =1/(1+ a(z — z)4). Show that f(S,) is
a super-martingale and use this to conclude that for any z > 0,

P(supSk >z) < 1+1az.
Hint: Taking v( ) af(r)*1,<. show that g.(y) = f(z) + v(z)[(y —
z) + aly — x)?] > f(y) for all * and y. Then show that f(S,) =

E[gs, ( n+1)|Sk7k < nl.

Integrating Doob’s inequality we next get bounds on the moments of the maximum
of a sub-MG.
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COROLLARY 5.2.13 (L MAXIMAL INEQUALITIES). If {X,} is a sub-MG then for
anyn andp>1,
(5.2.4) B(max X;)] < ¢"B[(X,)],
where ¢ = p/(p — 1) is a finite universal constant. Consequently, if {Y,} is a MG
then for any n and p > 1,

(5.2.5) E[(max |Vil)] < ¢"E[[Yal] -

PRrROOF. The bound (5:24) is obtained by applying part (b) of Lemma [[4.3T]
for the non-negative variables X = (X,,)4+ and Y = (maxg<, Xj)+. Indeed, the
hypothesis P(Y > y) < y 'E[XIy>,] of this lemma is provided by the left in-
equality in (B21]) and its conclusion that EY? < ¢?PEXP? is precisely (.24)). In
case {Y,} is a martingale, we get (B.2.5) by applying (524]) for the non-negative
sub-MG X, = [Y,|. O

REMARK. A bound such as (E23) can not hold for all sub-MGs. For example,
the non-random sequence Y = (k —n) A0 is a sub-MG with |Yy| =n but Y,, = 0.

The following two exercises show that while L? maximal inequalities as in Corollary
can not hold for p = 1, such an inequality does hold provided we replace
E(X,,)+ in the bound by E[(X,,)+ log min(X,,,1)].

EXERCISE 5.2.14. Consider the martingale M, = [[;_, Yy for i.i.d. non-negative
random variables {Yi} with EY1 =1 and P(Y1 =1) < 1.

(a) Explain why E(log Y1) is finite and why the strong law of large numbers
implies that n™"log M,, “3 11 < 0 when n — .

(b) Deduce that M, 3 0 as n — oo and that consequently {M,} is not
uniformly integrable.

(¢) Show that if (5:27) applies for p =1 and some q < oo, then any non-
negative martingale would have been uniformly integrable.

EXERCISE 5.2.15. Show that if {X,} is a non-negative sub-MG then
E[max X;] < (1-e™")7 {1+ E[X,(log X,)4 ]}

Hint: Apply part (c) of Lemma[I].31] and recall that z(logy)+ < e 'y +z(logx)+
for any x,y > 0.

We just saw that in general L'-bounded martingales might not be U.I. Neverthe-
less, as you show next, for sums of independent zero-mean random variables these
two properties are equivalent.

EXERCISE 5.2.16. Suppose S, = >_;_, & with & independent.
(a) Prove Ottaviani’s inequality. Namely, show that for any n and t,s > 0,

P(umax|Si| 2 ¢+ 5) < P(ISu] 2 ¢) + P(lax |Se] 2  +3) méx P(ISh = Sil > ).

(b) Suppose further that {&} is integrable and sup,, E|S,| < co. Show that
then E[supy, |Sk|] is finite.
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In the spirit of Doob’s inequality bounding the tail probability of the maximum
of a sub-MG {Xy,k =0,1,...,n} in terms of the value of X,,, we will bound the
oscillations of {Xj,k = 0,1,...,n} over an interval [a,b] in terms of Xy and X,,.
To this end, we require the following definition of up-crossings.

DEFINITION 5.2.17. The number of up-crossings of the interval [a, b] by { X (w), k =
0,1,...,n}, denoted Uy,[a,bl(w), is the largest £ € Z4 such that X, (w) < a and
X, (w)>bfor1<i</land some0<s3 <t1<--<sp<ty<n.

For example, Fig. [l depicts two up-crossings of [a, b].

FIGURE 1. Tllustration of up-crossings of [a, b] by X (w)

Our next result, Doob’s up-crossing inequality, is the key to the a.s. convergence
of sup-MGs (and sub-MGs) on which Section [5.3]is based.

LEMMA 5.2.18 (DOOB’S UP-CROSSING INEQUALITY). If {X,} is a sup-MG then
(5.2.6) (b —a)E(Uyla,b]) <E[(X, —a)-] - E[(Xo — a)_] Ya <b.

PrOOF. Fixing a < b, let V1 = I x,<q} and for n = 2,3, ..., define recursively
Vo = Iy, =1,x, 1<t} T L{v,_1=0,X,,_1<a)- Informally, the sequence Vj is zero
while waiting for the process {X,} to enter (—oo,a) after which time it reverts
to one and stays so while waiting for this process to enter (b,00). See Figure [l
for an illustration in which black circles depict indices k such that Vy = 1 and
open circles indicate those values of k with V;, = 0. Clearly, the sequence {V,,} is
predictable for the canonical filtration of {X,}. Let {Y,,} denote the martingale
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transform of {V,,} with respect to {X,,} (per Definition E-I.2T). By the choice of
V. every up-crossing of the interval [a, b] by {X;,k=0,1,...,n} contributes to Y,
the difference between the value of X. at the end of the up-crossing (i.e. the last in
the corresponding run of black circles), which is at least b and its value at the start
of the up-crossing (i.e. the last in the preceding run of open circles), which is at
most a. Thus, each up-crossing increases Y;, by at least (b —a) and if Xy < a then
the first up-crossing must have contributed at least (b— Xo) = (b—a) + (Xo —a)_—
to Y. The only other contribution to Y, is by the up-crossing of the interval [a, b]
that is in progress at time n (if there is such), and since it started at value at most
a, its contribution to Y;, is at least —(X,, — a)_. We thus conclude that

Y, > (b—a)Uya,b] + (Xo —a)- — (X, —a)—

for all w € 2. With {V},} predictable, bounded and non-negative it follows that {Y}, }
is a super-martingale (see parts (b) and (c¢) of Theorem (ET.28). Thus, considering
the expectation of the preceding inequality yields the up-crossing inequality (5.2.6))
since 0 = EY) > EY,, for the sup-MG {Y,,}. O

Doob’s up-crossing inequality implies that the total number of up-crossings of [a, b
by a non-negative sup-MG has a finite expectation. In this context, Dubins’ up-
crossing inequality, which you are to derive next, provides universal (i.e. depending
only on a/b), exponential bounds on tail probabilities of this random variable.

EXERCISE 5.2.19. Suppose (X}, F,,) and (X2, F,) are both sup-MGs and T is an
Fo-stopping time such that X} > X2.

(a) Show that Wy, = X}~y + X2, <y, is a sup-MG with respect to F,, and
deduce that so is 'Y, = X711172n + XfLIT<n (this is sometimes called the
switching principle ).

(b) For a sup-MG X, > 0 and constants b > a > 0 define the FX-stopping
times 1o = —1, 0y = inf{k > 70 : Xj < a} and 1941 = inf{k > 0, : X}, >
b}, £ =0,1,.... That is, the {-th up-crossing of (a,b) by {X,} starts at
0o—1 and ends at 7¢. For{=0,1,... let Z, = a~‘b* when n € [r,0;) and
Zp = a 71X, for n € [0p,To41). Show that (Z,, FX) is a sup-MG.

(c) Forb>a >0 let Uxla,b] denote the total number of up-crossings of the
interval [a,b] by a non-negative super-martingale {X,}. Deduce from the
preceding that for any positive integer £,

an £
P(Uso[a,b] > 0) < (g) E[min(Xo/a, 1)]

(this is Dubins’ up-crossing inequality ).
5.3. The convergence of Martingales

As we shall see in this section, a sub-MG (or a sup-MG), has an integrable
limit under relatively mild integrability assumptions. For example, in this con-
text L'-boundedness (i.e. the finiteness of sup, E|X,|), yields a.s. convergence
(see Doob’s convergence theorem), while the L!-convergence of {X,,} is equivalent
to the stronger hypothesis of uniform integrability of this process (see Theorem
(312). Finally, the even stronger LP-convergence applies for the smaller sub-class
of LP-bounded martingales (see Doob’s LP martingale convergence).
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Indeed, these convergence results are closely related to the fact that the maximum
and up-crossings counts of a sub-MG do not grow too rapidly (and same applies
for sup-MGs and martingales). To further explore this direction, we next link the
finiteness of the total number of up-crossings U [a, b] of intervals [a, b], b > a, by a
process {X,,} to its a.s. convergence.

a.s

LEMMA 5.3.1. If for each b > a almost surely Uxla,b] < oo, then X,, =% Xoo
where Xoo is an R-valued random variable.

PROOF. Note that the event that X,, has an almost sure (R-valued) limit as
n — oo is the complement of
= |J Tus,

a,beQ
a<b

where for each b > a,
Fyp={w:liminf X,,(w) < a < b < limsup X, (w)}.
n—00 n—00

Since I is a countable union of these events, it thus suffices to show that P(I'y ) = 0
for any a,b € Q, a < b. To this end note that if w € 'y then limsup,, X, (w) > b
and liminf,, X, (w) < a are both limit points of the sequence { X, (w)}, hence the
total number of up-crossings of the interval [a, b] by this sequence is infinite. That
is, Typ C {w : Usola,b](w) = co}. So, from our hypothesis that Uxla, b] is finite
almost surely it follows that P(I'; ;) = 0 for each a < b, resulting with the stated
conclusion. ]

Combining Doob’s up-crossing inequality of Lemma [5.2.18 with Lemma £.3.1] we
now prove Doob’s a.s. convergence theorem for sup-MGs (and sub-MGs).

THEOREM 5.3.2 (DOOB’S CONVERGENCE THEOREM). Suppose sup-MG (X, Fp)
is such that sup, {E[(X,)_]} < co. Then, X, “3 X, and E|Xo| < liminf, E|X,,|

is finite.

PRrROOF. Fixing b > a, recall that 0 < Upla,b] 1 Uxla,b] as n 1 oo, where
Usola, b] denotes the total number of up-crossings of [a, b] by the sequence {X,}.
Hence, by monotone convergence E(Uxla,b]) = sup,, E(Uy,[a,b]). Further, with
(x—a)_ < |a|+z_, we get from Doob’s up-crossing inequality and the monotonicity
of the expectation that

1 1
E(Unla,b]) < 5B —0)- < (Ial + sup BI(X,)-)
Thus, our hypothesis that sup, E[(X,)-] < oo implies that E(Uxla,b]) is finite,
hence in particular Uy [a, ] is finite almost surely.

Since this applies for any b > a, we have from Lemma [5.3.1 that X, ¥ X .
Further, with X,, a sup-MG, we have that E|X,,| = EX,, + 2E(X,,)- < EX, +
2E(X,,)- for all n. Using this observation in conjunction with Fatou’s lemma for
0 < |X,| “} | X, | and our hypothesis, we find that

E|X| < liminf E| X, | < EXy + 2sup{E[(X,)-]} < oo,
n—00 n

as stated. O
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REMARK. In particular, Doob’s convergence theorem implies that if (X,,,F,,) is
a non-negative sup-MG then X, 3 X for some integrable X, (and in this
case EXo, < EXj). The same convergence applies for a non-positive sub-MG and
more generally, for any sub-MG with sup,{E(X,)+} < co. Further, the following
exercise provides alternative equivalent conditions for the applicability of Doob’s
convergence theorem.

EXERCISE 5.3.3. Show that the following five conditions are equivalent for any
sub-MG {X,} (and if {X,} is a sup-MG, just replace (Xp,)+ by (Xn)-).

(a) lim, E|X,,| exists and is finite.

(b) sup,, E|X,| < .

(¢) liminf, E|X,| < co.

(d) lim, E(X,,)+ exists and is finite.

(e) sup,, E(X,)+ < o0.

Our first application of Doob’s convergence theorem extends Doob’s inequality
(EZT) to the following bound on the maximal value of a U.I. sub-MG.

COROLLARY 5.3.4. For any U.L sub-MG {X,} and > 0,
(5.3.1) P(X) >z for some k < o0) <1 'E[Xoo I, <o) < 2 B[(Xo0)+]
where T, = min{k > 0: Xy > x}.

PRrROOF. Let 4, = {r, < n} = {maxp<, X > 2} and Ao, = {7z < 0} =
{X}y > x for some k < oo}. Then, A, 1 Ax and as the UL sub-MG {X,} is
L'-bounded, we have from Doob’s convergence theorem that X, 3 Xo. Con-
sequently, X,I4, and (X,)4+ converge almost surely to Xoola_ and (Xoo)4, re-
spectively. Since these two sequences are U.I. we further have that E[X,,I4,] —
E[ Xl ] and E[(X,,)+] = E[(Xs)+]. Recall Doob’s inequality (B.2.]) that
(5.3.2) P(A,) <z 'E[X,14,] <2 'E[(X,)]
for any n finite. Taking n — oo we conclude that

P(Ax) <o 'E[Xoola, ] < o7 E[(Xo) 4]
which is precisely our stated inequality (E31). O

Applying Doob’s convergence theorem we also find that martingales of bounded
differences either converge to a finite limit or oscillate between —oo and +oo.

PROPOSITION 5.3.5. Suppose {X,,} is a martingale of uniformly bounded differ-
ences. That is, almost surely sup,, | X, — Xn—1| < ¢ for some finite non-random
constant c. Then, P(AU B) =1 for the events

A={w: lim X,(w) ezists and is finite},
n—r oo

B = {w : limsup X, (w) = 00 and liminf X, (w) = —oo}.
n—oo n—00
PROOF. We may and shall assume without loss of generality that Xo = 0
(otherwise, apply the proposition for the MG Y,, = X,, — Xy). Fixing a posi-
tive integer k, consider the stopping time 7 (w) = inf{n > 0 : X, (w) < —k} for
the canonical filtration of {X,,} and the associated stopped sup-MG Y,, = X, ar,
(per Theorem [£.1.32]). By definition of 7, and our hypothesis of X,, having uni-
formly bounded differences, it follows that Y;,(w) > —k — ¢ for all n. Consequently,
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sup,, E(Y,,)- < k + ¢ and by Doob’s convergence theorem Y, (w) — Y(w) € R
for all w ¢ T’y and some measurable I'y, such that P(I'y) = 0. In particular, if
Tk(w) = oo and w ¢ 'y, then X, (w) = Y, (w) has a finite limit, so w € A. This
shows that A° C {7, < oo} UT} for all k, and hence A° C B_ Uy I'y, where
B_ = ni{mx < oo} = {w : liminf, X, (w) = —oo}. With P(I'y) = 0 for all k,
we thus deduce that P(AU B_) = 1. Applying the preceding argument for the
sup-MG {—X,} we find that P(AU By) =1 for By = {w : limsup,, X,,(w) = oco}.
Combining these two results we conclude that P(AU(B_NB;)) =1 as stated. O

REMARK. Consider a random walk S, = >"}'_; & with zero-mean, bounded in-
crements {x} (i.e. |[€x| < ¢ with ¢ a finite non-random constant), such that the
finite v = E& is non-zero, and let A denote the event where S, (w) — Soo(w) as
n — oo for some Su (w) finite. Then, S, (w) = (nv) ™28, (w) — 0 whenever w € A.
Thus, upon combining the cLT S, L, @ with Fatou’s lemma and part (d) of the
Portmanteau theorem we deduce that for any € > 0,
| <liminf P(|5,] < &) = P(IG| < ).

n—oo

P(A) < E[liminf [ 5
n—

o) ‘Sn‘gs

Taking ¢ | 0 it follows that P(A4) = 0. Hence, by Proposition (3.5 such random
walk is an example of a non-converging MG for which a.s.

limsup S;, = co = —liminf S, .
n—o00 n—0o0

Here is another application of Proposition [£.3.5

EXERCISE 5.3.6. Consider the F,-adapted W,, > 0, such that sup,, |Wy41—W,| <
K for some finite non-random constant K and Wy = 0. Suppose there exist non-
random, positive constants a and b such that for all mn >0,

E[Wn+1 - Wy + G|Fn]I{Wan} <0.

With Ny = 31— Iyw, <by» show that P(Nu is finite) = 0.
Hint: Check that X,, = Wy, +an — (K + a)N,,—1 is a sup-MG of uniformly bounded
differences.

As we show next, Doob’s convergence theorem leads to the integrability of Xy for
any L! bounded sub-MG X,, and any stopping time 6.

LEMMA 5.3.7. If (X, Fp) is a sub-MG and sup,, E[(X,,)+] < oo then E|Xy| < 00
for any F,-stopping time 6.

PROOF. Since ((X,)4,Fn) is a sub-MG (see Proposition £.1.27), it follows
that E[(Xn,a0)+] < E[(X,)4] for all n (consider Theorem for the sub-MG
(Xn)+ and 7 = 00). Thus, our hypothesis that sup,, E[(X},)+] is finite results with
sup,, E[(Y,)+] finite, where Y;, = X,,n0. Applying Doob’s convergence theorem for
the sub-MG (Y,,, F,,) we have that Y, L8 Y, with Y, = Xy integrable. O

We further get the following relation, which is key to establishing Doob’s optional
stopping for certain sup-MGs (and sub-MGs).

PROPOSITION 5.3.8. Suppose (X, Fn) is a non-negative sup-MG and 7 > 0 are
stopping times for the filtration {F,}. Then, EXy > EX, are finite valued.
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PROOF. From Theorem we know that Z,, = X rr — Xpng is a sup-MG
(as are Xpar and X, n0), with Zg = 0. Thus, E[X,rg] > E[X, -] are finite and
since 7 > 6, subtracting from both sides the finite E[X,,Ig>,] we find that

E[X019<n] > E[XTIT<n] + E[XnITZnIQ<n] .

The sup-MG {X,,} is non-negative, so by Doob’s convergence theorem X, % X
and in view of Fatou’s lemma

liminf E[X,, I >nlocn] > E[Xoolr—oolp<oo] -

n—oo -

Further, by monotone convergence E[X,I,.,] T E[X ;<] and E[Xgly.,] 1
E[Xplp<oo]. Hence, taking n — oo results with

E[X019<oo] > E[XTIT<OO] + E[XTIT:ooIG<oo] .

Adding the identity E[Xglp—o] = E[XIp—c], which holds for 7 > 8, yields the
stated inequality E[Xy] > E[X;]. Considering 0 < 6 we further see that E[X(] >
E[Xy] > E[X,] > 0 are finite, as claimed. O

Solving the next exercise should improve your intuition about the domain of va-
lidity of Proposition 5.1.22] and of Doob’s convergence theorem.

EXERCISE 5.3.9.

(a) Provide an example of a sub-martingale {X,,} for which {X?2} is a super-
martingale and explain why it does not contradict Proposition [L.1.22.
(b) Provide an example of a martingale which converges a.s. to —oo and
explain why it does not contradict Theorem [L.32
Hint: Try S, = Y_i_, &, with zero-mean, independent but not identically
distributed &;.

We conclude this sub-section with few additional applications of Doob’s conver-
gence theorem.

EXERCISE 5.3.10. Suppose {X,} and {Y,,} are non-negative, integrable processes
adapted to the filtration F, such that > Y, < oo a.s. and BE[X,1|F,] <
(14+Y,)X,+Y, for all n. Show that X, converges a.s. to a finite limit as n — co.
Hint: Find a non-negative super-martingale (Wy,, F,) whose convergence implies
that of X,,.

EXERCISE 5.3.11. Let { X} be mutually independent but not necessarily integrable
random variables, such that —X,, has the same law as X,, (for each n). Suppose
that S, = X1 + ...+ X, converges a.s. for k — oco.

(a) Fizing ¢ < oo non-random, let Y = et [Sk—11Ls, 1 <e Xkl x| <c -
Show that Y,SC) is a martingale with respect to the filtration {FX} and
that sup,, |\Y,§C)|\2 < 00.

Hint: Kolmogorov’s three series theorem may help in proving that {Yéc)}
is L?-bounded.
(b) Show that Y, = ,_; |Sk—1|Xk converges a.s.
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5.3.1. Uniformly integrable martingales. The main result of this subsec-
tion is the following L' convergence theorem for uniformly integrable (U.L) sub-
MGs (and sup-MGs).

THEOREM 5.3.12. If (X, Fp) is a sub-MG, then {X,} is U.L (c.f. Definition
1

[I3347), if and only if X, =N Xoo, in which case also X, 3 Xoo and X, <
E[X | Fn] for all n.

REMARK. If {X,} is uniformly integrable then sup,, E|X,| is finite (see Lemma
[[348). Thus, the assumption of Theorem (312 is stronger than that of Theorem
B.32 as is its conclusion.

Proor. If {X,} is U.I. then sup, E|X,| < oco. For {X,} sub-MG it thus
follows by Doob’s convergence theorem that X,, “3° X, with X integrable. Ob-
viously, this implies that X, % X.. Similarly, if we start instead by assuming

1
that X, L—> X then also X, LA X~. Either way, Vitali’s convergence theorem
(i.e. Theorem [[.3.49), tells us that uniform integrability is equivalent to L' con-

vergence when X, 5 X... We thus deduce that for sub-MGs the U.L property is
equivalent to L' convergence and either one of these yields also the corresponding
a.s. convergence.

Turning to show that X,, < E[X|F,] for all n, recall that X,, < E[X,|F,,] for
all £ > m and any sub-MG (see Proposition (.1.20). Further, since X, L, Xoo it

1
follows that E[X,|F},] L E[Xoo|Fm] as £ — oo, per fixed m (see Theorem [A.2.30).
The latter implies the convergence a.s. of these conditional expectations along some
sub-sequence ¢y, (c.f. Theorem 222.10). Hence, we conclude that for any m, a.s.

Xy < lim inf B[X( F] < B[Xoc|Fon],
—00
ie., X, <E[X|F,] for all n. O

The preceding theorem identifies the collection of U.I. martingales as merely the
set of all Doob’s martingales, a concept we now define.

DEFINITION 5.3.13. The sequence X,, = E[X|F,] with X an integrable R.V. and
{Fn} a filtration, is called Doob’s martingale of X with respect to {F,}.

COROLLARY 5.3.14. A martingale (X, Fyp) is U.L if and only if X,, = E[X|F]
is a Doob’s martingale with respect to {F,}, or equivalently if and only if X, L—1> Xoo-

PRrROOF. Theorem [(.3.12 states that a sub-MG (hence also a MG) is U.I. if and
only if it converges in L! and in this case X,, < E[X,|F,]. Applying this theorem
also for —X,, we deduce that a U.l. martingale is necessarily a Doob’s martingale
of the form X,, = E[X.|F,]. Conversely, the sequence X,, = E[X|F,] for some
integrable X and a filtration {F,} is U.I. (see Proposition f-233)). O

We next generalize Theorem [£.2.20] about dominated convergence of C.E.

THEOREM 5.3.15 (LEVY’S UPWARD THEOREM). Suppose sup,, |Xm| is integrable,
X, S Xoo and Fp, t Foo. Then E[X,|F,] = E[Xoo|Foo] both a.s. and in L.

REMARK. Lévy’s upward theorem is trivial if {X,} is adapted to {F,} (which
is obviously not part of its assumptions). On the other hand, recall that in view
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of part (b) of Exercise 235, having {X,,} U.L. and X,, “3 X is in general not
enough even for the a.s. convergence of E[X,|G] to E[X|G].

PRrROOF. Consider first the special case where X,, = X does not depend on
n. Then, Y, = E[X|F,] is a U.L. martingale. Therefore, E[Y.|F,] = E[X|F,]
for all n, where Y., denotes the a.s. and L' limit of Y,, (see Corollary (.3.14).
As Y, € mF, C mFy clearly Y = lim, Y,, € mF,,. Further, by definition of
the C.E. E[X14] = E[Y14] for all A in the m-system P = J,, F,, hence with
Foo = 0(P) it follows that Yoo = E[X|F] (see Exercise I3)).

Turning to the general case, with Z = sup,, | X,,| integrable and X, 8 X, we
deduce that X, and W}, = sup{|X,, — Xoo| : n > k} < 2Z are both integrable. So,
the conditional Jensen’s inequality and the monotonicity of the C.E. imply that for
alln >k,

Consequently, considering n — oo we find by the special case of the theorem where
X, is replaced by W} independent of n (which we already proved), that

limsup |E[X,,|F,,] — E[X | Fn]| < lim E[Wy|F,] = E[Wi|Fs) -
n—oo n o0

Similarly, we know that E[X,|F,] “¥ E[X,|Fx]. Further, by definition Wy, | 0
a.s. when k — oo, so also E[W}|Fx] | 0 by the usual dominated convergence of
C.E. (see Theorem [:2.26). Combining these two a.s. convergence results and the
preceding inequality, we deduce that E[X,|F,] 3 E[X|Fx] as stated. Finally,
since |[E[X,,|F,]| < E[Z|F,] for all n, it follows that {E[X,|F,]} is U.I. and hence
the a.s. convergence of this sequence to E[X|Fx] yields its convergence in L' as
well (c.f. Theorem [[3.49). O

Considering Lévy’s upward theorem for X,, = Xo = I4 and A € F yields the
following corollary.

a.s

COROLLARY 5.3.16 (LEVY’S 0-1 LAW). If Fp, T Foo, A € Foo, then E[I4|F,] =5
I4.

As shown in the sequel, Kolmogorov’s 0-1 law about P-triviality of the tail o-
algebra TX = N, 7,X of independent random variables is a special case of Lévy’s
0-1 law.

PROOF OF COROLLARY [LZTI0 Let F* = o(|J,, FX). Recall Definition [LZ9]

a.s.

that 7% C 7.X C FX for all n. Thus, by Lévy’s 0-1 law E[I4|FX] “5 I4 for
any A € TX. By assumption {X;} are P-mutually independent, hence for any
A€ TX the R.V. I, € mT,X is independent of the o-algebra FX. Consequently,
E[I4]|FX] 2 P(A) for all n. We deduce that P(A) “2 I, implying that P(A) €
{0,1} for all A € TX, as stated. O

The generalization of Theorem [£.2.30] which you derive next also relaxes the as-
sumptions of Lévy’s upward theorem in case only L' convergence is of interest.
1 1
EXERCISE 5.3.17. Show that if X % Xoo and Fn 1 Foo then E[X,|Fn] &
E[Xoo|Fool-

Here is an example of the importance of uniform integrability when dealing with
convergence.



200 5. DISCRETE TIME MARTINGALES AND STOPPING TIMES

EXERCISE 5.3.18. Suppose X,, “3 0 are [0, 1]-valued random variables and {M,,}
is a non-negative MG.

(a) Provide an example where E[X,M,] =1 for all n finite.

(b) Show that if {My} is U.L then E[X,M,] — 0.

DEFINITION 5.3.19. A continuous function x : [0,1) — R is absolutely continuous
if for every e > 0 there exists d > 0 such that for all k < 00, s1 < t1 < 8§90 <ty <
e <sp <t € [0,1)

k k
the—sel <9 = Z|$(t€)—$(5€)| <e
=1 =1

The next exercise uses convergence properties of MGs to prove a classical result
in real analysis, namely, that an absolutely continuous function is differentiable for
Lebesgue a.e. t € [0,1).

EXERCISE 5.3.20. On the probability space ([0,1),B,U) consider the events
Ain =t —=1)27"4327") for i=1,...,2", n=0,1,...,
and the associated o-algebras Fp, = 0(Ain,i=1,...,2").

(a) Write an explicit formula for E[h|F,] and h € L*([0,1),B,U).

(b) Forh;, =2"(x(i2~™)—z((i—1)27™)), show that X,,(t) = E?:l hinla,, (t)
is a martingale with respect to {Fp}.

(¢) Show that for absolutely continuous x(-) the martingale {X,} is U.L
Hint: Show that P(|X,,| > p) < ¢/p for some constant ¢ < oo and all

n,p > 0.
(d) Show that then there exists h € L'([0,1),B,U) such that

x(t) — x(s) = /t h(u)du for all 1>t>s>0.

(e) Recall Lebesgue’s theorem, that A1 fSSJrA |h(s) = h(u)|du 50 as A — 0,
for [a.e.) s € [0,1). Using it, conclude that ‘fl—f = h for almost every
tel0,1).

Here is another consequence of MG convergence properties (this time, of relevance
for certain economics theories).

EXERCISE 5.3.21. Given integrable random variables X, Yo and Zy on the same
probability space (2, F,P), and two o-algebras A C F, BC F, fork=1,2,..., let

Yk = E[X|O'(A, Zo, ey Zkfl)] 5 Zk = E[X|O'(B, }/0, ce ;kal)] .

Show that Y, = Yoo and Z, — Zso a.s. and in L', for some integrable random
variables Yo, and Zo,. Deduce that a.s. Yoo = Zso, hence Y, — Z, — 0 a.s. and in
L.

Recall that uniformly bounded p-th moment for some p > 1 implies U.L. (see
Exercise [[3.54). Strengthening the L! convergence of Theorem [5.3.12, the next
proposition shows that an LP-bounded martingale converges to its a.s. limit also
in LP (provided p > 1). In contrast to the preceding convergence results, this
one does not hold for sub-MGs (or sup-MGs) which are not MGs (for example, let
7 = inf{k > 1: &, = 0} for independent {&} such that P(¢&; # 0) = k?/(k + 1)2,
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so P(t > n) = n~% and verify that X,, = nl,<;; 3 0 but EX? = 1, so this
L2-bounded sup-MG does not converge to zero in L?).

PROPOSITION 5.3.22 (DOOB’S L? MARTINGALE CONVERGENCE). If the MG {X,,}
is such that sup,, B|X,|P < oo for some p > 1, then there exists a R.V. Xo such
that X, = Xoo almost surely and in LP (so || Xn|lp = || Xoollp)-

PROOF. Being L? bounded, the MG {X,} is L' bounded and Doob’s martin-
gale convergence theorem applies here, so X, “3 X, for some integrable R.V.
Xo. Further, considering Doob’s martingale convergence theorem for the L!
bounded sub-MG |X,,|P, we get that liminf, .. E(|]X,[?) > E|Xl|P, so in par-
ticular Xoo € LP. It thus suffices to verify that E|X,, — Xo|P — 0 as n — oo (as
in Exercise [[.3.28 this would imply that || X,|l, = || Xsllp). To this end, with ¢ =
sup,, E| X, |P finite we have by the L? maximal inequality of (5.2.8) that EZ, < ¢Pc
for Z,, = maxy<y |X%|? and any finite n. Since 0 < Z, T Z = supj . | Xi|F, we
have by monotone convergence that EZ < ¢Pcis finite. As X is the a.s. limit of X,
it follows that | X |P < Z as well. Hence, Y, = |X;,—Xoo|? < (| X0 |+| X |)? < 2PZ.
With Y,, “3 0 and Y,, < 2PZ for integrable Z, we deduce by dominated convergence
that EY,, — 0 as n — oo, thus completing the proof of the proposition. (I

REMARK. Proposition does not have an L' analog. Indeed, as we have
seen already in Exercise £.2.14] there exists a non-negative MG {M,,} such that
EM, =1 for all n and M,, - My, = 0 almost surely, so obviously, M,, does not
converge to Mo in L.

EXAMPLE 5.3.23. Consider the martingale S, =Y ._, & for independent, square-
integrable, zero-mean random variables &, such that ), Ef,% < 00. Since ES? =
Son_ E&, it follows from Proposition that the random series Sp(w) —
Soo(w) almost surely and in L? (see also Theorem [2.3.17 for a direct proof of this
result, based on Kolmogorov’s mazimal inequality).

EXERCISE 5.3.24. Suppose Z,, = % Sorey &k for iid. & € L*(Q,F,P) of zero-
mean and unit variance. Let F,, = o(&g, k < n) and Foo = (&, k < 00).

(a) Prove that EW Z,, — 0 for any fized W € L*(Q, Fuo, P).
(b) Deduce that the same applies for any W € L*(2, F,P) and conclude that
Z,, does not converge in L.

(c) Show that though Z,, N G, a standard normal variable, there exists no
Zoo € mF such that Z,, LN o

We conclude this sub-section with the application of martingales to the study of
Pélya’s urn scheme.

EXAMPLE 5.3.25 (POLYA’S URN). Consider an urn that initially contains r red and
b blue marbles. At the k-th step a marble is drawn at random from the urn, with all
possible choices being equally likely, and it and ¢, more marbles of the same color are
then returned to the urn. With N, = r+b+Y _, ¢ counting the number of marbles
in the urn after n iterations of this procedure, let R, denote the number of red
marbles at that time and M, = R, /N,, the corresponding fraction of red marbles.
Since Ryy1 € {Rn, Ro+cn} withP(Ruy1 = Ry+cn|FM) = R, /N, = M, it follows
that E[R,41|FM] = R, + cuM,, = N1 M,. Consequently, E[M, 1|FM] = M,
for all n with {M,} a uniformly bounded martingale.
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For the study of Pélya’s urn scheme we need the following definition.
DEFINITION 5.3.26. The beta density with parameters a > 0 and 8 > 0 is
Pla+P) o
fo(u) = u®
= Tar(a)
where T(a) = [;° s*te™*ds is finite and positive (compare with Definition[T.443).
In particular, « = 8 =1 corresponds to the density fu(u) of the uniform measure
on (0,1], as in Example [I-241}
EXERCISE 5.3.27. Let {M,} be the martingale of Example[5.3.27

(a) Show that M,, - My a.s. and in L? for any p > 1.
(b) Assuming further that c,, = ¢ for all k > 1, show that for £ =0,...,n,

(1- “)Bfllue[o,l] ,

-1 n—~{—1

n) [Lizo(r +ic) szo (b+jc)
¢ o (r+ b+ ke)
and deduce that M has the beta density with parameters o = b/c and
B =r/c (in particular, Moo has the law of U(0,1] when r =b= ¢, > 0).
(c) Forr=b=cx >0 show that P(sup;~, M}, > 3/4) < 2/3.

P(anr—i-fc):(

EXERCISE 5.3.28 (BERNARD FRIEDMAN’S URN). Consider the following variant
of Polya’s urn scheme, where after the k-th step one returns to the urn in addition
to the marble drawn and c marbles of its color, also di, > 1 marbles of the opposite
color. Show that if ¢y, dy are uniformly bounded and r +b > 0, then M, “3 1/2.
Hint: With X,, = (M,, —1/2)? check that E[X,,|FM ] = (1 — a) Xpn_1 + un, where
the non-negative constants a, and u, are such that Zk ug < 0o and Zk ap = oo.

EXERCISE 5.3.29. Fizing b, € [J, 1] for some 6 > 0, suppose { X, } are [0, 1]-valued,
Fn-adapted such that X, 11 = (1 — b,)Xn + by B, n >0, and P(B,, = 1|F,) =
1-P(B, =0|F,) = X,,. Show that X,, “3 X, € {0,1} and P(Xo = 1|F) = Xo.

5.3.2. Square-integrable martingales. If (X,,,F,) is a square-integrable
martingale then (X2, F,,) is a sub-MG, so by Doob’s decomposition X2 = M,, + A,
for a non-decreasing F,-predictable sequence {A,} and a MG (M,,, F,,) with My =
0. In the course of proving Doob’s decomposition we saw that A, — A,_1 =
E[X2—X2_,|Fn_1] and part (b) of Exercise[5.1.8 provides an alternative expression
A, — A1 = E[(X,, — X,,_1)?|Fn_1], motivating the following definition.

DEFINITION 5.3.30. The sequence A, = X& + > 1_ B[(Xp — Xp—1)?|Fr—1] is
called the predictable compensator of an L2-martingale (X, F,) and denoted by
angle-brackets, that is, A, = (X)p.

With EM,, = EMy = 0 it follows that EX2? = E(X),,, so {X,,} is L?-bounded if
and only if sup, E(X),, is finite. Further, (X), is non-decreasing, so it converges
to a limit, denoted hereafter (X)oo. With (X), > (X)o = X¢ integrable it further
follows by monotone convergence that E(X), T E(X)., so {X,} is L? bounded
if and only if (X) is integrable, in which case X,, converges a.s. and in L? (see
Doob’s L? convergence theorem). As we show in the sequel much more can be said
about the relation between convergence of X, (w) and the random variable (X)o.
To simplify the notations assume hereafter that Xo = 0 = (X)g so (X), > 0 (the
transformation of our results to the general case is trivial).



5.3. THE CONVERGENCE OF MARTINGALES 203

We start with the following explicit bounds on E[sup,, | X,|P] for p < 2, from which

we deduce that {X,} is U.L (hence converges a.s. and in L'), whenever <X>(1X/,2 is
integrable.

PROPOSITION 5.3.31. There exist finite constants cq, ¢ € (0,1], such that if
(X, Fn) is an L2-MG with Xo = 0, then
E[sup | Xi[*] < ¢,B[(X)L].
k

(o9}

REMARK. Our proof gives ¢, = (2 —¢)/(1 — q) for ¢ < 1 and ¢; = 4.

PROOF. Let V,, = max}_,|X|?, noting that V,, 1 Ve = supy |Xx|? when
n — o0o. As already explained EX2 1 E(X)s for n — oo. Thus, applying the
bound (E2.3) of Corollary B.2.13 for p = 2 we find that

E[V,] <4EX) <AE(X)o,

and considering n — oo we get our thesis for ¢ = 1 (by monotone convergence).
Turning to the case of 0 < ¢ < 1, note that (Va)? = supy, | Xx|??. Further, the
Fn-predictable part in Doob’s decomposition of the non-negative sub-martingale
Z, = X2 is A, = (X),. Hence, applying Lemma [5.2.7 with p = ¢ and 7 = oo
yields the stated bound. O

Here is an application of Proposition .33 to the study of a certain class of
random walks.

EXERCISE 5.3.32. Let S, = > _, & forii.d. {&k} of zero mean and finite second
moment. Suppose T is an F&-stopping time such that E[\/T] is finite.

(a) Compute the predictable compensator of the L?-martingale (Synr, FS).
(b) Deduce that {Spn+} is U.I and that ES,; = 0.

We deduce from Proposition [(331] that X, (w) converges a.s. to a finite limit

when (X ><1></>2 is integrable. A considerable refinement of this conclusion is offered
by our next result, relating such convergence to (X) being finite at w!

THEOREM 5.3.33. Suppose (X, Fy) is an L? martingale with Xo = 0.

(a) X, (w) converges to a finite limit for a.e. w for which (X)o(w) is finite.

(b) X, (w)/{(X)n(w) = 0 for a.e. w for which (X)oo(w) is infinite.

(c) If the martingale differences X,, — X,,—1 are uniformly bounded then the
converse to part (a) holds. That is, (X)so(w) is finite for a.e. w for
which X, (w) converges to a finite limit.

PRrROOF. (a) Recall that for any n and JF,-stopping time 7 we have the identity
X2, = Munr + (X)par with EM,,n, = 0, yielding by monotone convergence
that sup,, E[X2,,] = E(X),. While proving Lemma [.2.7] we noted that 6, =
min{n > 0 : (X),41 > v} are F,-stopping times such that (X)s, < v. Thus,
setting Y, = X, a0, for a positive integer k, the martingale (Y, F,) is L?-bounded
and as such it almost surely has a finite limit. Further, if (X).(w) is finite, then
by definition 0y (w) = oo for some random positive integer k = k(w), in which case
Xnno, = X, for all n. As we consider only countably many values of k, this yields
the thesis of part (a) of the theorem.
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(b). Since V,, = (1 + (X),) ! is an F,,-predictable sequence of bounded variables,
its martingale transform Y,, = Zzzl Vi (X — Xk—1) with respect to the square-
integrable martingale {X,,} is also a square-integrable martingale for the filtration
{Fn} (cf. TheoremBI28)). Further, since Vi, € mFy_1 it follows that for all k > 1,

(V)i = (V)k-1 = B[(Ye = Yi1)?|Froa] = VPE[(Xy — Xi—1)?|Fr]
_ Xk = (X1 _ 1 o1
T+ XR)? T I (X 1+ (X

(as (z—y)/(1+2)2 < (1+y) ' —Q+a)tforallz >y >0and (X); >0 is
non-decreasing in k). With (Y)o = (X)o = 0, adding the preceding inequalities
over k = 1,...,n, we deduce that (Y), <1—1/(1+ (X),) <1 for all n. Thus,
by part (a) of the theorem, for almost every w, Y, (w) has a finite limit. That is,
for a.e. w the series ) x,/b, converges, where b, = 1+ (X),(w) is a positive,
non-decreasing sequence and X, (w) = Y ,_; zx for all n. If in addition to the
convergence of this series also (X)oo(w) = oo then b, T oo and by Kronecker’s
lemma X, (w)/b, — 0. In this case b, /(b, — 1) — 1 so we conclude that then also
Xn/(bp — 1) — 0, which is exactly the thesis of part (b) of the theorem.

(c). Suppose that P((X)s = 00, sup,, |X,| < 0o) > 0. Then, there exists some r
such that P(<X>Oo =00, T, = oo) > 0 for the F,-stopping time 7. = inf{m >0 :
| Xm| > r}. Since sup,, |Xm — Xm—1] < ¢ for some non-random finite constant ¢, we
have that | Xy a7, | < r+c, from which we deduce that E(X) a7, = EX2 ., < (r4c)?
for all n. With 0 < (X)nar, T (X)r., by monotone convergence also

E[<X>OOITT:<>O} < E[<X>7—J < (7' + 0)2 .

This contradicts our assumption that P(<X>Oo =00, T, = oo) > 0. In conclusion,
necessarily, P((X)so = 00, sup, |[Xn| < 00) = 0. Consequently, with sup,, |X,|
finite on the set of w values for which X, (w) converges to a finite limit, it follows
that (X)) (w) is finite for a.e. such w. O

We next prove Lévy’s extension of both Borel-Cantelli lemmas (which is a neat
application of the preceding theorem).

PROPOSITION 5.3.34 (BOREL-CANTELLI III). Consider events A,, € F,, for some
filtration {F,}. Let S, = > r_, La, count the number of events occurring among
the first n, with Soc =", Ia, the corresponding total number of occurrences. Sim-
ilarly, let Z, = > ,_, & denote the sum of the first n conditional probabilities
& = P(Ag|Fr-1) and Zoo = >, &k Then, for almost every w,

(a) If Zoo(w) is finite, then so is Soo(w).
(b) If Zoo(w) is infinite, then S, (w)/Z,(w) — 1.

REMARK. Given any sequence of events, by the tower property E&, = P(Ay) for
all k and setting F,, = o0(Ak, k < n) guarantees that Ay € F for all k. Hence,
(a) If EZ = >, P(Ag) is finite, then from part (a) of Proposition (334 we
deduce that ), 14, is finite a.s., thus recovering the first Borel-Cantelli lemma.
(b) For F,, = 0(Ak,k < n) and mutually independent events {Aj} we have that
& = P(Ag) and Z, = ES,, for all n. Thus, in this case, part (b) of Proposition
(.3.34 is merely the statement that S, /ES,, “3 1 when 3, P(A;) = oo, which is
your extension of the second Borel-Cantelli via Exercise
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Proor. Clearly, M,, = S,, — Z, is square-integrable and F,-adapted. Further,
as Mp—M,_1 =14, —E[I4,|Fn_1] and Var(I4, |Fn_1) = &, (1—&,), it follows that
the predictable compensator of the L? martingale (M,,, F,,) is (M), = > p_; &(1—
k). Hence, (M), < Z, for all n, and if Z,(w) is finite, then so is (M) (w). By
part (a) of Theorem [£.3:33] for a.e. such w the finite limit My (w) of M, (w) exists,
implying that Soo = My + Z is finite as well.

With S,, = M,, + Z,, it suffices for part (b) of the proposition to show that
M, /Z, — 0 for a.e. w for which Z,,(w) = co. To this end, note first that by
the preceding argument, the finite limit M. (w) exists also for a.e. w for which
Zso(w) = 0o while (M) (w) is finite. For such w we have that M, /Z,, — 0 (since
M, (w) is a bounded sequence while Z, (w) is unbounded). Finally, from part (b)
of Theorem [£.3.33 we know that M, /(M), > M, /Z, converges to zero for a.e. w
for which (M) (w) is infinite. O

Here is a direct application of Theorem [(£.3.33

EXERCISE 5.3.35. Given a martingale (M,,, F,,) and positive, non-random b, 1 co,
show that b, * M,, — 0 for a.e. w such that Zk21 b;2E[(Mk—Mk,1)2|]:k,1] 18 finite.
Hint: Consider X, = > ,_, b,;l(Mk — My._1) and recall Kronecker’s lemma.

The following extension of Kolmogorov’s three series theorem uses both Theorem
(333 and Lévy’s extension of the Borel-Cantelli lemmas.

EXERCISE 5.3.36. Suppose {X,} is adapted to filtration {F,} and for any n, the
R.C.P.D. of X,, given F,_1 equals the R.C.P.D. of —X,, given Fp_1. For non-

random ¢ > 0 let X,(f) = Xnl x,|<c be the corresponding truncated variables.

(a) Verify that (Z,,F,) is a MG, where Z, =Y ;_, X,gc).
(b) Considering the series

(5.3.3) > P(Xal > | Fucv), and > Var(X9 | Fa),

show that for a.e. w the series Y, X, (w) has a finite limit if and only if
both series in [(.3.3) converge.

(¢) Provide an example where the convergence in part (b) occurs with proba-
bility 0 < p < 1.

We now consider sufficient conditions for convergence almost surely of the mar-
tingale transform.

EXERCISE 5.3.37. Suppose Y,, = EZ:I Vie(Zy, — Zi—1) is the martingale transform
of the Fp-predictable {V,,} with respect to the martingale (Z,,,Fy,), per Definition
[5.1.27

(a) Show that if {Z,} is L*-bounded and {V,} is uniformly bounded then
Y, 3 Yo finite.

(b) Deduce that for L?-bounded MG {Z,} the sequence Y, (w) converges to a
finite limit for a.e. w for which supy~q |Vi(w)| is finite.

(¢) Suppose now that {Vi} is predictable for the canonical filtration {Fy,} of
the i.4.d. {&x}. Show that if & 2 ¢ and u s uP(|&1] > u) is bounded
above, then the series ), Vp&, has a finite limit for a.e. w for which
> kst |Ve(w)| is finite.

Hint: Consider Ezercise[5.3.30 for the adapted sequence Xj = Vi&.
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Here is another application of Lévy’s extension of the Borel-Cantelli lemmas.

EXERCISE 5.3.38. Suppose X, = 1+ >} | Dy, n > 0, where the {—1,1}-valued
Dy, is Fi-adapted and such that E[Dy|Fi—_1] > € for some non-random 1 > ¢ > 0
and all k > 1.

(a) Show that (X, Fp) is a sub-martingale and provide its Doob decomposi-
tion.

(b) Using this decomposition and Lévy’s extension of the Borel-Cantelli lem-
mas, show that X,, — oo almost surely.

(c) Let Z, = ¢%n for ¢ = (1 —€)/(1 + €). Show that (Z,,F) is a super-
martingale and deduce that P(inf,, X, <0) < ¢.

As we show next, the predictable compensator controls the exponential tails for
martingales of bounded differences.

EXERCISE 5.3.39. Fiz A > 0 non-random and an L? martingale (M,,F,) with
My =0 and bounded differences supy, | My — My_1| < 1.
(a) Show that N,, = exp(AM,, — (e — X\ — 1)(M),,) is a sup-MG for {F,}.
Hint: Recall part (a) of Exercise[I.Z. 40
(b) Show that for any a.s. finite F,,-stopping time T and constants u,r > 0,

P(M, >u, (M), <r) <exp(=u+r(e* —\—-1)).
(c) Applying (a) show that if the martingale {S,} of Ezample has

uniformly bounded differences || < 1, then Eexp(ASs) is finite for
Soo = Y &k and any X € R.

Applying part (c¢) of the preceding exercise, you are next to derive the following tail
estimate, due to Dvoretsky, in the context of Lévy’s extension of the Borel-Cantelli
lemmas.

EXERCISE 5.3.40. Suppose Ay, € Fy, for some filtration {Fy}. Let Sy, => p_, Ia,
and Zp, =Y _ P(Ag|Fr—1). Show that P(S, > r+wu, Z, <r) <e“(r/(r+u))
for all n and u,r > 0, then deduce that for any 0 <r <1,

P( U Ak) < €T+P(ZP(Ak|fk_1) > T‘) .
k=1 k=1
Hint: Recall the proof of Borel-Cantelli III that the L*-martingale M,, = S,, — Z,
has differences bounded by one and (M),, < Z,.

We conclude this section with a refinement of the well known Azuma-Hoeffding
concentration inequality for martingales of bounded differences, from which we
deduce the strong law of large numbers for martingales of bounded differences.

EXERCISE 5.3.41. Suppose (M,,, F,) is a martingale with My = 0 and differences
Dy, = My — My_1, k > 1 such that for some finite v and all u € [0, 1],
E[Die"P*|Fr_1] < i E[e"P¥|Fr_1] < 00
(a) Show that N, = exp(AM,, — A\?1,,/2) is a sup-MG for F,, provided X\ €
[0,1] and r, = > p_; V2.
Hint: Recall part (b) of Exercise[T.1.40
(b) Deduce that for I(x) = (x A1)(2z —x A1) and any u > 0,

P(Mn > u) < exp(—rnl(u/rn)/2) :
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(c) Conclude that by, * M,, “3 0 for any martingale {M,,} of uniformly bounded
differences and non-random {b,} such that by /+/nlogn — oco.

5.4. The optional stopping theorem

This section is about the use of martingales in computations involving stopping
times. The key tool for doing so is the following theorem.

THEOREM 5.4.1 (DOOB’S OPTIONAL STOPPING). Suppose 8 < 7 are JF,-stopping
times and X,, = Y, +V,, for sub-MGs (Vy, F), (Yo, Fn) such that V;, is non-positive
and {Yonr} is uniformly integrable. Then, the R.V. Xy and X, are integrable and
EX, > EXy > EX, (where X,;(w) and Xo(w) are set as limsup,, X, (w) in case
the corresponding stopping time is infinite).

REMARK 5.4.2. Doob’s optional stopping theorem holds for any sub-MG (X,,, F,,)
such that {X, A, } is uniformly integrable (just set V;, = 0). Alternatively, it holds
also whenever E[X|F,] > X,, for some integrable X, and all n (for then the
martingale Y;, = E[X|F,] is UL by Corollary 5314 hence {Y,,A,} also U.I. by
Proposition 544, and the sub-MG V,, = X,, — Y}, is by assumption non-positive).

By far the most common application has (X,,F,) a martingale, in which case
it yields that EXy, = EX, for any JF,-stopping time 7 such that {X,-} is U.L
(for example, whenever 7 is bounded, or under the more general conditions of

Proposition 5.4.4).

PROOF. By linearity of the expectation, it suffices to prove the claim sepa-
rately for Y,, = 0 and for V,,. Dealing first with Y,, = 0, i.e. with a non-positive
sub-MG (V,,, F,), note that (=V,,, F,,) is then a non-negative sup-MG. Thus, the
inequality E[V;] > E[Vy] > E[Vp] and the integrability of Vy and V; are immediate
consequences of Proposition 5.3.8

Considering hereafter the sub-MG (Y,,, F,,) such that {Y,-} is UL, since § < 7
are J,,-stopping times it follows by Theorem B.1.32 that U,, = Y,ar, Zn, = Yiag and
U, — Z, are all sub-MGs with respect to F,,. In particular, EU,, > EZ,, > EZ, for
all n. Our assumption that the sub-MG (U, F;,) is U.L results with U,, — Uy a.s.
and in L' (see Theorem[5.3.12). Further, as we show in part (c) of Proposition (.24},
in this case Upnrg = Z,, is UL so by the same reasoning, Z, — Zo a.s. and in L.
We thus deduce that EU,, > EZ,, > EZjy. By definition, Uy, = lim, Y,rr = Y-
and Z., = lim, Y r9 = Yy. Consequently, EY, > EYy > EY}, as claimed. [l

We complement Theorem .41 by first strengthening its conclusion and then pro-
viding explicit sufficient conditions for the uniform integrability of {Y,a+}-

LEMMA 5.4.3. Suppose {X,} is adapted to filtration {F,} and the F,-stopping
time T is such that for any F,-stopping time 7 > 0 the R.V. Xy is integrable and
E[X,;] > E[Xy]. Then, also E[X|Fg] > Xy a.s.

Proor. Fixing A € Fg set n = 614 + 714.. Note that n < 7 is also an
Fn-stopping time since for any n,

{n<n}=An{e<np)JAn{r <n})
—(An{o<ahJ(A n{8 <n}p)n{r<n}) e Fy

because both A and A° are in Fp and {7 < n} € F, (c.f. Definition B.I.34] of
the o-algebra Fy). By assumption, X,, Xy, X, are integrable and EX, > EX,,.
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Since X, = XgIa + X4 subtracting the finite E[X 1] from both sides of this
inequality results with E[X 14] > E[XpI4]. This holds for all A € Fp and with
E[X 14] = E[Z14] for Z = E[X,|Fs] (by definition of the conditional expectation),
we see that E[(Z — Xg)Il4] > 0 for all A € Fy. Since both Z and Xy are measurable
on Fy (see part (b) of Exercise [.13H), it thus follows that a.s. Z > Xy, as
claimed. g

PROPOSITION 5.4.4. Suppose {Y,} is integrable and T is a stopping time for a
filtration {F,}. Then, {Ynar} is uniformly integrable if any one of the following
conditions hold.

(a) ET < o0 and a.s. E[|Y,, — Y,_1||Fn-1] < ¢ for some finite, non-random
c.

(b) {YnIlrsn} is uniformly integrable and Y; I, is integrable.

(c) (Yn,Fn) is a uniformly integrable sub-MG (or sup-MG).

PRrROOF. (a) Clearly, |Y,ar| < Z,,, where

nAT n
Zn = Yol + ) Vi = Yial = [Yol + ) Yk = Vi |Lrzk
k=1 k=1

is non-decreasing in n. Hence, sup,, |Yoar| < Zoo, implying that {Y,a-} is U.L
whenever EZ is finite (c.f. Lemma [[L34]). Proceeding to show that this is the
case under condition (a), recall that I;>, € mFi_1 for all k (since 7 is an Fp,-
stopping time). Thus, taking out what is known, by the tower property we find
that under condition (a),

E[[Yy = Yi1|lr>k] = E[E(]Yx — Y1 [Fh-1) 2] < cP(T > k)

for all £ > 1. Summing this bound over k = 1,2,... results with

EZ. <E[Yy|+c¢> P(r > k) = E[Yy| + cEr,
k=1
with the integrability of Z., being a consequence of the hypothesis in condition (a)
that 7 is integrable.

(b) Next note that |Xpar| < | X7 lrcoo + | Xn|lr>n for every n, any sequence of
random variables {X,,} and any 7 € {0,1,2,...,00}. Condition (b) states that the
sequence {|Y,|I;>n} is U.I. and that the variable |Y;|I; <~ is integrable. Thus,
taking the expectation of the preceding inequality in case X, = Y1y, |5, we find
that when condition (b) holds,

supE[|YnAT|ID/n/\TI>M] < E[|YT|I|YT\>MIT<OO] =+ supE[|Yn|I\Kl\>MIT>n] )

converges to zero as M 1 co. That is, {|Yna-|} is then a U.I. sequence.

(¢) The hypothesis of (c) that {Y,} is U.IL implies that {Y,,I;~,} is also U.I. and
that sup,, E[(Y,)4+] is finite. With 7 an F,-stopping time and (Y,,, ) a sub-MG,
it further follows by Lemma [5.3.7 that Y, I <« is integrable. Having arrived at the
hypothesis of part (b), we are done. O

Since {Ynar} is UL whenever 7 is bounded, we have the following immediate
consequences of Doob’s optional stopping theorem, Remark[5.4.2land Lemma [5.4.3
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COROLLARY 5.4.5. For any sub-MG (X,,, F,) and any non-decreasing sequence
{mx} of Fn-stopping times, (Xr,,Fr., k > 0) is a sub-MG when either sup,, 71, < ¢
a non-random finite integer, or a.s. X, < E[Xo|Fyn] for an integrable Xoo and all
n > 0.

Check that by part (b) of Exercise[5.2.10and part (c¢) of Proposition[5.4.4lit follows
from Doob’s optional stopping theorem that ES, = 0 for any stopping time 7 with
respect to the canonical filtration of S, = Y ,_, & provided the independent &
are integrable with E&, = 0 and sup,, E|S,| < cc.

Sometimes Doob’s optional stopping theorem is applied en-route to a useful con-
tradiction. For example,

EXERCISE 5.4.6. Show that if {X,} is a sub-martingale such that EXy > 0 and
inf, X,, <0 a.s. then necessarily E[sup,, X,] = co.
Hint: Assuming first that sup,, | X,| is integrable, apply Doob’s optional stopping
theorem to arrive at a contradiction. Then consider the same argument for the
sub-MG Z, = max{X,,—1}.

EXERCISE 5.4.7. Fizing b > 0, let 7, = min{n > 0: S,, > b} for the random walk
{Sn} of Definition and suppose &, = Sp, — Sn—1 are uniformly bounded, of
zero mean and positive variance.

(a) Show that T is almost surely finite.
Hint: See Proposition [5.3.0.
(b) Show that Elmin{S,, : n < 75}] = —o0.

Martingales often provide much information about specific stopping times. We
detail below one such example, pertaining to the SRW of Definition [5.1.6]

COROLLARY 5.4.8 (GAMBLER’'S RUIN). Fizing positive integers a and b the prob-
ability that a SRW {S,}, starting at So = 0, hits —a before first hitting +b is
r=(er —1)/(e* — e72) for X =log[(1 — p)/p] # 0. For the symmetric SRW, i.e.
when p = 1/2, this probability is r = b/(a +b).

REMARK. The probability r is often called the gambler’s ruin, or ruin probability
for a gambler with initial capital of 4a, betting on the outcome of independent
rounds of the same game, a unit amount per round, gaining or losing an amount
equal to his bet in each round and stopping when either all his capital is lost (the
ruin event), or his accumulated gains reach the amount +b.

PrOOF. Consider the stopping time 7, = inf{n >0: S, > b, or S,, < —a} for
the canonical filtration of the SRw. That is, 7,4 is the first time that the SRW exits
the interval (—a,b). Since (Sk + k)/2 has the Binomial(k, p) distribution it is not
hard to check that sup, P(S; = ¢) — 0 hence P(1, > k) < P(—a < S <b) — 0
as k — oo. Consequently, 7,5 is finite a.s. Further, starting at Sy € (—a,b) and
using only increments &, € {—1,1}, necessarily S;,, € {—a,b} with probability
one. Our goal is thus to compute the ruin probability r = P(S;,, = —a). To
this end, note that Ee** = pe* + (1 — p)e™ = 1 for A = log[(1 — p)/p]. Thus,
M, = exp(AS,) = [[i_, e is, for such ), a non-negative MG with M, = 1
(c.f. Example BETI0). Clearly, Myunr,, = exp(ASnar,,) < exp(|A|max(a,b)) is
uniformly bounded (in n), hence uniformly integrable. So, applying Doob’s optional
stopping theorem for this MG and stopping time, we have that

1=EM,=E[M,, ] =E[e*as] = re % + (1 — 1),

Ta,b
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which easily yields the stated explicit formula for r in case A # 0 (i.e. p # 1/2).
Finally, recall that {S,} is a martingale for the symmetric SRw, with S, -, , uni-
formly bounded, hence uniformly integrable. So, applying Doob’s optional stopping
theorem for this MG, we find that in the symmetric case

0=ESy=E[S,,,] = —ar+b(1—-7),
that is, » = b/(a + b) when p = 1/2. O
Here is an interesting consequence of the Gambler’s ruin formula.

EXAMPLE 5.4.9. Initially, at step k = 0 zero is the only occupied site in Z. Then,
at each step a new particle starts at zero and follows a symmetric SRW, indepen-
dently of the previous particles, till it lands on an unoccupied site, whereby it stops
and thereafter occupies this site. The set of occupied sites after k steps is thus
an interval of length k + 1 and we let Ry € {1,...,k + 1} count the number of
non-negative integers occupied after k steps (starting at Ry = 1).

Clearly, Ry+1 € {Ri, R + 1} and P(Ryy1 = Ri|FM) = Ri/(k + 2) by the
preceding Gambler’s ruin formula. Thus, {Ry} follows the evolution of Bernard
Friedman’s urn with parameters dy = r = b = 1 and ¢ = 0. Consequently, by
Ezercise [5.3.28 we have that (n +1)"'R, Y 1/2.

You are now to derive Wald’s identities about stopping times for the random
walk, and use them to gain further information about the stopping times 7, of the
preceding corollary.

EXERCISE 5.4.10. Let 7 be an integrable stopping time for the canonical filtration
of the random walk {S,}.

(a) Show that if &1 is integrable, then Wald’s identity ES, = E& ET holds.
Hint: Use the representation S, = 22021 &ly<r and independence.

(b) Show that if in addition & is square-integrable, then Wald’s second iden-
tity E[(S, — TE&1)?] = Var(&)ET holds as well.
Hint: Ezplain why you may assume that E& = 0, prove the identity with
n AT instead of T and use Doob’s L? convergence theorem.

(c) Show that if & > 0 then Wald’s identity applies also when ET = oo
(under the convention that 0 x co =0).

EXERCISE 5.4.11. For the SRW S, and positive integers a,b consider the stopping
time Tqp = min{n > 0: S, ¢ (—a,b)} as in proof of Corollary[5.4.8
(a) Check that Elrap] < 00.
Hint: See Fzxercise[5 1.1
(b) Combining Corollary [5.4.8 with Wald’s identities, compute the value of
E[74.]-
(c) Show that T, T 7 = min{n > 0 : S, = b} for a T oo (where the
minimum over the empty set is 00), and deduce that Em, = b/(2p — 1)
when p > 1/2.
(d) Show that 7 is almost surely finite when p > 1/2.
(e) Find constants c1 and cy such that Y, = St —6nS2 + cin? + can is a
martingale for the symmetric SRW, and use it to evaluate E[(1y5)?] in
this case.

We next provide a few applications of Doob’s optional stopping theorem, starting
with information on the law of 7, for SRW (and certain other random walks).
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EXERCISE 5.4.12. Consider the stopping time 17, = inf{n > 0: S, = b} and the
martingale My, = exp(ASy)M(X)™" for a SRW {S,}, with b a positive integer and
M()\) = E[e*1].

(a) Show that ifp =1—q € [1/2,1) then e*’E[M(\)~™] = 1 for every A > 0.
(b) Deduce that for p € [1/2,1) and every 0 < s < 1,
E[s"] = %qs [1 —v1- 4pq52} ,
and E[s™] = (E[s™1])®.
(¢) Show that if 0 < p < 1/2 then P(1mp, < 00) = exp(—=A\b) for A\, =
log[(1 —p)/p] > 0.
(d) Deduce that for p € (0,1/2) the variable Z = 1 4+ maxy>o Sk has a Geo-
metric distribution of success probability 1 — e+

EXERCISE 5.4.13. Consider 7, = min{n > 0: S, > b} for b > 0, in case the i.i.d.
increments &, = Sp, — Sp—1 of the random walk {S,} are such that P(& > 0) >0
and {&11&1 > 0} has the Exponential law of parameter c.

(a) Show that for any n finite, conditional on {m, = n} the law of S., — b is
also Exponential of parameter «.
Hint: Recall the memory-less property of the exponential distribution.

(b) With M(\) = E[e*1] and A\, > 0 denoting the mazimal solution of
M(X) = 1, verify the existence of a monotone decreasing, continuous
function u : (0,1] — [Ay, ) such that M(u(s)) =1/s.

(¢) FEwvaluate E[s™I; <], 0 < s < 1, and P(1, < 00) in terms of u(s) and
A

EXERCISE 5.4.14. A monkey types a random sequence of capital letters {&} that
are chosen independently of each other, with each &, chosen uniformly from amongst
the 26 possible values {A, B, ..., Z}.

(a) Suppose that just before each time step n = 1,2,---, a new gambler
arrives on the scene and bets $1 that &, = P. If he loses, he leaves,
whereas if he wins, he receives $26, all of which he bets on the event
&1 = R. If he now loses, he leaves, whereas if he wins, he bets his
current fortune of $262 on the event that &,42 = O, and so on, through
the word PROBABILITY . Show that the amount of money M,, that the
gamblers have collectively earned by time n is a martingale with respect
to {F&}.

(b) Let L,, denote the number of occurrences of the word PROBABILITY in
the first n letters typed by the monkey and T = inf{n > 11: L, = 1} the
first time by which it produced this word. Using Doob’s optional stopping
theorem show that ET = a for a = 26%. Does the same apply for the
first time T by which the monkey produces the word ABRACADABRA
and if not, what is ET?

(¢) Show that n='L,, “3' L and further that (L,, —n/a)/\/on L2, G for some
finite, positive constant v.
Hint: Show that the renewal theory CLT of FExercise applies here.

EXERCISE 5.4.15. Consider a fair game consisting of successive turns whose out-

come are the ii.d. signs & € {—1,1} such that P(& = 1) = 1, and where

upon betting the wagers {Vi} in each turn, your gain (or loss) after n turns is
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Y, = > 41 &Vi. Here is a betting system {Vi}, predictable with respect to the
canonical filtration {F§}, as in Example [5.1.30, that surely makes a profit in this
fair game!

Choose a finite sequence 1,2, . ..,Ts of non-random positive numbers. For each
k > 1, wager an amount Vi, that equals the sum of the first and last terms in your
sequence prior to your k-s turn. Then, to update your sequence, if you just won
your bet delete those two numbers while if you lost it, append their sum as an extra
term xoy1 = 1 + x¢ at the right-hand end of the sequence. You play iteratively
according to this rule till your sequence is empty (and if your sequence ever consists
of one term only, you wager that amount, so upon wining you delete this term, while
upon losing you append it to the sequence to obtain two terms).

(a) Letv = Zle x;. Show that the sum of terms in your sequence after n
turns is a martingale S, = v — Y, with respect to {F&}. Deduce that
with probability one you terminate playing with a profit v at the finite
FE&-stopping time T = inf{n >0: 5, =0}.

(b) Show that ET is finite.

Hint: Consider the number of terms N, in your sequence after n turns.

(c) Show that the expected value of your aggregate mazimal loss till termina-
tion, namely EL for L = —ming<; Yy, is infinite (which is why you are
not to attempt this gambling scheme).

In the next exercise you derive a time-reversed version of the L? maximal inequality

(5.24) by an application of Corollary [F.4.5]

EXERCISE 5.4.16. Associate to any given martingale (Y, Hy) the record times
Op1 =min{j > 0:Y; > Yy}, k=0,1,... starting at §p = 0.
(a) Fizing m finite, set 7, = 0 A m and explain why (Y, Hr,) is a MG.
(b) Deduce that if EY;? is finite then

Z E[(Yﬁc - YTk—1)2] = EYn21 - E}/O2 :
k=1

Hint: Apply Exercise[5.1.8
(¢) Conclude that for any martingale {Y,,} and all m

E[(5n<aXYg Y, <EY2.

5.5. Reversed MGs, likelihood ratios and branching processes

With martingales applied throughout probability theory, we present here just a
few selected applications. Our first example, Sub-section [B.5.1] deals with the
analysis of extinction probabilities for branching processes. We then study in Sub-
section the likelihood ratios for independent experiments with the help of
Kakutani’s theorem about product martingales. Finally, in Sub-section [(5.5.3] we
develop the theory of reversed martingales and applying it, provide zero-one law
and representation results for exchangeable processes.

5.5.1. Branching processes: extinction probabilities. We use martin-
gales to study the extinction probabilities of branching processes, the object we
define next.
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DEFINITION 5.5.1 (BRANCHING PROCESS). The branching process is a discrete
time stochastic process {Z,} taking non-negative integer values, such that Zy = 1
and for any n > 1,

Zn_1
Zn=Y N,
j=1

where N and N;n) for 7 =1,2,... are i.i.d. non-negative integer valued R.V.s with
finite mean my = EN < oo, and where we use the convention that if Z,—1 = 0
then also Z, = 0. We call a branching process sub-critical when my < 1, critical
when my = 1 and super-critical when my > 1.

REMARK. The S.P. {Z,} is interpreted as counting the size of an evolving popula-
tion, with N ;") being the number of offspring of j** individual of generation (n— 1)
and Z,, being the size of the n-th generation. Associated with the branching process
is the family tree with the root denoting the 0-th generation and having N ;") edges
from vertex j at distance n from the root to vertices of distance (n+1) from the root.
Random trees generated in such a fashion are called Galton-Watson trees and are
the subject of much research. We focus here on the simpler S.P. {Z,,} and shall use
throughout the filtration F,, = a({N;k), k<n,j=1,2,...}). We note in passing
that in general FZ is a strict subset of F,, (since in general one can not recover the
number of offspring of each individual knowing only the total population sizes at
the different generations). Though not dealt with here, more sophisticated related
models have also been successfully studied by probabilists. For example, branching
process with immigration, where one adds to Z, an external random variable I,
that count the number of individuals immigrating into the population at the nt*
generation; Age-dependent branching process where individuals have random life-
times during which they produce offspring according to age-dependent probability
generating function; Multi-type branching process where each individual is assigned
a label (type), possibly depending on the type of its parent and with a different law
for the number of offspring in each type, and branching process in random envi-
ronment where the law of the number of offspring per individual is itself a random
variable (part of the a-apriori given random environment).

Our goal here is to find the probability pex of population extinction, formally
defined as follows.

DEFINITION 5.5.2. The extinction probability of a branching process is
Pex := P{w : Z,(w) =0 for all n large enough}).

Obviously, pex = 0 whenever P(N = 0) =0 and pex = 1 whenever P(N =0) = 1.
Hereafter we exclude these degenerate cases by assuming that 1 > P(N = 0) > 0.

To this end, we first deduce that with probability one, conditional upon non-
extinction the branching process grows unboundedly.

LEMMA 55.3. If P(N = 0) > 0 then with probability one either Z, — oo or
Zn =0 for all n large enough.

PrOOF. We start by proving that for any filtration F,, 1 Fo and any S.P.
Zn > 0if for A € F, some non-random 7 > 0 and all large positive integers k,n

(551) P(A|]-"n)1[0)k](Zn) Z nkI[O,k] (Zn) y
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then P(AUB) = 1 for B = {lim,, Z,, = co}. Indeed, C, = {Z,, < k, i.0. inn} are by
(EET) such that C,, C {P(A|F,) > nk, i.0. inn}. By Lévy’s 0-1 law P(A|F,) — 14
except on a set D such that P(D) = 0, hence also C, C DU{I4 > nx} = DUA for
all k. With Cy 1 B¢ it follows that B¢ C DUA yielding our claim that P(AUB) = 1.

Turning now to the branching process Z,, let A = {w : Z,(w) = 0 for all n large
enough} which is in Fo, noting that if Z,, < k and N("+1) 0,7=1,...,k, then
Zpn+1 = 0 hence w € A. Consequently, by the independence of {N;"H),j =1,...}
and F,, it follows that

E[la|Falliz, <y > Bll{z, .~y | Fall{z,<ky = P(N = 0)*I(z, <1y

for all n and k. That is, (5.5.1)) holds in this case for n, = P(N = 0)¥ > 0. As
shown already, this implies that with probability one either Z,, — oo or Z,, = 0 for
all n large enough. O

The generating function
(5.5.2) L(s)=E[s"] =P(N=0)+ > P(N =

plays a key role in analyzing the branching process. In this task, we employ the
following martingales associated with branching process.

LEMMA 5.5.4. Suppose 1 > P(N =0) > 0. Then, (X,,,Fy) is a martingale where
X = mN "Zn. In the super-critical case we also have the martingale (My,, Fy) for
M, = p%» and p € (0,1) the unique solution of s = L(s). The same applies in the
sub-critical case if there exists a solution p € (1,00) of s = L(s).

PROOF. Since the value of Z,, is a non-random function of {N;k), k<n,j=
1,2,...}, it follows that both X,, and M,, are F,-adapted. We proceed to show by
induction on n that the non-negative processes Z,, and s%» for each s > 0 such that
L(s) < max(s,1) are integrable with

(5.5.3) E[Zp1|Fn] = mnZy, E[s?"+1|F,] = L(s)?".

Indeed, recall that the i.i.d. random variables N (n+1) of finite mean my are inde-
pendent of F,, on which Z,, is measurable. Hence by linearity of the expectation
it follows that for any A € F,,

oo

(Zpi1la] = ZE NI s 51a) = > BN IEL 7, 5 3 14] = myE[Za14].
j=1

This verifies the integrability of Z,, > 0 as well as the identity E[Z,,+1|F,] = mnyZn
of (B.53), which amounts to the martingale condition E[X,,+1|F,] = X, for X,, =
my" Zy. Similarly, fixing s > 0,

7 > NOAD
ot = E I{Zn:e} N .
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(n+1)

Hence, by linearity of the expectation and independence of s and F,,
n+1IA Z E I{Zn—é}IA H SN(n+1)
=0 j=1
o ¢ (nt1) %)
=Y Ellig,-nIa [[ B 1= Elliz,-01alL(s)" = E[L(s)"" L.].
=0 Jj=1 £=0

Since Z, > 0 and L(s) < max(s, 1) this implies that Es?»+1 < 1 4+ Es?* and the
integrability of s%» follows by induction on n. Given that s#» is integrable and the
preceding identity holds for all A € F,,, we have thus verified the right identity in
(5.53), which in case s = L(s) is precisely the martingale condition for M,, = s%».

Finally, to prove that s = L(s) has a unique solution in (0,1) when my = EN > 1,
note that the function s — L(s) of (&52) is continuous and bounded on [0, 1].
Further, since L(1) = 1 and L’(1) = EN > 1, it follows that L(s) < s for some
0 <s <1 With L(0) = P(N = 0) > 0 we have by continuity that s = L(s)
for some s € (0,1). To show the uniqueness of such solution note that EN > 1

implies that P(N = k) > 0 for some k > 1, so L"(s) = Y k(k — 1)P(N = k)sk—2
k=2

is positive and finite on (0,1). Consequently, L(-) is strigtly convex there. Hence,
if p € (0,1) is such that p = L(p), then L(s) < s for s € (p,1), so such a solution
€ (0,1) is unique. O

REMARK. Since X,, = my"Z, is a martingale with X, = 1, it follows that EZ,, =
mpy; for all n > 0. Thus, a sub-critical branching process, i.e. when my < 1, has
mean total population size

o0 o0

E)) Z)=> m}= 1_1mN < 00,
0

which is finite.

We now determine the extinction probabilities for branching processes.

PROPOSITION 5.5.5. Suppose 1 > P(N =0) > 0. If my < 1 then pex = 1. In
contrast, if my > 1 then pex = p, with my"Z, Y Xoo and Z, 3 7, € {0,00}.

REMARK. In words, we find that for sub-critical and non-degenerate critical branch-
ing processes the population eventually dies off, whereas non-degenerate super-
critical branching processes survive forever with positive probability and conditional
upon such survival their population size grows unboundedly in time.

PrROOF. Applying Doob’s martingale convergence theorem to the non-negative
MG X, of Lemma [5.5.41 we have that X, “3 X, with Xo almost surely finite.
In case my < 1 this implies that Z,, = m% X, is almost surely bounded (in n),
hence by Lemma necessarily Z, = 0 for all large n, i.e. pex = 1. In case
mpy > 1 we have by Doob’s martingale convergence theorem that M, “3 M., for
the non-negative MG M,, = p?» of Lemma [5.5.4 Since p € (0,1) and Z, > 0, it
follows that this MG is bounded by one, hence U.I. and with Zy = 1 it follows that
EM. = EMy = p (see Theorem (3T2)). Recall Lemma (53] that Z,, YR Zo €
{0,000}, s0 My = p?>= € {0,1} with

Pex =P(Zoo =0) =P(My =1) =EM,, = p
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as stated. O

REMARK. For a non-degenerate critical branching process (i.e. when my = 1
and P(N = 0) > 0), we have seen that the martingale {Z,,} converges to 0 with
probability one, while EZ,, = EZy = 1. Consequently, this MG is L'-bounded but
not U.I. (for another example, see Exercise 5.2.14)). Further, as either Z,, = 0 or
Zn > 1, it follows that in this case 1 = E(Z,|Z, > 1)(1 — ¢,) for ¢, = P(Z, = 0).
Further, here g, T pex = 1 so we deduce that conditional upon non-extinction, the
mean population size E(Z,|Z, > 1) = 1/(1 — ¢,,) grows to infinity as n — oo.

As you show next, if super-critical branching process has a square-integrable off-
spring distribution then my"Z, converges in law to a non-degenerate random vari-
able. The Kesten-Stigum L log L-theorem, (which we do not prove here), states
that the latter property holds if and only if E[N log N] is finite.

EXERCISE 5.5.6. Consider a super-critical branching process {Z,,} where the num-
ber of offspring is of mean my = E[N] > 1 and variance vy = Var(N) < co.
(a) Compute E[X?] for X, = my"Z,.
(b) Show that P(Xoo > 0) > 0 for the a.s. limit Xoo of the martingale X,.
(¢) Show that P(X. = 0) = p and deduce that for a.e. w, if the branching
process survives forever, that is Z,(w) > 0 for all n, then X (w) > 0.

The generating function L(s) = E[s"] yields information about the laws of Z,
and that of X, of Proposition £.5.5

PROPOSITION 5.5.7. Consider the generating functions L,(s) = E[s?"] for s €
[0,1] and a branching process {Z,} starting with Zo = 1. Then, Lo(s) = s and
L,(s) = L[L,—1(s)] for n > 1 and L(-) of (&52). Consequently, the generating
function Loo(s) = E[s¥=] of Xo is a solution of Leo(s) = L[Loo(s/™~)] which
converges to one as s T 1.

REMARK. In particular, the probability ¢, = P(Z, = 0) = L,(0) that the branch-
ing process is extinct after n generations is given by the recursion ¢, = L(g¢n—1)
for n > 1, starting at go = 0. Since the continuous function L(s) is above s on
the interval from zero to the smallest positive solution of s = L(s) it follows that
qn is a monotone non-decreasing sequence that converges to this solution, which is
thus the value of pex. This alternative evaluation of pey does not use martingales.
Though implicit here, it instead relies on the Markov property of the branching

process (c.f. Example [6.1.10).

PRrOOF. Recall that Z; = Nl(l) and if Z; = k then the branching process Z,
for n > 2 has the same law as the sum of k i.i.d. variables, each having the same
law as Z,,_1 (with the j** such variable counting the number of individuals in the
nt" generation who are descendants of the j** individual of the first generation).
Consequently, E[s?"|Z; = k] = E[s?»-1]F for all n > 2 and k > 0. Summing over
the disjoint events {Z; = k} we have by the tower property that for n > 2,

La(s) = BE(s%|71) ZP () = Lo (5)]
for L(-) of (5.5.2), as claimed. Obviously, Lo(s) = s and Li(s) = E[s"] = L(s).
From this identity we conclude that L, (s) = L[L,_1(s'/™~)] for Ln (s) = E[s%"]
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and X,, = my"Z,. With X, % X we have by bounded convergence that
L(s) — Loo(s) = E[s¥=], which by the continuity of r — L(r) on [0,1] is thus a
solution of the identity Loo(s) = L[Loo(s/™")]. Further, by monotone convergence
Loo(s) T Loo(1) =1 as s 1 1. 0

REMARK. Of course, ¢, = P(T < n) provides the distribution function of the time
of extinction T' = min{k > 0 : Z;, = 0}. For example, if N has the Bernoulli(p)
distribution for some 0 < p < 1 then T is merely a Geometric(l — p) random
variable, but in general the law of T" is more involved.

The generating function Lo (-) determines the law of Xo > 0 (see Exercise[3.2.40).
For example, as you show next, in the special case where N has the Geometric
distribution, conditioned on non-extinction X, is an exponential random variable.

EXERCISE 5.5.8. Suppose Z,, is a branching process with Zy =1 and N +1 having
a Geometric(p) distribution for some 0 < p < 1 (that is, P(N = k) = p(1 — p)* for
k=0,...). Here m = my = (1 — p)/p so the branching process is sub-critical if
p > 1/2, critical if p=1/2 and super-critical if p < 1/2.

(a) Check that L(s) = p/(1 — (1 —p)s) and p = 1/m. Then verify that
Ln(s) = (pm"(1 —s) + (1 —p)s —p)/((L — p)(1 — s)m" + (1 — p)s — p)
except in the critical case for which Ly(s) = (n—(n—1)s)/((n+1) —ns).

(b) Show that in the super-critical case Loo(e™>) = p+ (1 —p)2/(A+ (1 —p))
for all A > 0 and deduce that conditioned on non-extinction X, has the
exponential distribution of parameter (1 — p).

(c) Show that in the sub-critical case E[s?"|Z, # 0] — (1—m)s/[1—ms] and
deduce that then the law of Z,, conditioned upon non-extinction converges
weakly to a Geometric(1 —m) distribution.

(d) Show that in the critical case E[e= /" Z, # 0] — 1/(1+\) for all A > 0
and deduce that then the law of n=1Z, conditioned upon non-extinction
converges weakly to an exponential distribution (of parameter one).

The following exercise demonstrates that martingales are also useful in the study
of Galton-Watson trees.

EXERCISE 5.5.9. Consider a super-critical branching process Z, such that 1 <
N < ¢ for some non-random finite £. A vertex of the corresponding Galton-Watson
tree Too s called a branch point if it has more than one offspring. For each vertex
v € Ty let C(v) count the number of branch points one encounters when traversing
along a path from the root of the tree to v (possibly counting the root, but not
counting v among these branch points).

(a) Let 0T, denote the set of wertices in To, of distance n from the root.
Show that for each A > 0,

X, =MWN™" Z e W)
vedT,

is a martingale when M(A\) = mye > + P(N = 1)(1 —e™?).

(b) Let B, = min{C(v) : v € dT,,}. Show that a.s. liminf, ,.cn ™ 'B, >
§ where & > 0 is non-random (and possibly depends on the offspring
distribution).
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5.5.2. Product martingales and Radon-Nikodym derivatives. We start
with an explicit characterization of uniform integrability for the product martingale
of Example B.1.10

THEOREM 5.5.10 (KAKUTANI’S THEOREM). Let My, denote the a.s. limit of the
product martingale My, = [1i_, Y, with Mo = 1 and independent, integrable Yj, > 0
such that EYy, = 1 for all k > 1. By Jensen’s inequality, ar, = E[V/Yy] is in (0,1]
for all k > 1. The following five statements are then equivalent:

(2) (M) is UL, (b) My Mo (¢) EMu = 1;
@) JJax > 05 (o) D (1-ax) < oo,
k

k

and if any (every) one of them fails, then My =0 a.s.

PROOF. Statement (a) implies statement (b) because any U.I. martingale con-
verges in L' (see Theorem [5.3.12). Further, the L! convergence per statement (b)
implies that EM,, - EM, and since EM,, = EMy = 1 for all n, this results with
EM., =1 as well, which is statement (c).

Considering the non-negative martingale N,, = [];_, (v/Yx/ax) we next show that
(c) implies (d) by proving the contra-positive. Indeed, by Doob’s convergence
theorem N,, “3" N, with N, finite a.s. Hence, if statement (d) fails to hold (that
is, [Tr_; ax — 0), then M,, = N2([[;_, ax)? “3 0. So in this case Mo = 0 a.s.
and statement (c¢) also fails to hold.

In contrast, if statement (d) holds then {N,} is L?-bounded since for all n,

EN2 = (] an) 2BM, < (JJar) " =c< .
k=1 k

Thus, with M), < N7 it follows by the L?*-maximal inequality that for all n,

E[max M| < E[max N?| < 4E[N?Z] < 4c.
k=0 k=0

Hence, M}, > 0 are such that sup, M is integrable and in particular, {M,} is U.I

(that is, (a) holds).

Finally, to see why the statements (d) and (e) are equivalent note that upon
applying the Borel Cantelli lemmas for independent events A,, with P(4,,) = 1—a,
the divergence of the series ), (1 —ayx) is equivalent to P(AS, eventually) = 0, which
for strictly positive ay, is equivalent to [[, ar = 0. O

We next consider another martingale that is key to the study of likelihood ratios
in sequential statistics. To this end, let P and Q be two probability measures on
the same measurable space (2, Fo) with P,, = P’]_. and Q, = Q‘}. denoting the
restrictions of P and Q to a filtration F,, T Fxo. . .

THEOREM 5.5.11. Suppose Q, < P, for all n, with M,, = dQ,,/dP,, denoting
the corresponding Radon-Nikodym derivatives on (2, F,). Then,
(a) (M, Fp) is a martingale on the probability space (Q, Foo, P) and when
n — oo we have that P-a.s. M, — M., < .
(b) If {M,} is uniformly P-integrable then Q < P and dQ/dP = M.
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(c) More generally, the Lebesque decomposition of Q to its absolutely contin-
uwous and singular parts with respect to P can be written as

(554) Q=Qa+Qs = M P+ I{Moo:oo}Q :

REMARK. From the decomposition of (5.54) it follows that if Q < P then both
Q(Ms < 0) =1 and P(My) = 1 while if Q_LP then both Q(Ms = o0) =1 and
P(Ms, =0)=1.

EXAMPLE 5.5.12. Suppose F,, = o(I1,,) and the countable partitions I1,, = {A4; ,} C

F of Q are nested (that is, for each n the partition 11 is a refinement of 11, ). It
is not hard to check directly that

M, = | Z Q(jz,n)IA

{t:P(Ai,n)>0}

is an Fp-sup-MG for (Q,F,P) and is further an F,-martingale if Q(A;n) = 0

whenever P(A; ;) = 0 (which is precisely the assumption made in Theorem [5.5.11]).

We have seen this construction in Ezxercise [5.3.20, where I1,, are the dyadic parti-

tions of Q = [0,1), P is taken to be Lebesque’s measure on [0,1) and Q([s,t)) =
x(t) — x(s) is the signed measure associated with the function x(-).

in )

PRrROOF. (a). By the Radon-Nikodym theorem, M, € mJF, is non-negative
and P-integrable (since P, (M,) = Q,(©2) = 1). Further, Q(A) = Q.(A) =
M,P,(A) = M,P(A) for all A € F,. In particular, if kK < n and A € Fj, then
(since Fi, C Fp),

P(Mnla) = Q(A) = P(Mila),

so in (Q, Fso, P) we have My, = E[M,|F}] by definition of the conditional expecta-
tion. Finally, by Doob’s convergence theorem the non-negative MG M,, converges
P-a.s. to M, which is P-a.s. finite.

(b). We have seen already that if A € Fj, then Q(A) = P(M,,14) for all n > k.
Hence, if {M,} is further uniformly P-integrable then also P(M,,I4) — P(Mu14),
so taking n — oo we deduce that in this case Q(A) = P(Mu14) for any A € UpFy,
(and in particular for A = ). Since the probability measures Q and M P then
coincide on the m-system U, F) they agree also on the o-algebra F., generated by
this m-system (recall Proposition [LT.39)).

(¢). To deal with the general case, where M,, is not necessarily uniformly P-
integrable, consider the probability measure S = (P + Q)/2 and its restrictions
Sn = (Pn+Qn)/2 to Fp. Since P(A) > 0 and Q(A) > 0 for all A € Fo, clearly
P <« S and Q < S (see Definition L. 1.4)). In particular, P,, < S,, and Q,, < S, so
there exist V,, = dP,,/dS,, > 0 and W,, = dQ,,/dS,, > 0 such that V,,+W,, = 2. By
part (a), the bounded (V;,, F,,) and (W,,, F,,) are martingales on (2, F, S), having
the S-a.s. finite limits Vo and W, respectively. Further, as shown in part (b),
Voo = dP/dS and W, = dQ/dS. Recall that W,,S,, = Q, = M,,P,, = M,,V,,S,,,
so S-a.s. M,V, = W, = 2 -1V, for all n. Consequently, S-a.s. both V,, > 0
(since Qn < Py), and M,, = (2 — V,,)/V,, for any n. Considering n — oo we
thus deduce that S-a.s. M, — (2 — Vo) /Veo = Weo/Vio, possibly infinite. Setting
My = (2 = V) /Vo coincides P-a.s. with the limit of M, in part (a), and further
is such that Ity <oy = I{v., >0)- Hence,

Q=WuoS =TIy >0y MxcVocS + I{v, =0y WeeS
= I <ot Moo P + Iing 00y Q-
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Having M, finite P-a.s. this is precisely the stated Lebesgue decomposition of Q
with respect to P. (|

Combining Theorem (511l and Kakutani’s theorem we next deduce that if the
marginals of one infinite product measure are absolutely continuous with respect to
those of another, then either the former product measure is absolutely continuous
with respect to the latter, or these two measures are mutually singular. This
dichotomy is a key result in the treatment by theoretical statistics of the problem
of hypothesis testing (with independent observables under both the null hypothesis
and the alternative hypothesis).

PROPOSITION 5.5.13. Suppose that P and Q are product measures on (RN, B.)
which make the coordinates X, (w) = w,, independent with the respective laws Q o
X' < PoX, ! for each k € N. Let Yi(w) = d(Qo X ) /d(Po X, ')(Xk(w)) then
denote the likelihood ratios of the marginals. Then, Mo, = [[, Y exists a.s. under
both P and Q. If o = [[,, P(\/Y%) is positive then Q is absolutely continuous with
respect to P with dQ/dP = My, whereas if a« = 0 then Q is singular with respect
to P such that Q-a.s. My, = oo while P-a.s. My, = 0.

REMARK 5.5.14. Note that the preceding Yj are identically distributed when both
P and Q are products of i.i.d. random variables. Hence in this case a > 0 if and
only if P(y/Y7) = 1, which with P(Y;) = 1 is equivalent to P[(v/Y1 —1)?] = 0, i.e. to
having P-a.s. Y7 = 1. The latter condition implies that P-a.s. M., =1,s0 Q = P.
We thus deduce that any Q # P that are both products of i.i.d. random variables,
are mutually singular, and for n large enough the likelihood test of comparing M,
to a fixed threshold decides correctly between the two hypothesis regarding the law
of {X}, since P-a.s. M,, — 0 while Q-a.s. M,, — .

PROOF. We are in the setting of Theorem [5.5.11] for Q@ = RN and the filtration
]-"Z(:U(Xk:lgkgn)T]:X:U(Xk,k<oo):Bc

(c.f. Exercise [[ZT4 and the definition of B. preceding Kolmogorov’s extension
theorem). Here M, = dQ,/dP, = [[,_;Ys and the mutual independence of
{X} imply that Y, € mo(X)) are both mutually P-independent and mutually
Q-independent (c.f. part (b) of Exercise EIS), with P(Yy) = Qo X, '(R) = 1
(see Theorem [[3.61)). In the course of proving part (c) of Theorem E5.1T]we have
shown that M,, - M both P-a.s. and Q-a.s. Further, recall part (a) of Theorem
E5 I that M, is a martingale on (Q, FX,P). From Kakutani’s theorem we know
that the product martingale {M,,} is uniformly P-integrable when o > 0 (see (d)
implying (a) there), whereas if a = 0 then P-a.s. My, = 0. By part (b) of Theorem
BE5 I the uniform P-integrability of M, results with Q = M. P <« P. In contrast,
when P-a.s. Mo, =0 we get from the decomposition of part (c) of Theorem 5511
that Qac = 0 and Q = I{jr_—o0} Q so in this case Q-a.s. My =00 and QLP. [

Here is a concrete application of the preceding proposition.

EXERCISE 5.5.15. Suppose P and Q are two product probability measures on the
set Qoo = {0, 1} of infinite binary sequences equipped with the product o-algebra
generated by its cylinder sets, with pr, = P({w : wy = 1}) strictly between zero and
one and qr = Q({w : wy = 1}) € [0, 1].

(a) Deduce from Proposition [B5.13 that Q is absolutely continuous with re-
spect to P if and only if 37, (1 — /Prqk — /(1 — pr)(1 — qx)) is finite.
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(b) Show that if >, |px — qi| is finite then Q is absolutely continuous with
respect to P.

(¢) Show that if pr,qx € [e,1 — €] for some ¢ > 0 and all k, then Q < P if
and only if >, (pr — qx)? < oo.

(d) Show that if Y, qx < 00 and ), pr = oo then QLP so in general the
condition Y, (px — qx)? < 0o is not sufficient for absolute continuity of
Q with respect to P.

In the spirit of Theorem [E5TT] as you show next, a positive martingale (Z,, F,)
induces a collection of probability measures Q,, that are equivalent to P,, = P’ 7.
(i.e. both Q,, < P,, and P,, < Q,,), and satisfy a certain martingale Bayes rule.
In particular, the following discrete time analog of Girsanov’s theorem, shows that
such construction can significantly simplify certain computations upon moving from

P, to Q..

EXERCISE 5.5.16. Suppose (Z,,Fy) is a (strictly) positive MG on (2, F,P), nor-
malized so that EZg = 1. Let P,, = P’}_n and consider the equivalent probability
measure Q,, on (Q, F,) of Radon-Nikodym derivative dQ,,/dP,, = Z,,.

(a) Show that Qx = Q"|Fk for any 0 < k <n.

(b) Fizing 0 <k <m <n andY € L*(Q, Fn,P) show that Q,-a.s. (hence
also P-a.s.), BEq, [Y|Fi| = BlY Z,,,| Fi]/ Z.

(c) For F,, = F&, the canonical filtration of i.i.d. standard normal variables
{&.} and any bounded, F&-predictable V;,, consider the measures Q,, in-
duced by the exponential martingale Z,, = exp(Y, — %Zzzl V,f), where
Y, = Y 1 &Vi. Show that X of coordinates Xy, = > 1 (& — Vi),
1 < m < n, is under Q, a Gaussian random vector whose law is the
same as that of {>°}" 1 & : 1 <m < n} under P.

Hint: Use characteristic functions.

5.5.3. Reversed martingales and 0-1 laws. Reversed martingales which
we next define, though less common than martingales, are key tools in the proof of
many asymptotics (e.g. 0-1 laws).

DEFINITION 5.5.17. A reversed martingale (in short RMG), is a martingale in-
dexed by non-positive integers. That is, integrable X,,, n < 0, adapted to a filtration
Fn, n <0, such that E[X,,11|F,] = X, for alln < —1. We denote by F, | F—oo
a filtration {F,}n<o and the associated o-algebra F_oo = (<o Fn such that the
relation Fi C Fy applies for any —oo < k < £ <0. B

REMARK. One similarly defines reversed subMG-s (and supMG-s), by replacing
E[X,+1]|F.] = X, for all n < —1 with the condition E[X,1|F,] > X, for all
n < —1 (or the condition E[X,,11|F,] < X,, for all n < —1, respectively). Since
(Xntk, Fntk), K =0,...,—n, is then a MG (or sub-MG, or sup-MG), any result
about subMG-s, sup-MG-s and MG-s that does not involve the limit as n — oo
(such as, Doob’s decomposition, maximal and up-crossing inequalities), shall apply
also for reversed subMG-s, reversed supMG-s and RMG-s.

As we see next, RMG-s are the dual of Doob’s martingales (with time moving
backwards), hence U.L. and as such each RMG converges both a.s. and in L' as
n — —oo.
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THEOREM 5.5.18 (LEVY’S DOWNWARD THEOREM). With X integrable, (X, Fr),
n <0 is a RMG if and only if X,, = E[Xo|Fy] for alln < 0. Further, E[Xo|F,] —
E[Xo|F-o] almost surely and in L' when n — —oo.

REMARK. Actually, (X,,F,) is a RMG for X,, = E[Y|F,], n > 0 and any in-
tegrable Y (possibly Y & mJy). Further, E[Y|F,]| — E[Y|F_] almost surely
and in L'. This is merely a restatement of Lévy’s downward theorem, since for
Xo = E[Y|Fy] we have by the tower property that E[Y|F,] = E[X|F,] for any
—o0<n<0.

PROOF. Suppose (X,,, F,,) is a RMG. Then, fixing n < 0 and applying Propo-
sition B.1.20 for the MG (Y%, Gr) with Yy := X,k and G := Fryi, k=0,...,—n
(taking there £ = —n > m = 0), we deduce that E[X,|F,] = X,,. Conversely, sup-
pose X,, = E[X(|F,] for X, integrable and all n < 0. Then, X,, € L*(Q, F,,,P) by
the definition of C.E. and further, with F,, C F, 41, we have by the tower property
that

Xn = E[XO|]:H] = E[E(XO|]:n+1)|]:n] = E[Xn+1|]:n] )
so any such (X,,, F,) is a RMG.
Setting hereafter X, = E[X(|F,], note that for each n < 0 and a < b, by

Doob’s up-crossing inequality for the MG (Y, Gk), k = 0,..., —n, we have that
E(Uyfa, b)) < (b —a) 'E[(Xo — a)_] (where U,[a,b] denotes the number of up-
crossings of the interval [a, b] by {Xk(w),k =n,...,0}). By monotone convergence

this implies that E(U_x[a,b]) < (b — a) *E[(Xo — a)_] is finite (for any a < b).
Repeating the proof of Lemma .31l now for n — —oo, we thus deduce that
X, % X_ asn — —oo. Recall Proposition E2.33 that {E[X0|F,]} is U.L hence

by Vitali’s convergence theorem also X, L—l> X_oo when n — —oo (and in particular
the random variable X_, is integrable).

We now complete the proof by showing that X_o, = E[Xo|F_]. Indeed, fixing
k < 0, since X,, € mFy for all n < k it follows that X_., = limsup,,_,_ ., Xn
is also in mJy,. This applies for all £ < 0, hence X_, € m[ <o Fk] = mF_oo.
Further, E[X,,1a] — E[X_oI4] for any A € F_ (by the L' convergence of
X, to X_), and as A € F_o C F, also E[Xol4] = E[X,14] for all n < 0.
Thus, E[X_I4] = E[Xol4] for all A € F_, so by the definition of conditional
expectation, X_o = E[Xo|F_x]. O

Similarly to Lévy’s upward theorem, as you show next, Lévy’s downward theorem
can be extended to accommodate a dominated sequences of random variables and
if Xy € L? for some p > 1, then X, L—p> X_oo as n — —oo (which is the analog of
Doob’s LP martingale convergence).

EXERCISE 5.5.19. Suppose F,, | F_oo and Y, 2 Y. o as n = —oco. Show that if
sup,, |Y,| is integrable, then B[Y,|Fn] “3 BlY_o|F_oo] when n — —oo.

EXERCISE 5.5.20. Suppose (X, Fp) is a RMG. Show that if E|Xo|? is finite and
p>1, then X, = X_o when n — —oo

Not all reversed sub-MGs are U.IL. but here is an explicit characterization of those
that are.

EXERCISE 5.5.21. Show that a reversed sub-MG {X,,} is U.L if and only if inf,, EX,,
is finite.
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Our first application of RMG-s is to provide an alternative proof of the strong law
of large numbers of Theorem 2.3.3] with the added bonus of L' convergence.

THEOREM 5.5.22 (STRONG LAW OF LARGE NUMBERS). Suppose S, = Y ,_; &k
for i.i.d. integrable {&}. Then, n=1S, — E& a.s. and in L' when n — oc.

PRrROOF. Let X _,,, = (m +1)71S,,11 for m > 0, and define the corresponding
filtration F_,,, = o(X_k,k > m). Recall part (a) of Exercise [£4.8 that X,, =
E[&]X,] for each n < 0. Further, clearly F,, = o(G,,T-,) for G, = o(X,) and
Te = o(&,r > (). With 7%, independent of o(c(£1),Gy,), we thus have that
X, = E[&]|F,] for each n < 0 (see Proposition L2). Consequently, (X, Fy,) is
a RMG which by Lévy’s downward theorem converges for n — —oo both a.s. and
in L! to the finite valued random variable X_o, = E[{1]|F-]. Combining this
and the tower property leads to EX_,, = E& so it only remains to show that
P(X_o # ¢) = 0 for some non-random constant ¢. To this end, note that for any
¢ finite,

1 m 1 m
X_ o =limsup — Z&g = limsup — Z I
m—oo M P m—oo M k—ti1
Clearly, X_o € mT/ > for any ¢ so X_ is also measurable on the tail o-algebra
T = (), Te of the sequence {&,}. We complete the proof upon noting that the
o-algebra T is P-trivial (by Kolmogorov’s 0-1 law and the independence of &), so
in particular, a.s. X_. equals a non-random constant (see Proposition[[247). O

In this context, you find next that while any RMG X _,, is U.I., it is not necessarily
dominated by an integrable variable, and its a.s. convergence may not translate to
conditional expectations E[X_,,|H].

EXERCISE 5.5.23. Consider integrable i.i.d. copies of &1, having distribution func-
tion Fg,(z) =1 — 2 (logz)™2 for x > e and P(§&1 = —ef/(e — 1)) =1 —e7!, so
E& = 0. Let H = o(An,n > 3) for A, = {&, > en/(logn)} and recall Theorem
that for m — oo the U.I. RMG X_,, = (m + 1)71S,,11 converges a.s. to
zero.

(a) Verify that m= E[¢n|H] > 1a,, for all m > 3 and deduce that a.s.
limsup,, oo mE[§,|H] > 1.

(b) Conclude that E[X_,,|H] does not converge to zero a.s. and sup,, | X _n|
is not integrable.

In preparation for the Hewitt-Savage 0-1 law and de-Finetti’s theorem we now
define the exchangeable o-algebra and random variables.

DEFINITION 5.5.24 (EXCHANGEABLE 0-ALGEBRA AND RANDOM VARIABLES). Con-
sider the product measurable space (RN, B.) as in Kolmogorov’s extension theorem.
Let &, C B, denote the o-algebra of events that are invariant under permutations of
the first m coordinates; that is, A € Ey if (Wr(1), - - > Wr(m)> Wm+1,--.) € A for any
permutation m of {1,...,m} and all (w1,ws,...) € A. The exchangeable o-algebra
E =, Em consists of all events that are invariant under all finite permutations
of coordinates. Similarly, we say that an infinite sequence of R.V.s {&i}r>1 are

exchangeable, or have an exchangeable law, if (&1,...,&m) 2 (Erqrys - Eremy) Sor
any m and any permutation ™ of {1,...,m}; that is, their joint law is invariant
under any finite permutation of coordinates.
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Our next lemma summarizes the use of RMG-s in this context.

LEMMA 5.5.25. Suppose the sequence & (w) = wy of random variables on (RN, B..)
has an exchangeable law. For any bounded Borel function ¢ : R' — R and m > ¢

let §m(<p) = ﬁ Eﬁ%’(fhv ooy &i,), where i = (i1,...,1¢) is an C-tuple of distinct
integers from {1,...,m} and (m); = (WL_!@! is the number of such (-tuples. Then,

(5.5.5) Sm(p) = Blp(&r, ., &)IE]
a.s. and in L' when m — oo.

PROOF. Fixing m > ¢ since the value of S,,(¢) is invariant under any permu-
tation of the first m coordinates of w we have that S,,(y¢) is measurable on &,,.
Further, this bounded R.V. is obviously integrable, so

~ ~ 1
(5.5.6) Sm(p) = E[Sm(p)|Em] = m ZE[SD(gn ver &) [Em] -
Fixing any ¢-tuple of distinct integers i1, ...,4, from {1,...,m}, by our exchange-
ability assumption, the probability measure on (RN, B,) is invariant under any per-
mutation 7 of the first m coordinates of w such that 7(ix) = kfor k= 1,...,£. Con-

sequently, E[p(&;,,...,&,)1a] = E[p(&1,...,&) 4] for any A € &,,, implying that
Elp(&,,---&,)|Em] = Elp(&, ..., &)|En]. Since this applies for any ¢-tuple of dis-
tinct integers from {1,...,m} it follows by (55.6) that S, (¢) = E[o(&1, .., &) |Em]
for all m > £. In conclusion, considering the filtration F,, = &, n < 0 for which
F_oo = €&, we have in view of the remark following Lévy’s downward theorem that
(St—n(©),Er—n), n < 0 is a RMG and the convergence in (5.5.5) holds a.s. and in
L' (|

REMARK. Noting that any sequence of i.i.d. random variables has an exchangeable
law, our first application of Lemma [5.5.25] is the following zero-one law.

THEOREM 5.5.26 (HEWITT-SAVAGE 0-1 LAW). The exchangeable o-algebra £ is
P-trivial (that is, P(A) € {0,1} for any A € £), for any probability measure P on
(RN, B,.), under which & (w) = wy are i.i.d. random variables.

REMARK. Given the Hewitt-Savage 0-1 law, we can simplify the proof of Theorem
B£.5.221upon noting that for each m the o-algebra F_,, is contained in &,,11, hence
F—_oo € € must also be P-trivial.

PROOF. Astheii.d. {(w) = wy have an exchangeable law, from Lemma[5.5.25]
we have that for any bounded Borel ¢ : R® — R, almost surely Sy, (¢) — Soo () =

Blo(cr, ., €)IE]. )
We proceed to show that S (¢) = Elp(&1,...,&)]. To this end, fixing a finite
integer r < m let

§m7T(g0) = = Z @(&1 Y 7&2)

(m)l {i:41>7,...,50>7}

denote the contribution of the /-tuples i that do not intersect {1,...,7}. Since
there are exactly (m — r)g such £-tuples and ¢ is bounded, it follows that
(m —7r)e c

o < =

|§m((p) - §m,r((p)| < [1 -
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for some ¢ = ¢(r, £, ) finite and all m. Consequently, for any 7,
(5.5.7) Seo(p) = lim_Sp(p) = lim Spmr(p).

Further, by the mutual independence of {£} we have that :S'\myr(go) are independent
of F&, hence the same applies for their limit Seo (¢). Applying Lemma for
X = ¢(&,...,&) we deduce that E[p(&1,...,&)|E] = Elp(&,...,&)]. Recall
that Ig is, for each G € ]—'f, a bounded Borel function of (&1,...,&). Hence,
E[I¢|€] = E[lg]. Thus, by the tower property and taking out what is known,
P(ANG) = E[[.E[[¢|€]] = E[I4]E[lg] for any A € . That is, £ and F¢ are
independent for each finite ¢, so by Lemma [[.4.§ we conclude that £ is a P-trivial
o-algebra, as claimed. ([l

REMARK. The preceeding shows that (5.5.7) holds for Sx () = Elp(&1, ..., &)|€],
any exchangeable {£, = wy} and all r. In particular, §OO (¢) must be measurable
on o (&g, k > r) for any r and consequently also on the tail o-algebra T¢ of {£} (as
in Definition [Z9). Thus, S () = E[Sx ()| T%] and since T¢ C € we deduce, by
the tower property, that for any ¢ > 1 and all bounded Borel ¢ : R — R,

Elp(é1, ..., &)|E]l = Elp(&, ..., &)[TE].

The proof of de Finetti’s theorem requires the following algebraic identity which
we leave as an exercise for the reader.

EXERCISE 5.5.27. Fizing bounded Borel functions f : R — R and g : R — R, let
hj(x1,...,x0) = f(x1,...,20-1)9(x;) for j =1,...,L. Show that for any sequence
{&} and any m > ¢,

R . -1

S (he) = msm(f)gm(g) - m%ﬂl ng(hj)~
=1

THEOREM 5.5.28 (DE FINETTI'S THEOREM). Suppose &x(w) = wy on (RN, B.)
have exchangeable law. Then, conditional on & the random variables &, k > 1 are
mutually independent and identically distributed.

REMARK. For example, if the exchangeable {&;} are {0,1}-valued, then by de
Finetti’s theorem these are i.i.d. Bernoulli variables of parameter p, conditional
on £. The joint (unconditional) law of {£;} is thus that of a mixture of i.i.d.
Bernoulli(p) sequences with p a [0, 1]-valued random variable (measurable on &).

PRrROOF. In view of Exercise B5.27 upon applying (50 of Lemma
for the exchangeable sequence {£x} and bounded Borel functions f, g and hy, we
deduce that

E[f(glu v 75@—1)9(5@)'5] = E[f(gh ) 7§f—l)|g]E[g(§€)|g] .

By induction on ¢ this leads to the identity

l 14
E[[] gr(&)I€] = [ ] Elox(&)I€]
k=1

k=1
for all ¢ and bounded Borel g; : R — R. Taking g, = Ip, for By € B we have

14
P((&1,...,&) € By x -+~ x Byl|€] = [ P(& € Bilé)
k=1
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which implies that conditional on € the R.V.-s {{;} are mutually independent (see
Proposition [[4.21)). Further, E[g(&1)Ia] = E[g(&-)1a] for any A € &, bounded
Borel g(-), positive integer r and exchangeable variables & (w) = wy, from which it
follows that conditional on £ these R.V.-s are also identically distributed. (I

We conclude this section with exercises detailing further applications of RMG-s
for the study of a certain U-statistics, for solving the ballot’s problem and in the
context of mixing conditions.

EXERCISE 5.5.29. Suppose {&} are i.i.d. random variables and h : R? — R a
Borel function such that E[|h(&1,&2)|] < co. For each m > 2 let

1
W2 m m(m — 1) 1<#Zj<m h(&aéﬂ) .
For ezample, note that Wa_, = —2= 57" (& — m™1 301" &)? is of this form,
corresponding to h(z,y) = (v — y)?/2.
(a) Show that W,, = E[h(¢1,&)|FWV] for n < 0 hence (W, FY¥) is a RMG
and determine its almost sure limit as n — —oo.
(b) Assuming in addition that v = E[h(£1,&)?] is finite, find the limit of
E[W?2] asn — —cc.

EXERCISE 5.5.30 (THE BALLOT PROBLEM). Let S = Zle & for i.i.d. integrable,
integer valued & > 0 and for n > 2 consider the event T'y, = {S; < j for 1 < j <n}.
(a) Show that X _j = k~'Sk is a RMG for the filtration F_y, = o(S;,j > k)

and that 7 =inf{l > —n: X; > 1} A —1 is a stopping time for it.
(b) Show that I, = 1— X, whenever S, < n, hence P(T',|S,) = (1—=S,/n)+.

The name ballot problem is attached to Exercise since for &; € {0,2} we
interpret 0’s and 2’s as n votes for two candidates A and B in a ballot, with T, = {A
leads B throughout the counting} and P(T',|B gets r votes) = (1 — 2r/n).

As you find next, the ballot problem yields explicit formulas for the probability
distributions of the stopping times 7, = inf{n > 0: S,, = b} associated with the
SRW {Sp}.

EXERCISE 5.5.31. Let R =inf{{ > 1:S, =0} denote the first visit to zero by the
SRW {Sp,}. Using a path reversal counting argument followed by the ballot problem,
show that for any positive integers n,b,

P(ry = n|Sp = b) = P(R > n|S, = b) =
n

and deduce that for any k > 0,

(b+2k—1)! 4 0 &

DI

EXERCISE 5.5.32. Show that for any A € F and o-algebra G C F
sup [P(ANB) - P(A)P(B)| < E[[P(A[G) — P(A)[].

P(m, =b+2k)=b

Next, deduce that if G, 1 G as n | —oo and G is P-trivial, then
lim sup |P(ANB)-PAPB) =0.

m—= Beg_,,



CHAPTER 6

Markov chains

The rich theory of Markov processes is the subject of many text books and one can
easily teach a full course on this subject alone. Thus, we limit ourselves here to the
discrete time Markov chains and to their most fundamental properties. Specifically,
in Section we provide definitions and examples, and prove the strong Markov
property of such chains. Section explores the key concepts of recurrence, tran-
sience, invariant and reversible measures, as well as the asymptotic (long time)
behavior for time homogeneous Markov chains of countable state space. These con-
cepts and results are then generalized in Section to the class of Harris Markov
chains.

6.1. Canonical construction and the strong Markov property
We start with the definition of a Markov chain.

DEFINITION 6.1.1. Given a filtration {F,}, an Fp-adapted stochastic process { X}
taking values in a measurable space (S,S) is called an F,-Markov chain with state
space (S,S) if for any A€ S,

(6.1.1) P[X,41 € A|F,] = P[ X1 € AlX)] Vn, a.s.

REMARK. We call {X,,} a Markov chain in case F,, = o(Xy, k < n), noting that
if {X,,} is an F,-Markov chain then it is also a Markov chain. Indeed, FX =
o(Xk, k < n) C F, since {X,,} is adapted to {F,}, so by the tower property we
have that for any F,-Markov chain, any A € § and all n, almost surely,

P[X,11 € AIFY] = E[E[Ix,, el Fa)| Y] = B[E[Lx,, eal Xa]| 7]
= E[IXn+1€A|Xn] = P[XnJrl € A|Xn] :

The key object in characterizing an F,-Markov chain are its transition probabili-
ties, as defined next.

DEFINITION 6.1.2. A set function p:S x S — [0,1] 4s a transition probability if
(a) For each x € S, A p(z, A) is a probability measure on (S,S).
(b) For each A€ S, x — p(x,A) is a measurable function on (S,S).
We say that an Fp-Markov chain {X,} has transition probabilities py(z, A), if
almost surely P[X, 41 € A|F,] = pn(Xn, A) for every n > 0 and every A € S and
call it a homogeneous F,-Markov chain if p,(z, A) = p(z, A) for all n, x € S and
AesS.

With bS C mS denoting the collection of all bounded (R, Br)-valued measurable
mappings on (S,S), we next express E[hA(Xy11)|Fx] for b € bS in terms of the
transition probabilities of the F,-Markov chain {X,,}.

227
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LEMMA 6.1.3. If {X,} is an F,-Markov chain with state space (S,S) and transi-
tion probabilities py(-,-), then for any h € bS and all k > 0

(6.1.2) Eh(Xk+1)|Fk] = (prh)(Xk) ,

where h — (pih) : bS — bS and (pph)(z) = [ pe(x,dy)h(y) denotes the Lebesgue
integral of h(-) under the probability measure pg(x,-) per fized x € S.

PROOF. Let H C bS denote the collection of bounded, measurable R-valued
functions h(-) for which (prh)(x) € bS and (6I2) holds for all k¥ > 0. Since p(-,-)
are transition probabilities of the chain, T4 € H for all A € S (c.f. Definition
[6.1.2). Thus, we complete the proof of the lemma upon checking that #H satisfies the
conditions of the (bounded version of the) monotone class theorem (i.e. Theorem
[L277). To this end, for a constant h we have that pyh is also constant and evidently
(EI2) then holds. Further, with bS a vector space over R, due to the linearity of
both the conditional expectation on the left side of (6.1.2]) and the expectation on
its right side, so is H. Next, suppose h,, € H, hy,, > 0 and h,, T h € bS. Then,
by monotone convergence (pghm)(x) T (prh)(z) for each € S and all £k > 0. In
particular, with pgh,, € bS and prh bounded by the bound on h, it follows that
prh € bS. Further, by the monotone convergence of conditional expectations and
the boundedness of h(X4+1) also E[hy, (Xk11)|Fi] T E[R(Xk+1)|Fk]. It thus follows
that h € H and with all conditions of the monotone class theorem holding for H
and the m-system S, we have that bS C H, as stated. |

Our construction of product measures extends to products of transition probabili-
ties. Indeed, you should check at this point that the proof of Theorem [[.4.19] easily
adapts to yield the following proposition.

PROPOSITION 6.1.4. Given a o-finite measure v, on (X, %) and vy : Xx S — [0,1]
such that B — va(x, B) is a probability measure on (S,S) for each fized x € X
and © — va(x, B) is measurable on (X,X) for each fized B € S, there exists a
unique o-finite measure p on the product space (X xS, X x S), denoted hereafter by
=1 ® vy, such that

M(AXB):/Vl(d:E)I/g(:E,B), VAeX,BeS.
A

We turn to show how relevant the preceding proposition is for Markov chains.

PROPOSITION 6.1.5. To any o-finite measure v on (S,S) and any sequence of

transition probabilities p,(-,-) there correspond unique o-finite measures g = v ®
po--- @ pr_1 on (SKFL SH1) k=1,2,... such that

pi(Ao x -+ X Ag) = /V(divo)/]ﬂo(ivo,dwl)"'/pk—l(fﬂk—ladwk)

A() A1 Ak

forany A; € S,1=0,...,k. If v is a probability measure, then uy is a consistent
sequence of probability measures (that is, pr+1(A X S) = pr(A) for any k finite and
A e Skt

Further, if {X,} is a Markov chain with state space (S,S), transition probabilities
Pn(,-) and initial distribution v(A) = P(Xo € A) on (S,S), then for any hy € bS
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and all k >0,

k
(6.1.3) B[] he(X0) = /u(d;vo)ho(:co) . /pk_l(xk_l, do)hi (%) |
£=0

so in particular, {X,} has the finite dimensional distributions (f.d.d.)
(614) P(X() S Ao, o, Xy € An) =v®po--- ®pn,1(A0 X ... X An) .

PROOF. Starting at a o-finite measure 11 = v on (S,S) and applying Propo-
sition 6.1 for vo(z, B) = po(z,B) on S x S yields the o-finite measure p; =
v ® po on (S%,8%). Applying this proposition once more, now with vy = pu; and
va((xo, 1), B) = p1(x1,B) for & = (x0,21) € S x S yields the o-finite measure
f2 = v ®po @ p1 on (S3,8%) and upon repeating this procedure k times we arrive
at the o-finite measure uy = v @ po - -- @ pr_1 on (SF1, S¥+1). Since p,(z,S) =1
for all n and z € S, it follows that if v is a probability measure, so are p; which by
construction are also consistent.

Suppose next that the Markov chain {X,,} has transition probabilities p, (-, ) and
initial distribution v. Fixing k and hy, € bS we have by the tower property and

(EI2) that

k-1
Hhe Xo)] H he(Xe)E(hi (X)| T 1)) = B[] he(Xe) (pr-1hn) (Xpe-1)]
=0
Further, with pp_1hgx € bS (see Lemma [6.1.3)), also hr—1(pr—1hg) € bS and we
get (6.1.3) by induction on k starting at Eho(Xo) = [ v(dzo)ho(xo). The formula
T4 for the f.d.d. is merely the special case of (6.1.3]) corresponding to indicator
functions hy = I4,. O

REMARK 6.1.6. Using (6.I1.1]) we deduce from Exercise that any F,-Markov
chain with a B-isomorphic state space has transition probabilities. We proceed to
define the law of such a Markov chain and building on Proposition [6.1.5] show that
it is uniquely determined by the initial distribution and transition probabilities of
the chain.

DEFINITION 6.1.7. The law of a Markov chain {X,} with a B-isomorphic state
space (S,S) and initial distribution v is the unique probability measure P, on

(Seos Se) with Soo = S+, per Corollary [T.4-25], with the specified f.d.d.
Py({SI S; EAi,i:O,...,n}) :P(XO S Ao,...,Xn EAn) s

for A; € S. We denote by P, the law P, in case v(A) = I,ca (i-e. when Xo =z
is non-random).

REMARK. Definition [T 7 provides the (joint) law for any stochastic process { X, }
with a B-isomorphic state space (that is, it applies for any sequence of (S, S)-valued
R.V. on the same probability space).

Here is our canonical construction of Markov chains out of their transition prob-
abilities and initial distributions.

THEOREM 6.1.8. If (S,S) is B-isomorphic, then to any collection of transition
probabilities p, : S x S — [0,1] and any probability measure v on (S,S) there
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corresponds a Markov chain Y, (s) = s, on the measurable space (Soo,Sc) with
state space (S,S), transition probabilities p,(-,-), initial distribution v and f.d.d.

(6.1.5) P, ({s: (50,...,8k) EAN) =v@po--- D pr_1(A) VA € S k< o0

REMARK. In particular, this construction implies that for any probability measure
von (S,S) and all A € S,

(6.1.6) P,(A) = / V(dz)P4(A).

We shall use the latter identity as an alternative definition for P, that is applicable
even for a non-finite initial measure (namely, when v(S) = c0), noting that if v is
o-finite then P, is also the unique o-finite measure on (S, S.) for which (EI.5)
holds (see the remark following Corollary [L4.2H).

PROOF. The given transition probabilities p,(-,-) and probability measure v
on (S,S) determine the consistent probability measures pr = v ®@ po- - Q pr—1
per Proposition and thereby via Corollary yield the stochastic process
Y, (s) = sp on (Swo,Se), of law P, state space (S,S) and f.d.d. py. Taking k =0
in (615) confirms that its initial distribution is indeed v. Further, fixing k& > 0
finite, let Y = (Yo, ..., Y%) and note that for any A € S**! and B€ S

Elltyeay iy, ey = trt1(A x B) = /Auk(dy)m(ym B) = E[l{yeaypk(Yi, B)]

(where the first and last equalities are due to (61.3])). Consequently, for any B € §
and k > 0 finite, pp(Yi, B) is a version of the C.E. E[lyy,, ep}|FY] for FY =
o(Yy, ..., Y%), thus showing that {Y,,} is a Markov chain of transition probabilities

REMARK. Conversely, given a Markov chain {X,,} of state space (S,S), apply-
ing this construction for its transition probabilities and initial distribution yields a
Markov chain {Y,,} that has the same law as {X,,}. To see this, recall (G.I.4) that
the f.d.d. of a Markov chain are uniquely determined by its transition probabili-
ties and initial distribution, and further for a B-isomorphic state space, the f.d.d.
uniquely determine the law P, of the corresponding stochastic process. For this
reason we consider (Soo,Se, Py) to be the canonical probability space for Markov
chains, with X,,(w) = w,, given by the coordinate maps.

The evaluation of the f.d.d. of a Markov chain is considerably more explicit when
the state space S is a countable set (in which case S = 25), as then

pn(‘TvA) = an(ilf, y) s

yeA

for any A C S, so the transition probabilities are determined by p,(x,y) > 0 such
that ZyGS pn(z,y) = 1foralln and z € S (and all Lebesgue integrals are in this case
merely sums). In particular, if S is a finite set and the chain is homogeneous, then
identifying S with {1,...,m} for some m < oo, we view p(z,y) as the (z, y)-th entry
of an m x m dimensional transition probability matriz, and express probabilities of
interest in terms of powers of the latter matrix.

For homogeneous Markov chains whose state space is S = R? (or a product of
closed intervals thereof), equipped with the corresponding Borel o-algebra, compu-
tations are relatively explicit when for each z € S the transition probability p(x,-)
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is absolutely continuous with respect to (the completion of) Lebesgue measure on
S. Its non-negative Radon-Nikodym derivative p(z,y) is then called the transition
probability kernel of the chain. In this case (ph)(z) = [ h(y)p(x,y)dy and the right
side of (G.I4) amounts to iterated integrations of the kernel p(x,y) with respect to
Lebesgue measure on S.

Here are few homogeneous Markov chains of considerable interest in probability
theory and its applications.

EXAMPLE 6.1.9 (RANDOM WALK). The random walk Sy, = So+ Y &, where {&;}
k=1

are i.i.d. R*-valued random variables that are also independent of Sy is an example
of a homogeneous Markov chain. Indeed, Spy+1 = Sp + &nt1 with £,11 independent
of FS = o(So,...,Sn). Hence, P[S,11 € A|FS] = P[S, + &nv1 € AlS,]. With
&n+1 having the same law as &1, we thus get that P[S, + &1 € A|Sk] = p(Sh, 4)
for the transition probabilities p(x,A) = P(& € {y —x : y € A}) (c.f. Exercise
[7.23) and the state space S = R? (with its Borel o-algebra,).

EXAMPLE 6.1.10 (BRANCHING PROCESS). Another homogeneous Markov chain
is the branching process {Z,} of Definition [5.51] having the countable state space
S=1{0,1,2,...} (and the o-algebra S = 2°). The transition probabilities are in this
case p(z, A) = P(Z;ﬁ:l N; € A), for integer x > 1 and p(0, A) = 1oca.

EXAMPLE 6.1.11 (RENEWAL MARKOV CHAIN). Suppose qi > 0 and Y ;- qr = 1.
Taking S = {0,1,2,...} (and S = 2°), a homogeneous Markov chain with transition
probabilities p(0,7) = qj+1 for j >0 and p(i,i—1) =1 for i > 1 is called a renewal
chain.

As you are now to show, in a renewal (Markov) chain {X,} the value of X,, is
the amount of time from n to the first of the (integer valued) renewal times {T}}
in [n,00), where 7,, = Tp, — Tp—1 are i.i.d. and P(m = j) = ¢; (compare with

Example 2:377).

EXERCISE 6.1.12. Suppose {11} are i.i.d. positive integer valued random variables
with P(1 = j) = q;. Let T, = To + Y oy Tk for non-negative integer random
variable Ty which is independent of {7}

(a) Show that Ny = inf{k > 0 : T}, > £}, £ = 0,1,..., are finite stopping
times for the filtration G, = o(To, Tk, k < n).

(b) Show that for each fixed non-random £, the random variable Tn,41 is
independent of the stopped o-algebra Gn, and has the same law as ;.

(¢) Let X, = min{(Tx—n)y : Ty, > n}. Show that X1 = Xpn+7n, +11x,—0—
1 is a homogeneous Markov chain whose transition probabilities are given

i Example [6 111

EXAMPLE 6.1.13 (BIRTH AND DEATH CHAIN). A homogeneous Markov chain { X, }
whose state space is S = {0,1,2,...} and for which X, 11— X, € {—1,0,1} is called
a birth and death chain.

EXERCISE 6.1.14 (BAYESIAN ESTIMATOR). Let 6 and {Uy} be independent random
variables, each of which is uniformly distributed on (0,1). Let S, = > p_, Xi for
Xy = sgu(0 — Ug). That is, first pick 0 according to the uniform distribution and
then generate a SRW S,, with each of its increments being +1 with probability 0 and
—1 otherwise.
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(a) Compute P(X,41 = 1|1X1,...,X,).
(b) Show that {S,} is a Markov chain. Is it a homogeneous chain?

EXERCISE 6.1.15 (FIRST ORDER AUTO-REGRESSIVE PROCESS). The first order
auto-regressive process { Xy} is defined via X, = aX,—1+&, for n > 1, where « is
a non-random scalar constant and {&} are i.i.d. R?-valued random variables that
are independent of Xy.

(a) With F, = o(Xo,&, k < n) verify that {X,} is a homogeneous F,-
Markov chain of state space S = RY (equipped with its Borel o-algebra),
and provide its transition probabilities.

(b) Suppose |a] < 1 and Xog = P& for non-random scalar §, with each &
having the multivariate normal distribution N (0, V) of zero mean and
covariance matriz V. Find the values of B for which the law of X,, is
independent of n.

As we see in the sequel, our next result, the strong Markov property, is extremely
useful. It applies to any homogeneous Markov chain with a B-isomorphic state
space and allows us to handle expectations of random variables shifted by any
stopping time 7 with respect to the canonical filtration of the chain.

PROPOSITION 6.1.16 (STRONG MARKOV PROPERTY). Consider a canonical prob-
ability space (Soo,Se, Pu), a homogeneous Markov chain X, (w) = w, constructed
on it via Theorem [6.138, its canonical filtration FX = (X, k < n) and the shift
operator 6 : Soo — Soo such that (0w), = wiy1 for all k > 0 (with the corresponding
iterates (0"w)k, = Wn for k,n >0). Then, for any {hn} C bS. with sup,, , |hn(w)]
finite, and any FX-stopping time T

(6.1.7) E,[hr (07w) | FX) s cooy = Ex, [hr ] Iz cocy -

REMARK. Here FX is the stopped o-algebra associated with the stopping time
7 (c.f. Definition BI.34) and E, (or E,) indicates expectation taken with respect
to P, (P, respectively). Both sides of ([GI.7) are set to zero when 7(w) = oo
and otherwise its right hand side is g(n,z) = E;[h,] evaluated at n = 7(w) and
Tr = XT(W)(w).

The strong Markov property is a significant extension of the Markov property:
(6.1.8) E,[h(6"w) | FY] = Ex, [A],

holding almost surely for any non-negative integer n and fixed h € bS. (that is,
the identity (€I.7) with 7 = n non-random). This in turn generalizes Lemma [6.1.3]
where (6.1.8) is proved in the special case of h(wy) and h € bS.

k
PROOF. We first prove [@L8)) for h(w) = [] ge(we) with ge € bS, £ =0,..., k.
£=0
To this end, fix B € S"*! and recall that p,, = v ®@ p--- ® p are the f.d.d. for P,.
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Consequently, by (613]) and the definition of 6™,
k
E,[h(0"w)Ip(wo, ... ,wn)] = tintr[IB(Z0,- .., Tn) Hgé($e+n)]
=0

—_— [IB(!EO,...,l‘n)go(xn)/p(xnadyl)gl(yl)"'/p(yk—l’dyk)gk(yk)}
= EU[IB(XOa e ,Xn)EXn (h)] .

This holds for all B € S"*!, which by definition of the conditional expectation
amounts to ([E.I1.F]).

The collection H C bS, of bounded, measurable h : Soc — R for which ([GI.)
holds, clearly contains the constant functions and is a vector space over R (by
linearity of the expectation and the conditional expectation). Moreover, by the
monotone convergence theorem for conditional expectations, if h,, € H are non-
negative and h,, T h which is bounded, then also h € H. Taking in the preceding
g¢e = Ip, we see that Iy € H for any A in the m-system P of cylinder sets (i.e.
whenever A = {w : wg € By,...,w, € By} for some k finite and B, € §). We thus
deduce by the (bounded version of the) monotone class theorem that H = bS,, the
collection of all bounded functions on S, that are measurable with respect to the
o-algebra S, generated by P.

Having established the Markov property (6L8), fixing {h,} C bS. and a FX-
stopping time 7, we proceed to prove (6.I7) by decomposing both sides of the
latter identity according to the value of 7. Specifically, the bounded random vari-
ables Y,, = h,(0"w) are integrable and applying (€18 for h = h,, we have that
E,[Y,|FX] = g(n, X,,). Hence, by part (c) of Exercise .37 for any finite integer
k>0,

Ey [hr (07 w) =y | FX] = g(k, Xi) I ir=ry = 9(7, Xr) [{7=k}

The identity (BI7) is then established by taking out the FX-measurable indicator
on {7 = k} and summing over k = 0,1,... (where the finiteness of sup,, , [n(w)]
provides the required integrability). O

EXERCISE 6.1.17. Modify the last step of the proof of Proposition to show
that (6:1.7) holds as soon as ), Ex, [|hk||I{r=ky is P, -integrable.

Here are few applications of the Markov and strong Markov properties.
EXERCISE 6.1.18. Consider a homogeneous Markov chain {X,,} with B-isomorphic
state space (S,S). Fiving {Bi} C S, let Ty = ;5 {X1 € Bi} and ' = {X; € B,
i.0.}.
(a) Using the Markov property and Lévy’s upward theorem (Theorem[5.3.17),
show that P(T',|X,,) 3 Ir.
(b) Show that P({X, € A, i.0.}\T) =0 for any {A,} C S such that for
some 1 > 0 and all n, with probability one,
P(Pn|Xn) > nI{XTLGAn} .
(c) Suppose A, B € S are such that P, (X; € B for somel > 1) > n for some
n >0 and all x € A. Deduce that

P({X, € A finitely often} U{X, € Bio.})=1.
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EXERCISE 6.1.19 (REFLECTION PRINCIPLE). Consider a symmetric random walk

Sn =>4y &, that is, {&} are ii.d. real-valued and such that & £ —&1. With
wn = Sy, use the strong Markov property for the stopping time T = inf{k < n :
wg > b} and hy(w) = Iy, ,>py to show that for any b > 0,

P(rl?gxsk >b) <2P(S, > ).

Derive also the following, more precise result for the symmetric SRW, where for any
integer b > 0,
P(rgléixSk >b) =2P(S, >b)+P(S,=0b).

The concept of invariant measure for a homogeneous Markov chain, which we now
introduce, plays an important role in our study of such chains throughout Sections
and

DEFINITION 6.1.20. A measure v on (S,S) such that v(S) > 0 is called a positive
or non-zero measure. An event A € S, is called shift invariant if A =0"1A (i.e.
A={w:0(w) € A}), and a positive measure v on (Seo,S.) is called shift invariant
if vo0~t(:) = v(:) (ie. v(A) = v({w : O(w) € A}) for all A € S.). We say
that a stochastic process {X,} with a B-isomorphic state space (S,S) is (strictly)
stationary if its joint law v is shift invariant. A positive o-finite measure p on
a B-isomorphic space (S,S) is called an invariant measure for a transition proba-
bility p(-,-) if it defines via (6.1.6) a shift invariant measure P, (-). In particular,
starting at Xo chosen according to an invariant probability measure p results with
a stationary Markov chain {X,}.

LEMMA 6.1.21. Suppose a o-finite measure v and transition probability po(-,-) on
(S,8) are such that v @ po(S x A) = v(A) for any A € S. Then, for all k > 1 and
A e Sk,

vRpo @ @pp(SxA)=vep @---Qpr(A).

PRrROOF. Our assumption that v((pof)) = v(f) for f = I4 and any A € S
extends by the monotone class theorem to all f € bS. Fixing 4; € S and k > 1
let fr(x) =1a,(2)p1 ® - @ pr(x, A1 X --- X Ag) (where p1 ® - - ® pg(x,-) are the
probability measures of Proposition in case v = J, is the probability measure
supported on the singleton {z} and po(y, {y}) =1 for all y € S). Since (p;h) € bS
for any h € bS and j > 1 (see Lemma [6.1.3), it follows that fr € bS as well.
Further, v(fx) = v ®p1 ® --- @ pp(A) for A = Ay X Ay --- X Ap. By the same
reasoning also

v((pofr)) =/J(<M/A po(y, dx)p1®@- - -@pk(z, A1 XX Ag) = v&po - - @pr(SxA) .

Thus, the stated identity holds for the mw-system of product sets A = Ag x - -+ x Ay,
which generates S¥*! and since v ® p1 ® - - - @ p(B,, x S¥) = v(B,,) < o for some
B, 1S, this identity extends to all of S¥*! (see the remark following Proposition

[CT39). 0

REMARK 6.1.22. Let i, = v ®Fp denote the o-finite measures of Proposition [E.1.5]
in case p,(-,-) = p(-,-) for all n (with pp = v@°p = v). Specializing LemmalG.I.2T]to
this setting we see that if 1 (Sx A) = po(A) for any A € S then pr11(SxA) = pp(A)
for all k > 0 and A € S¥+1.
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Building on the preceding remark we next characterize the invariant measures for
a given transition probability.

PROPOSITION 6.1.23. A positive o-finite measure u(-) on B-isomorphic (S,S) is an
invariant measure for transition probability p(-,-) if and only if pRP(Sx A) = u(A)
forall A€ S.

Proor. With u a positive o-finite measure, so are the measures P, and P, o
6~ on (Ss, S.) which for a B-isomorphic space (S, S) are uniquely determined by
their finite dimensional distributions (see the remark following Corollary [L42H).
By (6L5) the f.d.d. of P, are the o-finite measures i (A4) = p@*p(A) for A € SF*1
and k = 0,1,... (where pgp = p). By definition of 6 the corresponding f.d.d. of
P, 007! are pp11(S x A). Therefore, a positive o-finite measure u is an invariant
measure for p(-,-) if and only if pg41(S x A) = pi(A) for any non-negative integer
k and A € S¥*! which by Remark [6.1.22 is equivalent to u @ p(S x A) = u(A) for
all A e S. O

6.2. Markov chains with countable state space

Throughout this section we restrict our attention to homogeneous Markov chains
{X,} on a countable (finite or infinite), state space S, setting as usual S = 25 and
p(z,y) = P(X1 = y) for the corresponding transition probabilities. Noting that
such chains admit the canonical construction of Theorem [6.1.§ since their state
space is B-isomorphic (c.f. Proposition [[4.27 for M = S equipped with the metric
d(z,y) = 1z2y), we start with a few useful consequences of the Markov and strong
Markov properties that apply for any homogeneous Markov chain on a countable
state space.

PROPOSITION 6.2.1 (CHAPMAN-KOLMOGOROV). For any z,y € S and non-negative
integers k < n,

(6.2.1) P.(X,=y) =Y Pu(X) = 2)P.(Xp s =)
z€S

PROOF. Using the canonical construction of the chain whereby X, (w) = wy,
we combine the tower property with the Markov property for h(w) = I, —y)
followed by a decomposition according to the value z of X} to get that

P.(X, =y) = E.[h(6*w)] = Em{EI [h(6"w) | ]:13(]}

= E.[Ex, (h)] =) Pu(X) = 2)E.(h).
z€S

This concludes the proof as E,(h) =P, (X,_r = y). O

REMARK. The Chapman-Kolmogorov equations of (6.2.1]) are a concrete special
case of the more general Chapman-Kolmogorov semi-group representation p” =
pFp"~F of the n-step transition probabilities p™(x,y) = P,(X, = y). See [Dyn65]
for more on this representation, which is at the core of the analytic treatment of
general Markov chains and processes (and beyond our scope).

We proceed to derive some results about first hitting times of subsets of the state
space by the Markov chain, where by convention we use 74 = inf{n > 0: X,, € A}
in case the initial state matters and the strictly positive T4 = inf{n > 1: X,, € A}
when it does not, with 7, = 7(,y and T), = T'(,}. To this end, we start with the first
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entrance decomposition of {X,, = y} according to the value of T}, (which serves as
an alternative to the Chapman-Kolmogorov decomposition of the same event via
the value in S of X}).

EXERCISE 6.2.2 (FIRST ENTRANCE DECOMPOSITION).
For a homogeneous Markov chain {X,,} on (S,S), let T, , = inf{n > r : X,, = y}
(so Ty =Ty1 and 7y =Ty ).

(a) Show that for any x,y € S, B € § and positive integers r < n,
P,(X, € B,T,,<n)= niTPm(Ty,r =n—k)Py(Xy € B).
k=0
(b) Deduce that in particular,
P, (X, =y)= ZW:PI(TW =k)Py(Xp— = y).
k=r

(c) Conclude that for any y € S and non-negative integers r, ¢,
L+r

‘
Y PUX;j=y) =) Py(X, =y).
7=0 n=r

In contrast, here is an application of the last entrance decomposition.

EXERCISE 6.2.3 (LAST ENTRANCE DECOMPOSITION). Show that for a homoge-
neous Markov chain {X,,} on state space (S,S), all z,y €S, B€ S andn > 1,

n—1
P.(X, € B,T,<n)=Y Pu(Xy s =y)Py(Xi € BT, > k).
k=0

Hint: With L, = max{1 < ¢ < n : X; = y} denoting the last visit of y by the
chain during {1,...,n}, observe that {T,, < n} is the union of the disjoint events
{L,=n—-k},k=0,...,n—1.

Next, we express certain hitting probabilities for Markov chains in terms of har-
monic functions for these chains.

DEFINITION 6.2.4. Extending Definition we say that f : S — R which is
either bounded below or bounded above is super-harmonic for the transition probabil-
ity p(z,y) at x € S when f(x) >3 sp(x,y)f(y). Likewise, f(-) is sub-harmonic
at x when this inequality is reversed and harmonic at x in case an equality holds.
Such a function is called super-harmonic (or sub-harmonic, harmonic, respectively)
for p(-,-) (or for the corresponding chain {X,}), if it is super-harmonic (or, sub-
harmonic, harmonic, respectively), at all x € S. Equivalently, f(-) which is either
bounded below or bounded above is harmonic provided {f(Xy)} is a martingale
whenever the initial distribution of the chain is such that f(Xo) is integrable. Simi-
larly, f(-) bounded below is super-harmonic if { f(X,)} is a super-martingale when-
ever f(Xo) is integrable.

EXERCISE 6.2.5. Suppose S\ C is finite, inf,gc Py(7¢ < 00) > 0 and A C C,
B =C\ A are both non-empty.
(a) Show that there exist N < oo and € > 0 such that Py(1c > kN) < (1—¢)*
forallk>1 and y € S.
(b) Show that g(z) = Py(ta < TB) is harmonic at every xz ¢ C.
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(c) Show that if a bounded function g(-) is harmonic at every x ¢ C then
9(Xnare) 18 a martingale.

(d) Deduce that g(x) = Py(Ta < TB) is the only bounded function harmonic
at every x ¢ C for which g(x) =1 when x € A and g(x) = 0 when x € B.

(e) Show that if f 'S — Ry satisfies f(z) =1+ sp(z,y)f(y) at every
x ¢ C then My, :=nA71c + [(Xnare) 18 a martingale, provided P(X, €
C) = 0. Deduce that if in addition f(z) =0 for x € C then f(z) = Ey7c
for all x € S.

The next exercise demonstrates few of the many interesting explicit formulas one
may find for finite state Markov chains.

EXERCISE 6.2.6. Throughout, {X,} is a Markov chain on S = {0,1,...,N} of
transition probability p(z,y).
(a) Use induction to show that in case N =1, p(0,1) = a and p(1,0) =
such that o+ 8 > 0,

p n p

(b) Fizing v(0) and 61 # 0y non-random, suppose o = [ and conditional
on {X,} the variables By, are independent Bernoulli(fx, ). Fvaluate the
mean and variance of the additive functional S, =", _, Bx.

(c) Verify that E4[(X,—N/2)] = (1-2/N)"(x—N/2) for the Ehrenfest chain
whose transition probabilities are p(z,x — 1) =x/N =1 —p(z,z + 1).

P,(X,=0)=

6.2.1. Classification of states, recurrence and transience. We start
with the partition of a countable state space of a homogeneous Markov chains
to its intercommunicating (equivalence) classes, as defined next.

DEFINITION 6.2.7. Let pgy = P (Ty < c0) denote the probability that starting
at x the chain eventually visits the state y. State y is said to be accessible from
state x # y if pyy > 0 (or alternatively, we then say that x leads to y). Two
states © # y, each accessible to the other, are said to intercommunicate, denoted
by x <> y. A non-empty collection of states C C'S is called irreducible if each two
states in C intercommunicate, and closed if there is noy ¢ C and x € C such that
y is accessible from x.

REMARK. Evidently an irreducible set C' may be a non-closed set and vice verse.
For example, if p(z,y) > 0 for any z,y € S then S\ {z} is irreducible and non-closed
(for any z € S). More generally, adopting hereafter the convention that x < =z,
any non-empty proper subset of an irreducible set is irreducible and non-closed.
Conversely, when there exists y € S such that p(z,y) = 0 for all z € S\ {y}, then S
is closed and reducible. More generally, a closed set that has a closed proper subset
is reducible. Note however the following elementary properties.

EXERCISE 6.2.8.

(a) Show that if pgy > 0 and py, > 0 then also py. > 0.

(b) Deduce that intercommunication is an equivalence relation (that is, T <>
x, if x < y then also y < x and if both © < y and y < z then also

(c) Explain why its equivalence classes partition S into mazimal irreducible
sets such that the directed graph indicating which one leads to each other
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is both transitive (i.e. if Cy leads to Coy and Cq leads to Cs3 then also Cq
leads to Cs), and acyclic (i.e. if Cy leads to Co then Coy does not lead to
Ch).

For our study of the qualitative behavior of such chains we further classify each
state as either a transient state, visited only finitely many times by the chain or as
a recurrent state to which the chain returns with certainty (infinitely many times)
once it has been reached by the chain. To this end, we make use of the following
formal definition and key proposition.

DEFINITION 6.2.9. A statey € S is called recurrent (or persistent) if p,, = 1 and
transient if py, < 1.

PROPOSITION 6.2.10. With T, =0, let T = inf{n > T}~ : X,, =y} for k> 1
denote the time of the k-th return to state y € S (so Ty1 =T, > 0 regardless of Xo).
Then, for any x,y € S and k > 1,

(6.2.2) PI(T;c < o0) = pmyp;j;l .

Further, let Noo(y) denote the number of visits to state y by the Markov chain at

positive times. Then, B, Noo(y) = 15% is positive if and only if pgy > 0, in which
vy ©

case it is finite when y is transient and infinite when y is recurrent.

PRrROOF. The identity ([6.2.2) is merely the observation that starting at x, in
order to have k visits to y, one has to first reach y and then to have k—1 consecutive
returns to y. More formally, the event {T}, < oo} = J,,{Ty < n} is in S, so fixing
k > 2 the strong Markov property applies for the stopping time 7 = T;_l and the
indicator function h = I7, <. Further, 7 < oo implies that h(07w) = I{Tyk<oo}(w)
and X, =y so Ex_h = Py(T, < 00) = pyy. Combining the tower property with
the strong Markov property we thus find that

PI(T;c < 00) = E[h(07w) I coo] = E[Eg[h(07w) | FX]I <o)
=E, [PnyT<OO] = pyyPa (T;_l < o),

and ([E22)) follows by induction on k, starting with the trivial case k = 1.

Next note that if the chain makes at least k visits to state y, then the k-th return
to y occurs at finite time, and vice verse. That is, {7} < oo} = {Neo(y) > k}, and
from the identity (6.2.2]), we get that

E;Noo(y) = P, (Nw(y) Zk):ZPw(T; < 0)
k=1 k=1
e <] Pzy
_ 1= 1 Pzy > 0
(6.2.3) = payply ' = {1 Py
as claimed. O

In the same spirit as the preceding proof you next show that successive returns to
the same state by a Markov chain are renewal times.

EXERCISE 6.2.11. Fiz a recurrent state y € S of a Markov chain {X,}. Let
Ri = Tyf and r, = Ry, — Rp—1 the number of steps between consecutive returns to

Y.
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(a) Deduce from the strong Markov property that under P, the random vec-
tors Y = (riey XRy_y»- -y XRp—1) for k = 1,2,... are independent and
identically distributed.

(b) Show that for any probability measure v, under P, and conditional on the
event {T, < oo}, the random vectors Y,, are independent of each other

and further Y, 2 Y, for all k > 2, with Y, having then the law of Y,
under P,,.

Here is a direct consequence of Proposition [6.2.10

COROLLARY 6.2.12. FEach of the following characterizes a recurrent state y:
(a) pyy = 1;

(b) Py(TF < o0) =1 for all k;

(¢c) Py(X, =y, i0.)=1;

(d) Py(Neo(y) = 00) = 1;

(e) EyNoo(y) = oo

PRrROOF. Considering ([6.2.2]) for = y we have that (a) implies (b). Given
(b) we have w.p.1. that X,,, = y for infinitely many n; = T;, E=12...,
which is (c¢). Clearly, the events in (c) and (d) are identical, and evidently (d)
implies (e). To complete the proof simply note that if p,, < 1 then by ([G.23)
E,Noo(y) = pyy/(1 — pyy) is finite. O

We are ready for the main result of this section, a decomposition of the recurrent
states to disjoint irreducible closed sets.

THEOREM 6.2.13 (DECOMPOSITION THEOREM). A countable state space S of a
homogeneous Markov chain can be partitioned uniquely as

S=TURjURyU...

where T is the set of transient states and the R; are disjoint, irreducible closed sets
of recurrent states with pz, = 1 whenever z,y € R,;.

REMARK. An alternative statement of the decomposition theorem is that for any
pair of recurrent states pyy = pyz € {0,1} while p;y = 0 if x is recurrent and y
is transient (so z — {y € S: pyy > 0} induces a unique partition of the recurrent
states to irreducible closed sets).

PROOF. Suppose = <+ y. Then, pzy > 0 implies that P, (Xx = y) > 0 for
some finite K and py, > 0 implies that P, (X, = x) > 0 for some finite L. By the
Chapman-Kolmogorov equations we have for any integer n > 0,

P.(Xiinir=2)= Y Po(Xx =2)P.(X, = 0)P,(X, =)
Z,vES

(6.2.4) > Pu(Xx =1y)Py(Xn = y)P, (X =z).

As EyNoo(y) = Yoo Py(X,, = y), summing the preceding inequality over n > 1
we find that E; Ny (2) > cEyNoo(y) with ¢ = P (Xk = y)P, (X = ) positive.
If z is a transient state then E, N (x) is finite (see Corollary [6.2.12)), hence the
same applies for y. Reversing the roles of  and y we conclude that any two
intercommunicating states = and y are either both transient or both recurrent.
More generally, an irreducible set of states C' is either transient (i.e. every x € C

is transient) or recurrent (i.e. every x € C is recurrent).
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We thus consider the unique partition of S to (disjoint) maximal irreducible equiv-
alence classes of <+ (see Exercise[6.2.8)), with R; denoting those equivalence classes
that are recurrent and proceed to show that if = is recurrent and p, > 0 for y # =,
then p,, = 1. The latter implies that any y accessible from z € R, must intercom-
municate with x, so with Ry a maximal irreducible set, necessarily such y is also
in Ry. We thus conclude that each Ry is closed, with p;, = 1 whenever z,y € Ry,
as claimed.

To complete the proof fix a state y # x that is accessible by the chain from
a recurrent state z, noting that then L = inf{n > 1 : P,(X,, = y) > 0} is
finite. Further, because L is the minimal such value there exist yo = z, yr, = y
and y; # x for 1 < ¢ < L such that Hé:l p(Yk—1,yx) > 0. Consequently, if
P, (T, = 00) =1— py, >0, then

L
Px I—OO H yk 17yk 1_pyac) 0;

in contradiction of the assumption that T is recurrent. O

The decomposition theorem motivates the following definition, as an irreducible
chain is either a recurrent chain or a transient chain.

DEFINITION 6.2.14. A homogeneous Markov chain is called an irreducible Markov
chain (or in short, irreducible), if S is irreducible, a recurrent Markov chain (or in
short, recurrent), if every x € S is recurrent and a transient Markov chain (or in
short, transient), if every x € S is transient.

By definition once the chain enters a closed set, it remains forever in this set.
Hence, if Xy € Ry we may as well take Ry to be the whole state space. The case
of Xg € T is more involved, for then the chain either remains forever in the set of
transient states, or it lies eventually in the first irreducible set of recurrent states
it entered. As we next show, the first of these possibilities does not occur when T
(or S) is finite (and any irreducible chain of finite state space is recurrent).

PROPOSITION 6.2.15. If F is a finite set of transient states then for any initial
distribution P, (X, € F i.0.) = 0. Hence, any finite closed set C' contains at least
one recurrent state, and if C is also irreducible then C' is recurrent.

PROOF. Let Noo(F) = >_, p No(y) denote the totality of positive time the
chain spends at a set F. If F' is a finite set of transient states then by Proposition
62,10 and linearity of the expectation E,Noo(F) is finite, hence P, (N (F) =
o0) = 0. With S countable and x arbitrary, it follows that P, (N (F) = 00) =0
for any initial distribution v. This is precisely our first claim (as No (F) is infinite
if and only if X,, € F for infinitely many values of n). If C is a closed set then
starting at « € C' the chain stays in C forever. Thus, P, (N (C) = c0) = 1 and to
not contradict our first claim, if such C is finite, then it must contain at least one
recurrent state, which is our second claim. Finally, while proving the decomposition
theorem we showed that if an irreducible set contains a recurrent state then all its
states are recurrent, thus yielding our third and last claim. ([

We proceed to study the recurrence versus transience of states for some homo-
geneous Markov chains we have encountered in Section To this end, starting
with the branching process we make use of the following definition.
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DEFINITION 6.2.16. If a singleton {x} is a closed set of a homogeneous Markov
chain, then we call x an absorbing state for the chain. Indeed, once the chain visits
an absorbing state it remains there (so an absorbing state is recurrent).

EXAMPLE 6.2.17 (BRANCHING PROCESSES). By our definition of the branching
process {Zn} we have that 0 is an absorbing state (as p(0,0) = 1, hence por, = 0
for allk > 1). If P(N = 0) > 0 then clearly pro > p(k,0) = P(N = 0)* > 0 and
prk <1 —pro <1 for all k > 1, so all states other than 0 are transient.

EXERCISE 6.2.18. Suppose a homogeneous Markov chain {X,} with state space
S={0,1,...,N} is a martingale for any initial distribution.
(a) Show that 0 and N are absorbing states, that is, p(0,0) = p(N,N) = 1.
(b) Show that if also P, (T7o,ny < 00) > 0 for all x then all other states are
transient and py,ny = Po(7n < 79) = x/N.
(c) Check that this applies for the symmetric SRW on S (with absorption at
0 and N ), in which case also E,To ny = (N — ).

EXAMPLE 6.2.19 (RENEWAL MARKOV CHAIN). The renewal Markov chain of Ex-
ample has p(i,i — 1) = 1 for i > 1 so evidently pio = 1 for all t > 1 and
hence also poo = 1, namely 0 is a recurrent state. Recall that p(0,7) = qj+1, so if
{k : qx > 0} is unbounded, then po; > 0 for all j so the only closed set containing
0 is S = Zs. Consequently, in this case the renewal chain is recurrent. If on the
other hand K = sup{k : qx > 0} < co then R ={0,1,..., K — 1} is an irreducible
closed set of recurrent states and all other states are transient. Indeed, starting at
any positive integer j this chain enters its recurrent class of states after at most j
steps and stays there forever.

Your next exercise pursues another approach to the classification of states, ex-
pressing the return probabilities py, in terms of limiting values of certain generating
functions. Applying this approach to the asymmetric SRW on the integers provides
us with an example of a transient (irreducible) chain.

EXERCISE 6.2.20. Given a homogeneous Markov chain of countable state space S
and x € S, consider for —1 < s < 1 the generating functions f(s) = E,[s"=] and

u(s) = ZEm[sTf] = Z P.(X, =x)s".
k>0 n>0

(a) Show that u(s) = u(s)f(s) + 1.

(b) Show that u(s) T 14 E.[Noo(x)] as s T 1, while f(8) T pze and deduce
that Eg[Noo(2)] = paa/(1 = pac).

(c) Consider the SRW on Z with p(i,i+ 1) =p and p(i,i—1) =qg=1—p.
Show that in this case u(s) = (1 —4pgs?)~/? is independent of the initial
state x.

Hint: Recall that (1 —t)"1/2=%"">_| (27:1”)2’2mtm for any 0 <t < 1.

(d) Deduce that the SRW on Z has p,, = 2min(p, q) for all x so for 0 < p < 1,
p # 1/2 this irreducible chain is transient, whereas for p = 1/2 it is
recurrent.

Our next proposition explores a powerful method for proving recurrence of an
irreducible chain by the construction of super-harmonic functions (per Definition

6.2.4).
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PROPOSITION 6.2.21. Suppose S is irreducible for a chain {X,} and there exists
h:S— [0,00) of finite level sets G, = {x : h(x) < r} that is super-harmonic at
S\ G, for this chain and some finite r. Then, the chain {X,} is recurrent.

PROOF. If S is finite then the chain is recurrent by Proposition As-
suming hereafter that S is infinite, fix vy large enough so the finite set F' = G, is
non-empty and h(-) is super-harmonic at = ¢ F. By Proposition and part
(c) of Exercise 0. 118 (for B =F =S\ A), if P,(7r < 00) =1 for all € S then F
contains at least one recurrent state, so by irreducibility of S the chain is recurrent,
as claimed. Proceeding to show that P,(7p < 00) =1 for all z € S, fix r > ¢ and
C =C,=FU(S\G,). Note that h(-) super-harmonic at = ¢ C, hence h(Xpnr.)
is a non-negative sup-MG under P, for any « € S. Further, S\ C' is a subset of G,
hence a finite set, so it follows by irreducibility of S that P,(7¢ < oo) =1 for all
x € S (see part (a) of Exercise [6.2.5). Consequently, from Proposition [£.3.8 we get
that

h(z) > E W X)) 2 rPy(re < 7F)
(since h(X,,) > r when 7¢ < 7p). Thus,
P.(tr <o0) > P,(rr <71¢) > 1—h(x)/r
and taking r — oo we deduce that P,(7p < 0c0o) =1 for all z € S, as claimed. O
Here is a concrete application of Proposition [6.2.21]

EXERCISE 6.2.22. Suppose {S,} is an irreducible random walk on Z with zero-
mean increments {&x} such that €| < r for some finite integer r. Show that {Sy,}
s a recurrent chain.

The following exercises complement Proposition (.2.21]

EXERCISE 6.2.23. Suppose that S is irreducible for some homogeneous Markov
chain. Show that this chain is recurrent if and only if the only non-negative super-
harmonic functions for it are the constant functions.

EXERCISE 6.2.24. Suppose {X,} is an irreducible birth and death chain with
pi =pli,i+1), ¢ =p(i,i —1) and r; =1 —p; — ¢ = p(i,i) > 0, where p; and g;
are positive for i >0, qo =0 and py > 0. Let

m—1 k 4;
hm)=>_ 11
k=0 j=1 P
for m > 1 and h(0) = 0.
(a) Check that h(-) is harmonic for the chain at all positive integers.
(b) Fizing a < x < b in S = Zy verify that P,(7¢ < 00) =1 for C = {a, b}
and that h(Xnare) s a bounded martingale under P,. Deduce that
h(b) — h(z)
h(b) — h(a)
(c) Considering a = 0 and b — oo show that the chain is transient if and
only if h(-) is bounded above.
(d) Suppose i(pi/q; — 1) = ¢ as i = co. Show that the chain is recurrent if
¢ < 1 and transient if ¢ > 1, so in particular, when p; = p =1 — q; for
all i > 0 the chain is recurrent if and only if p < %

Pz (Ta < Tb) =



6.2. MARKOV CHAINS WITH COUNTABLE STATE SPACE 243

6.2.2. Invariant, excessive and reversible measures. Recall Proposition
6.1.23] that an invariant measure for the transition probability p(z,y) is uniquely
determined by a non-zero p : S — [0, 00) such that

(6.2.5) ply) =Y p@)p(,y), Vyes.

€S

To simplify our notations we thus regard such a function p as the corresponding
invariant measure. Similarly, we say that u : S — [0,00) is a finite, positive, or
probability measure, when ) () is finite (positive, or equals one, respectively),
and call {z : u(z) > 0} the support of the measure p.

DEFINITION 6.2.25. Relaxing the notion of invariance we say that a non-zero
WS [0,00] is an excessive measure if

ply) = p@)p(e,y), Vyes.

€S

EXAMPLE 6.2.26. Some chains do not have any invariant measure. For example,
in a birth and death chain with p; =1, i > 0 the identity (622.3) is merely 11(0) =0
and p(i) = p(i — 1) for i > 1, whose only solution is the zero function. However,
the totally asymmetric SRW on Z with p(z,x + 1) = 1 at every integer x has an
invariant measure p(x) = 1, although just as in the preceding birth and death chain
all its states are transient with the only closed set being the whole state space.

Nevertheless, as we show next, to every recurrent state corresponds an invariant
measure.

PROPOSITION 6.2.27. Let T, denote the possibly infinite return time to a state z
by a homogeneous Markov chain {X,,}. Then,

T, -1
p) = Bo[ Y I,
n=0

is an excessive measure for {X,}, the support of which is the closed set of all states
accessible from z. If z is recurrent then p,(+) is an invariant measure, whose support
is the closed and recurrent <+ equivalence class of z.

REMARK. We have by the second claim of Proposition (for the closed set
S), that any chain with a finite state space has at least one recurrent state. Further,
recall that any invariant measure is o-finite, which for a finite state space amounts
to being a finite measure. Hence, by Proposition[6.2.27 any chain with a finite state
space has at least one invariant probability measure.

EXAMPLE 6.2.28. For a transient state z the excessive measure u,(y) may be
infinite at some y € S. For example, the transition probability p(x,0) = 1 for all
x €S =1{0,1} has 0 as an absorbing (recurrent) state and 1 as a transient state,
with Ty = oo and p1(1) =1 while p1(0) = co.

PRrROOF. Using the canonical construction of the chain, we set

T.(w)—1
h’k(w7y) = Z I{wn+k:y} Y
n=0
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so that p.(y) = E.ho(w,y). By the tower property and the Markov property of the
chain,

E.h(w,y) =E; [ S Iz Ix, =y Y I{Xn:w}}

n=0 €S
= Z Z E. [I{Tz>n}l{xn:m}Pz(Xn+l = y|‘F7)1():|
€S n=0
= Z Z E. {I{Tz>n}I{Xn:x}}p($u y) = Z Mz($)p($, y) :
€S n=0 z€eS

The key to the proof is the observation that if wy = z then ho(w,y) > hi(w,y) for
any y € S, with equality when y # z or T.(w) < oo (in which case wy, () = wo).
Consequently, for any state vy,

p=(y) = Bzho(w,y) > Baha(w,y) = Y pe(2)p(a,y),
€S

with equality when y # z or z is recurrent (in which case P,(T, < oo) = 1).
By definition u.(z) = 1, so u.(+) is an excessive measure. Iterating the preceding
inequality & times we further deduce that p.(y) > >, p.(2)P (X, = y) for any
k > 1 and y € S, with equality when z is recurrent. If p,, = 0 then clearly
wz(y) = 0, while if p,, > 0 then P,(X} = y) > 0 for some k finite, hence p(y) >
wz(2)P,(Xy = y) > 0. The support of p, is thus the closed set of states accessible
from z, which for z recurrent is its <+ equivalence class. Finally, note that if z <> 2
then P, (Xj = z) > 0 for some k finite, so 1 = p,(2) > p. ()P4 (Xk = z) implying
that p.(z) < co. That is, if z is recurrent then p, is a o-finite, positive invariant
measure, as claimed. O

What about uniqueness of the invariant measure for a given transition probability?

By definition the set of invariant measures for p(-, -) is a convez cone (that is, if g
and ps are invariant measures, possibly the same, then for any positive ¢; and ¢y
the measure ¢q 1 + copio is also invariant). Thus, hereafter we say that the invariant
measure is unique whenever it is unique up to multiplication by a positive constant.

The first negative result in this direction comes from Proposition Indeed,
the invariant measures p, and pu, are clearly mutually singular (and in particular,
not constant multiple of each other), whenever the two recurrent states 2 and z do
not intercommunicate. In contrast, your next exercise yields a positive result, that
the invariant measure supported within each recurrent equivalence class of states
is unique (and given by Proposition [6.2.27)).

EXERCISE 6.2.29. Suppose 11 : S +— (0,00) is a strictly positive invariant measure
for the transition probability p(-,-) of a Markov chain {X,} on the countable set S.

(a) Verify that q(z,y) = uw(y)p(y, z)/u(x) is a transition probability on S.

(b) Verify that if v : S — [0,00) is an excessive measure for p(-,-) then
h(z) = v(z)/u(x) is super-harmonic for q(-,-).

(¢) Show that if p(-,-) is irreducible and recurrent, then so is q(-,-). Deduce
from Ezxercise[6.2.23 that then h(zx) is a constant function, hence v(z) =
cu(zx) for some ¢ >0 and all z € S.
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PRrROPOSITION 6.2.30. If R is a recurrent <+ equivalence class of states then the
invariant measure whose support is contained in R is unique (and has R as its
support). In particular, the invariant measure of an irreducible, recurrent chain is
unique (up to multiplication by a constant) and strictly positive.

PRrOOF. Recall the decomposition theorem that R is closed, hence the restric-
tion of p(-,-) to R is also a transition probability and when considering invariant
measures supported within R we may as well take S = R. That is, hereafter we
assume that the chain is recurrent. In this case we have by Proposition a
strictly positive invariant measure y = p, on S = R. To complete the proof re-
call the conclusion of Exercise that any o-finite excessive measure (and in
particular any invariant measure), is then a constant multiple of p. ([

Propositions[6.2.27 and [6.2.30 provide a complete picture of the invariant measures
supported outside the set T of transient states, as the convex cone generated by
the mutually singular, unique invariant measures p.(-) supported on each closed
recurrent <> equivalence class. Complementing it, your next exercise shows that
an invariant measure must be zero at all transient states that lead to at least one
recurrent state and if it is positive at some v € T then it is also positive at any
y € T accessible from v.

EXERCISE 6.2.31. Let u(-) be an invariant measure for a Markov chain {Xi} on
S.

(a) Iterating (620) verify that p(y) = >, w(@)Py(Xy = y) for all k > 1
and y € S.

(b) Deduce that if u(v) > 0 for some v € S then u(y) > 0 for any y accessible
from v.

(¢) Show that if R is a recurrent <+ equivalence class then p(x)p(z,y) =0
forallz ¢ R andy € R.
Hint: Ezercise may be handy here.

(d) Deduce that if such R is accessible from v &€ R then u(v) = 0.

We complete our discussion of (non)-uniqueness of the invariant measure with an
example of a transient chain having two strictly positive invariant measures that
are not constant multiple of each other.

EXAMPLE 6.2.32 (SRW ON Z). Consider the SRW, a homogeneous Markov chain
with state space Z and transition probability p(x,z +1) = 1 — p(z,x — 1) = p for
some 0 < p < 1. You can easily verify that both the counting measure X(x) =1
and po(z) = (p/(1 —p))® are invariant measures for this chain, with po a constant
multiple ofX only in the symmetric case p = 1/2. Recall Exercise that this
chain is transient for p # 1/2 and recurrent for p = 1/2 and observe that neither
X nor Lo is a finite measure. Indeed, as we show in the sequel, a finite invariant
measure of a Markov chain must be zero at all transient states.

REMARK. Evidently, having a uniform (or counting) invariant measure (i.e. p(z) =
¢ > 0 for all z € S), as in the preceding example, is equivalent to the transition
probability being doubly stochastic, that is, > .o p(x,y) =1 for all y € S.

Example [6.2.32] motivates our next subject, which are the conditions under which
a Markov chain is reversible, starting with the relevant definitions.
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DEFINITION 6.2.33. A non-zero u : S — [0,00) is called a reversible measure
for the transition probability p(-,-) if the detailed balance relation p(x)p(z,y) =
w(y)p(y, x) holds for all z,y € S. We say that a transition probability p(-,-) (or the
corresponding Markov chain) is reversible if it has a reversible measure.

REMARK. Every reversible measure is an invariant measure, for summing the
detailed balance relation over x € S yields the identity (6-Z3]), but there are non-
reversible invariant measures. For example, the uniform invariant measure of a
doubly stochastic transition probability p(-,-) is non-reversible as soon as p(z,y) #
p(y, z) for some z,y € S. Indeed, for the asymmetric SRW of Example (i.e.,
when p # 1/2), the (constant) counting measure X is non-reversible while pg is a
reversible measure (as you can easily check on your own).

As their name suggest, reversible measures have to do with the time reversed chain
(and the corresponding adjoint transition probability), which we now define.

DEFINITION 6.2.34. If u(+) s an invariant measure for transition probability p(x,y),
then q(z,y) = u(y)p(y,z)/u(x) is a transition probability on the support of u(-),
which we call the adjoint (or dual) of p(-,-) with respect to u. The corresponding
chain of law Q, is called the time reversed chain (with respect to p).

It is not hard, and left to the reader, to check that for any invariant probability
measure £ the stationary Markov chains {Y,} of law Q,, and {X,} of law P, are

such that (Y,...,Ys) 2 (X¢y ..., Xy) for any k < £ finite. Indeed, this is why {Y,,}
is called the time reversed chain.

Also note that u(-) is a reversible measure if and only if p(-,-) is self-adjoint with
respect to p(-) (that is, ¢(z,y) = p(x,y) on the support of u(-)). Alternatively put,
u(-) is a reversible measure if and only if P, = Q,, that is, the shift invariant law
of the chain induced by pu is the same as that of its time reversed chain.

By Definition the set of reversible measures for p(-,-) is a convex cone.
The following exercise affirms that reversible measures are zero outside the closed
+ equivalence classes of the chain and uniquely determined by it within each such
class. It thus reduces the problem of characterizing reversible chains (and measures)
to doing so for irreducible chains.

EXERCISE 6.2.35. Suppose u(x) is a reversible measure for the transition proba-
bility p(x,y) of a Markov chain {X,} with a countable state space S.
(a) Show that w(x)P,(Xy = y) = p(y)Py(Xx = z) for any z,y € S and all
k> 1.
(b) Deduce that if p(x) > 0 then any y accessible from x must intercommu-
nicate with x.
(¢) Conclude that the support of u(-) is a disjoint union of closed < equiva-
lence classes, within each of which the measure u is uniquely determined
by p(+,-) up to a non-negative constant multiple.

We proceed to characterize reversible irreducible Markov chains as random walks
on networks.

DEFINITION 6.2.36. A network (or weighted graph) consists of a countable (finite
or infinite) set of vertices V with a symmetric weight function w : V x V — [0, 00)
(i.e. Wgy = wyy for all x,y € V). Further requiring that p(z) = >, cyWay is
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finite and positive for each x € V, a random walk on the network is a homogeneous
Markov chain of state space V and transition probability p(z,y) = way/p(x). That
is, when at state x the probability of the chain moving to state y is proportional to
the weight wy,, of the pair {x,y}.

REMARK. For example, an undirected graph is merely a network the weights wg,
of which are either one (indicating an edge in the graph whose ends are z and y)
or zero (no such edge). Assuming such graph has positive and finite degrees, the
random walker moves at each time step to a vertex chosen uniformly at random
from those adjacent in the graph to its current position.

EXERCISE 6.2.37. Check that a random walk on a network has a strictly positive
reversible measure u(x) = Zy Way and that a Markov chain is reversible if and only
if there exists an irreducible closed set V on which it is a random walk (with weights

EXAMPLE 6.2.38 (BIRTH AND DEATH CHAIN). We leave for the reader to check
that the irreducible birth and death chain of Ezercise is a random walk on
the network Z with weights Wy 441 = Pait() = qeerpb(z + 1), Wey = rep(z) and
Way = 0 for |z —y| > 1, and the unique reversible measure p(z) = [];_, Z=2 (with

§(0) =1).

REMARK. Though irreducibility does not imply uniqueness of the invariant mea-
sure (c.f. Example[6.2.32), if 4 is an invariant measure of the preceding birth and
death chain then u(x + 1) is determined by (EZ3) from p(z) and up(x — 1), so
starting at ©(0) = 1 we conclude that the reversible measure of Example [6.2.38 is
also the unique invariant measure for this chain.

We conclude our discussion of reversible measures with an explicit condition for
reversibility of an irreducible chain, whose proof is left for the reader (for example,
see [Durl0l Theorem 6.5.1]).

EXERCISE 6.2.39 (KOLMOGOROV’S CYCLE CONDITION). Show that an irreducible
chain of transition probability p(x,y) is reversible if and only if p(x,y) > 0 whenever
p(y,x) >0 and

k k
Hp(fci—l,wi) = Hp(fﬂi,fci—l) ’
i=1 i=1

for any k > 3 and any cycle xgp,x1,...,25 = T¢.

REMARK. The renewal Markov chain of Example [6.T.T1lis one of the many recur-
rent chains that fail to satisfy Kolmogorov’s condition (and thus are not reversible).

Turning to investigate the existence and support of finite invariant measures (or
equivalently, that of invariant probability measures), we further partition the re-
current states of the chain according to the integrability (or lack thereof) of the
corresponding return times.

DEFINITION 6.2.40. With T, denoting the first return time to state z, a recurrent
state z is called positive recurrent if E,(T,) < oo and null recurrent otherwise.

Indeed, invariant probability measures require the existence of positive recurrent
states, on which they are supported.
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PROPOSITION 6.2.41. If w() is an invariant probability measure then all states z
with w(z) > 0 are positive recurrent. Further, if the support of w(-) is an irreducible
set R of positive recurrent states then w(z) = 1/E.(T) for all z € R.

PRrROOF. Recall Proposition [6.2.10 that for any initial probability measure 7(-)
the number of visits Noo(2) = >, Ix, =- to a state z by the chain is such that

S OPL(Xn = 2) = B Nao(2) = 3 (@) By Nao(2) = S () 22— <
n=1

z€S z€S 1=pzz = 1= pz

(since p,, < 1 for all ). Starting at X, chosen according to an invariant proba-
bility measure 7 (-) results with a stationary Markov chain {X,} and in particular
P.(X, = z) = m(z) for all n. The left side of the preceding inequality is thus
infinite for positive 7(z) and invariant probability measure 7(-). Consequently, in
this case p,, = 1, or equivalently z must be a recurrent state of the chain. Since
this applies for any z € S we conclude that m(-) is supported outside the set T of
transient states.
Next, recall that for any z € S,

7,1
p=(S) = Zuz(y) =E; [Z Z I{Xn:y}:| =E.T,,

y€eS yeS n=0

SO W, is a finite measure if and only if z is a positive recurrent state of the chain.
If the support of 7(+) is an irreducible <> equivalence class R then we deduce from
Propositions[6.2.27 and 62230 that (. is a finite measure and 7(2) = p,(z)/1:(S) =
1/E,T. for any z € R. Consequently, R must be a positive recurrent equivalence
class, that is, all states of R are positive recurrent.

To complete the proof, note that by the decomposition theorem any invariant
probability measure () is a mixture of such invariant probability measures, each
supported on a different closed recurrent class R;, which by the preceding argument
must all be positive recurrent. ([

In the course of proving Proposition we have shown that positive and null
recurrence are <> equivalence class properties. That is, an irreducible set of states
C' is either positive recurrent (i.e. every z € C is positive recurrent), null recurrent
(i.e. every z € C is null recurrent), or transient. Further, recall the discussion
after Proposition [6.2.27] that any chain with a finite state space has an invariant
probability measure, from which we get the following corollary.

COROLLARY 6.2.42. For an irreducible Markov chain the existence of an invariant
probability measure is equivalent to the existence of a positive recurrent state, in
which case every state is positive recurrent. We call such a chain positive recurrent
and note that any irreducible chain with a finite state space is positive recurrent.

For the remainder of this section we consider the existence and non-existence of
invariant probability measures for some Markov chains of interest.

EXAMPLE 6.2.43. Since the invariant measure of a recurrent chain is unique up to
a constant multiple (see Proposition [0.2.30) and a transient chain has no invariant
probability measure (see Corollary[6.2.42), if an irreducible chain has an invariant
measure ji(-) for which )" p(x) = oo then it has no invariant probability measure.
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For example, since the counting measure X is an invariant measure for the (irre-
ducible) SRW of Ezample [6.2.32, this chain does not have an invariant probability
measure, regardless of the value of p. For the same reason, the symmetric SRW on
Z (i.e. where p=1/2), is a null recurrent chain.

Similarly, the irreducible birth and death chain of Ezercise[0.2.24] has an invariant
probability measure if and only if its reversible measure p(z) = [];_, pg—;l is finite
(c.f. Example[6.2.38). In particular, if pj = 1—q; = p for all j > 1 then this chain
is positive recurrent with an invariant probability measure when p < 1/2 but null
recurrent for p=1/2 (and transient when 1 >p > 1/2).

Finally, o random walk on a graph is irreducible if and only if the graph is con-
nected. With u(v) > 1 for all v € V (see Definition [6.2.30), it is positive recurrent
only for finite graphs.

EXERCISE 6.2.44. Check that u(j) = > 4, gk s an invariant measure for the
recurrent renewal Markov chain of Example[6 111l in case {k : qx > 0} is unbounded
(see Example [6.2.19). Conclude that this chain is positive recurrent if and only if
>k kar is finite.

In the next exercise you find how the invariant probability measure is modified by
the introduction of holding times.

EXERCISE 6.2.45. Let w(-) be the unique invariant probability measure of an ir-
reducible, positive recurrent Markov chain {X,} with transition probability p(x,y)
such that p(x,x) =0 for all x € S. Fizing r(x) € (0,1), consider the Markov chain
{Y,} whose transition probability is q(x,x) =1 —r(x) and q(z,y) = r(z)p(x,y) for
all y # x. Show that {Y,} is an irreducible, recurrent chain of invariant measure
w(x) = w(x)/r(x) and deduce that {Y,} is further positive recurrent if and only if

Yo m(x)/r(z) < .
Though we have established the next result in a more general setting, the proof

we outline here is elegant, self-contained and instructive.

EXERCISE 6.2.46. Suppose g(-) is a strictly concave bounded function on [0, 00)
and 7(+) is a strictly positive invariant probability measure for irreducible transition

probability p(x,y). For any v : S+ [0,00) let (vp)(y) = >, cs ¥(x)p(2,y) and

£0) =Y o (48) 7).

0 \m(y)

(a) Show that E(vp) > E(v).

(b) Assuming p(z,y) > 0 for all x,y € S deduce from part (a) that any
invariant measure pu(-) for p(x,y) is a constant multiple of 7(-).

(c) Extend this conclusion to any irreducible p(z,y) by checking that

Pla,y) =) 27"Pu(X, =y) >0, Va,y €S,
n=1

and that invariant measures for p(x,y) are also invariant for p(x,y).
Here is an introduction to the powerful method of Lyapunov (or energy) functions.

EXERCISE 6.2.47. Let 7, = inf{n > 0 : Z, = z} and F% = o(Zy,k < n), for
Markov chain {Z,} of transition probabilities p(x,y) on a countable state space S.
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(a) Show that V,, = Zpnr. is a FZ-Markov chain and compute its transition
probabilities q(x,y).

(b) Suppose h : S — [0,00) is such that h(z) = 0, the function (ph)(z) =
>, p(x,y)h(y) is finite everywhere and h(x) > (ph)(z) + & for some
§ > 0 and all x # z. Show that (W, FZ) is a sup-MG under P, for
Wy =h(V,) +d(nAT,) and any = € S.

(¢) Deduce that E,1, < h(x)/é for any x € S and conclude that z is positive
recurrent in the stronger sense that E,T, is finite for all x € S.

(d) Fizing 6 > 0 consider i.i.d. random wvectors vy = (§k,mK) such that
P(vy = (1,0)) = P(vy = (0,1)) = 0.25 — 6 and P(v; = (-1,0)) =
P(v; = (0,-1)) = 025+ 5. The chain Z, = (X,,Y,) on Z? is such
that Xpr1 = Xpn + sgn(Xp)&ng1 and Vo1 = Y, + sgn(Ys)nn41, where
sgn(0) = 0. Prove that (0,0) is positive recurrent in the sense of part (c).

EXERCISE 6.2.48. Consider the Markov chain Z, = &, + (Zp—1 — 1)1, n > 1,
on S = {0,1,2,...}, where &, are i.i.d. S-valued such that P(& > 1) > 0 and
E& =1—9 for some § > 0.

(a) Show that {Z,} is positive recurrent.

(b) Find its invariant probability measure 7(-) in case P(& = k) = p(1—p)*,
k€S, for somepe (1/2,1).

(c) Is this Markov chain reversible?

6.2.3. Aperiodicity and limit theorems. Building on our classification of
states and study of the invariant measures of homogeneous Markov chains with
countable state space S, we focus here on the large n asymptotics of the state
X, (w) of the chain and its law.

We start with the asymptotic behavior of the occupation time

Ny(y) = ZIXz:ya
=1

of state y by the Markov chain during its first n steps.

PROPOSITION 6.2.49. For any probability measure v on S and all y € S,

1
. —1 - - _
(6.2.6) nl;rgon Np(y) = Ey(Ty)I{Ty<°O} P,-a.s.

REMARK. This special case of the strong law of large numbers for Markov additive
functionals (see Exercise[6.2.62 for its generalization), tells us that if a Markov chain
visits a positive recurrent state then it asymptotically occupies it for a positive
fraction of time, while the fraction of time it occupies each null recurrent or transient

state is zero (hence the reason for the name null recurrent).

PRrROOF. First note that if y is transient then E;Noo(y) is finite by ([62.3) for
any r € S. Hence, P,-a.s. Ny (y) is finite and consequently n=1 N, (y) — 0 as
n — oo. Furthermore, since P, (T, = 00) = 1 — p,,, > 0, in this case E,(T,) = oo
and (E2.6]) follows.

Turning to consider recurrent y € S, note that if T, (w) = oo then N, (y)(w) =0
for all n and (62.6) trivially holds. Thus, assuming hereafter that T, (w) < oo,
we have by recurrence of y that a.s. T (w) < oo for all k (see Corollary B.2ZT2).
Recall part (b) of Exercise [(.2.11] that under P, and conditional on {T, < oo},
the positive, finite random variables 7, = Tyf — Tf‘l are independent of each other,
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with {7,k > 2} further identically distributed and of mean value E,(T},). Since
Nn(y) = sup{k > 0 : T} < n}, as you have showed in part (b) of Exercise 238,

it follows from the strong law of large numbers that n~'N,(y) “3 1/E,(T,) for
n — oo. This completes the proof, as by assumption /{7, <o} = 1 in the present
case. O

Here is a direct application of Proposition [6.2.49]

EXERCISE 6.2.50. Consider the positions {X,} of a particle starting at Xo =x € S
and moving in S = {0,...,r} according to the following rules. From any position
1 <y < r—1 the particle moves toy —1 or y+ 1, and each such move is made
with probability 1/2 independently of all other moves, whereas from positions 0 and
r the particle moves in one step to position k € S.

(a) Fizingy €S and k € {1,...,r — 1} find the almost sure limit w(k,y) of
n Ny, (y) as n — oo.

(b) Find the almost sure limit (y) of n™*N,(y) in case upon reaching either
0 or r the particle next moves to an independently and uniformly chosen
position K € {1,...,r — 1}.

Your next task is to prove the following ratio limit theorem for the occupation
times N, (y) within each irreducible, closed recurrent set of states. In particular,
it refines the limited information provided by Proposition in case y is a null
recurrent state.

EXERCISE 6.2.51. Suppose y € S is a recurrent state for the chain {X,}. Let p,(-)
denote the invariant measure of the chain per Proposition [6.2.27, whose support is
the closed and recurrent <> equivalence class Ry of y. Decomposing the path {X,}
at the successive return times T; show that for any x,w € Ry,

lim
n—oo N, (y)
Hint: Use Ezxercise[6.2.11] and the monotonicity of n — Ny (w).

= py(w), P.-a.s.

Proceeding to study the asymptotics of P, (X, = y) we start with the following
consequence of Proposition [6.2.49]

COROLLARY 6.2.52. For all x,y € S,

1 « Pz
6.2.7 lim — P.(Xe=y) = v_.
(027 D i
=1 Yo
Further, for any transient state y € T
(6.2.8) lim P, (X, =vy) = .
nreo Ey(T,)

PROOF. Since sup,,n 'N,(y) < 1, the convergence in ([B.2.7) follows from
Proposition [6.2:49 by bounded convergence (i.e. Corollary [L340).
For a transient state y the sequence P, (X, = y) is summable (to the finite value
E.N(y), c.f. Proposition [6.Z10), hence P, (X, = y) — 0 as n — oo. Further,
this amounts to (6.2.8)) as in this case E,(T},) = . O

Corollary [6.2.52 tells us that for every Markov chain the Cesaro averages of
P,(X, = y) converge. In contrast, our next example shows that even for an
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irreducible chain of finite state space the sequence n — P, (X,, = y) may fail to
converge pointwise.

EXAMPLE 6.2.53. Consider the Markov chain {X,} on state space S = {0,1}
with transition probabilities p(x,y) = lyzy. Then, Py(X, = y) = 1y, eveny when
z=y and P, (X, =y) = 1{n odd) when x # y, so the sequence n — P, (X, = y)

alternates between zero and one, having no limit for any fived (z,y) € S.

Nevertheless, as we prove in the sequel (more precisely, in Theorem [6.2.59)), peri-
odicity of the state y is the only reason for such non-convergence of P, (X, = y).

DEFINITION 6.2.54. The period d, of a state x € S of a Markov chain {X,} is
the greatest common divisor (g.c.d.) of the set T, = {n > 1 : P,(X,, = =) > 0},
with dy = 0 in case I, is empty. Similarly, we say that the chain is of period d if
dr =d for all x € S. A state x is called aperiodic if d, <1 and a Markov chain is
called aperiodic if every x € S is aperiodic.

As the first step in this program, we show that the period is constant on each
irreducible set.

LEMMA 6.2.55. The set Z, contains all large enough integer multiples of d, and
if ¢ <>y then d, = d,.

ProOF. Considering ([624)) for z = y and L = 0 we find that Z,, is closed
under addition. Hence, this set contains all large enough integer multiples of d
because every non-empty set Z of positive integers which is closed under addition
must contain all large enough integer multiples of its g.c.d. d. Indeed, it suffices
to prove this fact when d = 1 since the general case then follows upon considering
the non-empty set Z = {n > 1 : nd € Z} whose g.c.d. is one (and which is
also closed under addition). Further, note that any integer n > ¢2 is of the form
n=03+kl+r=r({+1)+ ({—r+k)for some k >0 and 0 < r < £. Hence, if
two consecutive integers ¢ and £ + 1 are in Z then so are all integers n > ¢2. We
thus complete the proof by showing that K = inf{m—£¢:m,€Z,m >{>0} > 1
is in contradiction with Z having g.c.d. d = 1. Indeed, both mg and mo + K are
in Z for some positive integer mg and if d = 1 then Z must contain also a positive
integer of the form m; = sK + r for some 0 < r < K and s > 0. With Z closed
under addition, (s + 1)(mg + K) > (s + 1)mo + m1 must then both be in Z but
their difference is (s + 1)K —m; = K —r < K, in contradiction with the definition
of K.

If z +» y then in view of the inequality (6.24]) there exist finite K and L such that
K +n+ L € I, whenever n € Z,,. Moreover, K + L € I, so every n € Z, must
also be an integer multiple of d,. Consequently, d, is a common divisor of Z, and
therefore d,,, being the greatest common divisor of Z,, is an integer multiple of d,.
Reversing the roles of x and y we likewise have that d, is an integer multiple of d,
from which we conclude that in this case d, = d,,. 0

The key for determining the asymptotics of P, (X,, = y) is to handle this question
for aperiodic irreducible chains, to which end the next lemma is most useful.

LEMMA 6.2.56. Consider two independent copies {Xn} and {Y,} of an aperiodic,
irreducible chain on a countable state space S with transition probabilities p(-,-). The
Markov chain Z, = (X,,Yn) on S? of transition probabilities p2((x',y'), (z,y)) =
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p(x’,x)p(y',y) is then also aperiodic and irreducible. If {X,} has invariant prob-
ability measure 7(-) then {Z,} is further positive recurrent and has the invariant
probability measure mo(x,y) = m(x)7(y).

REMARK. Example [6.253] shows that for periodic p(-,-) the chain of transition
probabilities pa(-,-) may not be irreducible.

PROOF. Fix states 2’ = (z/,4') € $? and z = (z,y) € S?. Since p(,-) are the
transition probabilities of an irreducible chain, there exist K and L finite such that
P, (Xk =x) > 0 and P, (Y = y) > 0. Further, by the aperiodicity of this chain
we have from Lemma[6.2.58 that both Py (X,,+1 =) > 0 and Py (Y1, =3') > 0
for all n large enough, in which case from ([624]) we deduce that P,/ (Zxin+r =
z) > 0 as well. As this applies for any z’,z € S?, the chain {Z,} is irreducible.
Further, considering 2’ = z we see that Z, contains all large enough integers, hence
{Z,} is also aperiodic. Finally, it is easy to verify that if 7(-) is an invariant
probability measure for p(-,-) then ma(x,y) = 7(z)7(y) is an invariant probability
measure for pa(+,-), whose existence implies positive recurrence of the chain {Z,}

(see Corollary [6:2.42). O
The following Markovian coupling complements Lemma [6.2.56]

THEOREM 6.2.57. Let {X,} and {Y,} be two independent copies of an aperiodic,
irreducible Markov chain. Suppose further that the irreducible chain Z,, = (X, Yn)
is recurrent. Then, regardless of the initial distribution of (Xo, Yo), the first meeting
time 7 = min{¢ > 0: X, = Yz} of the two processes is a.s. finite and for any n,
(6.2.9) |Px, — Py, |ltw < 2P(7 >n),
where || - ||+ denotes the total variation norm of Definition [T2.22

PROOF. Recall Lemma that the Markov chain Z,, = (X,,,Y,,) on S? is
irreducible. We have further assumed that {Z,} is recurrent, hence 7, = min{¢ >
0:Zy =z} is a.s. finite (for any z € S x S), regardless of the initial measure of
Zy = (Xo,Yp). Consequently,

T =inf{r, : z = (z,z) for some z € S}
is also a.s. finite, as claimed.

Turning to prove the inequality (62.9]), fixing ¢ € bS bounded by one, recall
that the chains {X,} and {Y¥,,} have the same transition probabilities and further
X, =Y. Thus, for any k < n,

Iy Ex, [9(Xn—k)] = Lir=i By, [9(Yn—k)] -
By the Markov property and taking out the known Iy, _y it thus follows that
E[l1r—119(Xn)] = E(J{r—} Ex, [9(Xn—1)])
= E(I{r=1Ev, [9(Yn—1)]) = Ell{7=ry9(Yn)] -
Summing over 0 < k < n we deduce that E[l{;<,;9(X)] = E[l{;<n19(Ys)] and
hence
Eg(X,) —Eg(Y,) = E[I{T>n}g(Xn)] - E[I{T>n}g(Yn)]
= Ell75ny(9(Xn) —g(Ya))]-

Since |g(X,) — g(Yn)| < 2, we conclude that |Eg(X,,) — Eg(Y,)| < 2P(7 > n) for
any g € bS bounded by one, which is precisely what is claimed in (E29)). O
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REMARK. Another Markovian coupling corresponds to replacing the transition
probabilities po((z',y'), (x,y)) with p(z',2)1,y=, whenever ' = y’. Doing so ex-
tends the identity Y, = X, to Y,, = X, for all n > 7, thus yielding the bound
P(X, #Y,) < P(r > n) while each coordinate of the coupled chain evolves as
before according to the original transition probabilities p(-,-).

The tail behavior of the first meeting time 7 controls the rate of convergence of
n — P,(X,, =y). As you are to show next, this convergence is exponentially fast
when the state space is finite.

EXERCISE 6.2.58. Show that if the aperiodic, irreducible Markov chain {X,} has
finite state space, then P(r > n) < exp(—dn) for the first meeting time 7 of Theo-
rem[6.2.57, some § > 0 and any n large enough.

Hint: First assume that p(z,y) > 0 for allz,y € S. Then show that P,(X, =y) >0
for some finite v and all x,y and consider the chain {Z,.}.

The following consequence of Theorem [6.2.57] is a major step in our analysis of
the asymptotics of P, (X,, = y).

THEOREM 6.2.59. The convergence [6.2.8) holds whenever y is an aperiodic state
of the Markov chain { X, }. In particular, if this Markov chain is irreducible, positive
recurrent and aperiodic then for any x € S,

Jim [Py (X € ) = 7()[e0 = 0.

PRrROOF. If pyy = 0 then P, (X,, = y) = 0 for all n and (€28) trivially holds.
Otherwise,

Py = ZPI(Ty =k),
k=1

is finite. Hence, in view of the first entrance decomposition
P.(Xp=y) =Y Pu(T, =kP, (X, =y)
k=1

(see part (b) of Exercise[6.2.2)), the asymptotics ([G.2.8)) follows by bounded conver-
gence (with respect to the law of T}, conditional on {T, < oo}), from

) 1

(6.2.10) nlgr;o P,(X,=y) = BT
Turning to prove ([G.2.10), in view of Corollary we may and shall assume
hereafter that y is an aperiodic recurrent state. Further, recall that by Theorem
it then suffices to consider the aperiodic, irreducible, recurrent chain {X,}
obtained upon restricting the original Markov chain to the closed <> equivalence
class of y, which with some abuse of notation we denote hereafter also by S.

Suppose first that { X, } is positive recurrent and so it has the invariant probability
measure m(w) = 1/E,(Ty) (see Proposition [6.2.41]). The irreducible chain Z,, =
(Xy,Y,) of Lemmal6.2.56is then recurrent, so we apply Theorem 6257 for Xy = y
and Yy chosen according to the invariant probability measure 7. Since Y, is a
stationary Markov chain (see Definition [B.T:20), in particular Y, 2 Y, has the law
« for all n. Moreover, the corresponding first meeting time 7 is a.s. finite. Hence,
P(r > n) L 0 as n — oo and by ([6.2.9) the law of X,, converges in total variation
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to w. This convergence in total variation further implies that P, (X,, = y) — 7 (y)
when n — oo (c.f. Example B:22.28), which is precisely the statement of ([G.2.10]).

Next, consider a null recurrent aperiodic, irreducible chain { X, }, in which case our
thesis is that P, (X,, = y) — 0 when n — co. This clearly holds if the irreducible
chain {Z,} of Lemma [6:22.50] is transient, for setting z = (y,y) we then have upon
applying Corollary [6.22.52] for the chain {Z,}, that as n — oo

P.(Z,=2)=P,(X,=9)*—0.

Proceeding to prove our thesis when the chain {Z,,} is recurrent, suppose to the
contrary that the sequence n — P, (X, = y) has a limit point v(y) > 0. Then,
mapping S in a one to one manner into Z we deduce from Helly’s theorem that
along a further sub-sequence n, the distributions of X,,, under P, converge vaguely,
hence pointwise (see Exercise B.233)), to some finite, positive measure v on S. We
complete the proof of the theorem by showing that v is an excessive measure for
the irreducible, recurrent chain {X,}. Indeed, By part (c) of Exercise this
would imply the existence of a finite invariant measure for {X,}, in contradiction
with our assumption that this chain is null recurrent (see Corollary [6.2.42)).

To prove that v is an excessive measure, note first that considering Theorem
6257 for Zy = (x,y) we get from ([G29) that [P, (X, = w) — Py (X, = w)| = 0
as n — oo, for any z,w € S. Consequently, P,(X,, = w) — v(w) as £ — oo, for
every x,w € S. Moreover, from the Chapman-Kolmogorov equations we have that
for any w € S, any finite set F' C S and all £ > 1,

> p(@, 2)Po(Xp, =w) =Pr(Xp1 =w) > Y Pu(X,, = 2)p(z,w).

z€S z€F
In the limit £ — oo this yields by bounded convergence (with respect to the prob-
ability measure p(z,-) on S), that for all w € S

v(w) =Y pl,2)v(w) =Y v(z)p(z,w).
z€S zeF

Taking F' 1S we conclude by monotone convergence that v(-) is an excessive mea-
sure on S, as we have claimed before. O

Turning to the behavior of P, (X, = y) for periodic state y, we start with the
following consequence of Theorem [6.2.59

COROLLARY 6.2.60. The convergence (6.2.8) holds whenever y is a null recurrent
state of the Markov chain {X,} and if y is a positive recurrent state of { X, } having
period d = d, then

. d
(6.2.11) nll)rrgo P,(Xna=y) = B, (7))

PrOOF. If y € S has period d > 1 for the chain {X,,} then P, (X, =y) =0
whenever n is not an integer multiple of d. Hence, the expected return time to such
state y by the Markov chain Y;, = X4 is precisely 1/d of the expected return time
E,(T,) for {X,}. Therefore, (C2.I1]) is merely a reformulation of the limit (G.2.10)
for the chain {Y},} at its aperiodic state y € S.

If y is a null recurrent state of {X,,} then E,(T,) = oo so we have just established
that P, (X, =y) — 0asn — oo. It thus follows by the first entrance decomposition
at T, that in this case P;(X, = y) — 0 for any z € S (as in the opening of the
proof of Theorem [6.2.59). O
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In the next exercise, you extend (6-2.11)) to the asymptotic behavior of P, (X,, = y)
for any two states x,y in a recurrent chain (which is not necessarily aperiodic).

EXERCISE 6.2.61. Suppose {X,,} is an irreducible, recurrent chain of period d. For
each x,y € Slet I, , = {n >1:P,(X, =y) > 0}.

(a) Fizing z € S show that there exist integers 0 < r, < d such that ifn € I, ,
then d divides n — 1.

(b) Show that if n € Iy, then n = (ry —ry) mod d and deduce that S; =
{yeS:ry=1i},i=0,...,d—1 are the irreducible <> equivalence classes
of the aperiodic chain {Xna} (S; are called the cyclic classes of {X,}).

(c) Show that for all x,y, €S,

d
lim P, (Xnatr,—r, =y) = .
n—roo " E,(Ty)

REMARK. It is not always true that if a recurrent state y has period d then
P,(Xnd+r = y) = dpgy/E,(T,) for some r = r(z,y) € {0,...,d — 1}. Indeed, let
p(x,y) be the transition probabilities of the renewal chain with ¢ = 0 and g > 0
for k > 2 (see Example [6.1.11]), except for setting p(1,2) = 1 (instead of p(1,0) =1
in the renewal chain). The corresponding Markov chain has precisely two recurrent
states, y = 1 and y = 2, both of period d = 2 and mean return times Eq(731) =
EQ(TQ) = 2. FU.I’theI', Po2 = 1 but Po(Xnd = 2) — 0 and PQ(Xnd+1 = 2) —1-— n,
where 7 = 3", o, is strictly between zero and one.

We next consider the large n asymptotic behavior of the Markov additive functional
Al =), f(X,), where {X,} is an irreducible, positive recurrent Markov chain.
In the following two exercises you establish first the strong law of large numbers
(thereby generalizing Proposition [6.2.49), and then the central limit theorem for
such Markov additive functionals.

EXERCISE 6.2.62. Suppose {X,,} is an irreducible, positive recurrent chain of ini-
tial probability measure v and invariant probability measure w(-). Let f:S+— R be
such that 7(|f|) < oc.

(a) Fizingy €S let Ry, = T;. Show that the random variables

Rr—1

Z]f: Z f(Xé)v k>1,

(=R _1

are mutually independent and moreover Z;f, k > 2 are identically dis-

tributed with Eng ! finite.
Hint: Consider Ezercise 6211
(b) With S =0 z{, | show that

f
lim n=1Sy B2,

Jim E, (1)) =7(f) P,-a.s.

(c) Show that P, -a.s. max{nilZ,Lfl :k <n} — 0 when n — oo and deduce
that n=* Al — 7(f) with P, probability one.

EXERCISE 6.2.63. For {X,} as in Ezercise[6.2.62 suppose that f : S +— R is such
that w(f) =0 and vy = Ey[(Z‘lf|)2] is finite.
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(a) Show that n~'/2S] SN VUG as n — oo, for u = vy /Ey(Ty) finite and
G a standard normal variable.

Hint: See part (a) of Exercise[3.2.9.
(b) Show that max{n_lmZ,Lj‘ ck <n} 5 0 and deduce that n='/? Af N
VuG.

Building upon their strong law of large number, you are next to show that irre-
ducible, positive recurrent chains have P-trivial tail o-algebra and the laws of any
two such chains are mutually singular (for the analogous results for i.i.d. variables,
see Corollary and Remark [.5.14] respectively).

EXERCISE 6.2.64. Suppose {X,,} is an irreducible, positive recurrent chain of law
P, on (Seo,Sc) (as in Definition [6-1.7).
(a) Show that P, (A) is independent of x € S whenever A is in the tail o-
algebra T* (of Definition [1.1.9).
(b) Deduce that TX is P-trivial.

EXERCISE 6.2.65. Suppose {X,,} is an irreducible, positive recurrent chain of tran-
sition probability p(z,y), initial and invariant probability measures v(-) and w(-),
respectively.

(a) Show that {X,, X,+1} is an irreducible, positive recurrent chain on S? =
{(z,y) : z,y € S,p(x,y) > 0}, of initial and invariant measures v(z)p(z,y)
and 7(z)p(x,y), respectively.

(b) Let P, and P}, denote the laws of two irreducible, positive recurrent
chains on the same countable state space S, whose transition probabil-
ities p(z,y) and p'(z,y) are not identical. Show that P, and P}, are
mutually singular measures (per Definition[{.1.9).

Hint: Consider the conclusion of Exercise 6262 (for f(-) = 1,(-), or, if
the invariant measures © and 7' are identical, then for f(-) = 1(g4)(-)

and the induced pair-chains of part (a)).

EXERCISE 6.2.66. Fizing 1 > a > 3 > 0 let P%? denote the law of (Xo, ..., X,)
for the Markov chain {Xy} of state space S = {—1,1} starting from Xy = —1
and evolving according to transition probability p(—1,—1) = a =1 —p(-1,1) and
p(1,1) = 8 = 1 —p(1l,—1). Fizing an integer b > 0 consider the stopping time
7, = inf{n > 0: A, = b} where A,, = 22:1 X,

(a) Setting A\ =log(a/B), h(—1) =1 and h(1) = (1 — B)/(a(1 — @)), show
that the Radon-Nikodym derivative M, = dP2*/dP%P is of the form
M, = exp(AApn)h(X,).

(b) Deduce that P (m, < o00) = exp(—A.b)/h(1).

EXERCISE 6.2.67. Suppose {X,} is a Markov chain of transition probability p(x,y)

and g(-) = (ph)(:) — h(-) for some bounded function h(-) on S. Show that h(X,) —
ZZ:_(} 9(Xy) is then a martingale.

6.3. General state space: Doeblin and Harris chains

The refined analysis of homogeneous Markov chains with countable state space
is possible because such chains hit states with positive probability. This does not
happen in many important applications where the state space is uncountable. How-
ever, most proofs require only having one point of the state space that the chain
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hits with probability one. As we shall see, subject to the rather mild irreducibil-
ity and recurrence properties of Section [6.3.1] it is possible to create such a point
(called a recurrent atom), even in an uncountable state space, by splitting the chain
transitions. Guided by successive visits of the recurrent atom for the split chain, we
establish in Section the existence and attractiveness of invariant (probability)
measures for the split chain (which then yield such results about the original chain).

6.3.1. Minorization, splitting, irreducibility and recurrence. Consid-
ering hereafter homogeneous Markov chains, we start by imposing a minorization
property of the transition probability p(-,-) which yields the splitting of these tran-
sitions.

DEFINITION 6.3.1. Consider a B-isomorphic state space (S,S). Suppose there
exists a non-zero measurable function v : S — [0,1] and a probability measure q(-)
on (S,8) such that the transition probability of the chain {X,} is of the form

(6.3.1) p(z,-) = (1 —v(@)p(e, ) +v(x)q(-),

for some transition probability p(z,-) and v(x)q(-) < p(z,-). Amending the state
space to S = SU {a} with the corresponding o-algebra S={A,Au{a}: Ac S},
we then consider the split chain {X,,} on (S,8S) with transition probability

Pz, A) =1 —v(2)p(x,A) z€S, AcS
p(x,{a}) = v(2) r €S

pla,B) = /q(dy)z_?(y,B) BeS.

The transitions of {X,,} on S have been split by moving to the pseudo-atom «
with probability v(z). The random times in which the split chain is at state a are
regeneration times for {X,}. That is, stopping times where future transitions are
decoupled from the past. Indeed, the event X, = a corresponds to X, moving to
a second copy of S where it is distributed according to the so called regeneration
measure ¢(-), independently of X, _.

As the transitions of the split chain outside a occur according to the excess proba-
bility (1 —v(z))p(z, ), we can further merge the split chain to get back the original.
That is,

DEFINITION 6.3.2. The merge transition probability m(-,-) on (S,8S) is such that
m(x,{z}) = 1 for all x € S and m(a,-) = q(-). Associated with it is the split
mapping f > f:bS — bS such that f(-) = (mf)(-) = [ m(-,dy)f(y).

We note in passing that f(x) = f(z) for all # € S and f(a) = q(f), and fur-
ther use in the sequel the following elementary fact about the closure of transition
probabilities under composition.

COROLLARY 6.3.3. Given any transition probabilities v; : X x X — [0,1], i = 1,2,
the set function vivo : X x X+ [0, 1] such that vive(z, A) = [v1(z,dy)va(y, A) for
allz € X and A € X is a transition probability.

PROOF. From Proposition [6.1.4] we see that
nva(z, A) = (n(z, ) @ 12)(X x A) = (na(-, A))(z) .
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Now, by the first equality, A — v11v5(x, A) is a probability measure on (S,S) for
each z € S, and by the second equality, z — vqv2(x, A) is a measurable function on
(S,S) for each A € S, as required in Definition [6.1.2] O

Equipped with these notations we have the following coupling of {X,,} and {X,}.

PROPOSITION 6.3.4. Consider the setup of Definitions[6.3.1] and [6.3.2.

(a). mp =D and the restriction of pm to (S,S) equals to p.

(b). Suppose {Z,} is an inhomogeneous Markov chain on (S,S) with transition
probability par = m and pag+1 = P. Then, X, = Zoy, is a Markov chain of transi-
tion probability p and X, = Zon11 € S is a Markov chain of transition probability p.
Setting an initial measure U for Zy = X corresponds to having the initial measure
v(A) =7(A) +7({a})q(A) for Xo €S.

(c). B,[f(Xn)] = E,[f(X,)] for any f € bS, any initial distribution v on (S,S)
and all n > 0.

PRrROOF. (a). Since m(x,{z}) = 1 it follows that mp(z, B) = p(z, B) for all
z €S and B € S. Further, m(a,-) = q(-) so mp(e, B) = [ q(dy)p(y, B) which by
definition of P equals p(cx, B) (see Definition [6.3.)). Similarly, if either B=A4 € S
or B = AU{a}, then by definition of the merge m and split p transition probabilities
we have as claimed that for any = € S,

ij(‘rvB) :ﬁ(va) +]3(.”L‘, {a})Q(A) = p(va) :

(b). As m(z,{a}) = 0 for all T € S, this follows directly from part (a). Indeed,
Zy = Xo of measure 7 is mapped by transition m to Xg = Z; € S of measure
v = Um, then by transition p to X| = Zs, followed by transition m to X; = Z3 € S
and so on. Therefore, the transition probability between X,_; and X,, is mp = p
and the one between X,,_; and X,, is pmn restricted to (S,S), namely p.

(c). Constructing X,, and X,, as in part (b), if the initial distribution 7 of X,

assigns zero mass to a then v = v with X, = Xo. Further, by construction
E,[f(X,)] = Ez[(mf)(X )] which by definition of the split mapping is precisely
E,[f(X,)], as claimed. O

We plan to study existence and attractiveness of invariant (probability) measures
for the split chain {X,}, then apply Proposition to transfer such results to
the original chain {X,}. This however requires the recurrence of the atom . To
this end, we must restrict the so called small function v(x) of ([E3.1), motivating
the next definition.

DEFINITION 6.3.5. A homogeneous Markov chain {X,} on (S,S) is called a strong
Doeblin chain if the minorization condition (6.31]) holds with a constant small
function. That is, when inf, p(z, A) > 0q(A) for some probability measure q on
(S,S), a positive constant 6 > 0 and all A € S. We call {X,,} a Doeblin chain in
case Y, = X, is a strong Doeblin chain for some finite r, namely when P, (X, €
A) > 6q(A) for allx €S and A€ S.

The Doeblin condition allows us to construct a split chain {Y,,} that visits its
atom a at each time step with probability n € (0,6). Considering part (c) of
Exercise G118 (with A = S), it follows that P»(Y,, = a i.0.) = 1 for any initial
distribution 7. So, in any Doeblin chain the atom « is a recurrent state of the split

chain. Further, since T, = inf{n > 1 :Y,, = a} is such that Pz(T,, = 1) = 7
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for all € S, by the Markov property of Y, (and Exercise 5. 1.15)), we deduce that
Ez[To] < 1/n is finite and uniformly bounded (in terms of the initial distribution
7). Consequently, the atom « is a positive recurrent, aperiodic state of the split
chain, which is accessible with probability one from each of its states.

As we see in Section [6.3.2] this is more than enough to assure that starting at
any initial state, Py, converges in total variation norm to the unique invariant
probability measure for {Y;,}.

You are next going to examine which Markov chains of countable state space are
Doeblin chains.

EXERCISE 6.3.6. Suppose S = 25 with S a countable set.

(a) Show that a Markov chain of state space (S,S) is a Doeblin chain if and
only if there exists a € S and r finite such that inf, P, (X, =a) > 0.

(b) Deduce that for any Doeblin chain S = TUR, where R = {y € S: pyy >
0} is a non-empty irreducible, closed set of positive recurrent, aperiodic
states and T = {y € S : pay = 0} consists of transient states, all of which
lead to R.

(c) Verify that a Markov chain on a finite state space is a Doeblin chain if
and only if it has an aperiodic state a € S that is accessible from any
other state.

(d) Check that branching processes with 0 < P(N = 0) < 1, renewal Markov
chains and birth and death chains are never Doeblin chains.

The preceding exercise shows that the Doeblin (recurrence) condition is too strong
for many chains of interest. We thus replace it by the weaker H-irreducibility
condition whereby the small function v(z) is only assumed bounded below on a
“small”, accessible set C. To this end, we start with the definitions of an accessible
set and weakly irreducible Markov chain.

DEFINITION 6.3.7. We say that A € S is accessible by the Markov chain {X,} if
P,(T4 < o0) >0 for all z €S.

Given a non-zero o-finite measure ¢ on (S,S), the chain is @-irreducible if any set
A€ S with p(A) > 0 is accessible by it. Finally, a homogeneous Markov chain on
(S,S8) is called weakly irreducible if it is @-irreducible for some non-zero o-finite
measure ¢ (in particular, any Doeblin chain is weakly irreducible).

REMARK. Modern texts on Markov chains typically refer to the preceding as the
standard definition of irreducibility but we use here the term weak irreducibility to
clearly distinguish it from the elementary definition for a countable S. Indeed, in
case S is a countable set, let A denote the corresponding counting measure of S.
A Markov chain of state space S is then M-irreducible if and only if pyy > 0 for
all x,y € S, matching our Definition of irreducibility, whereas a chain on S
countable is weakly irreducible if and only if p,, > 0 for some a € S and all z € S.
In particular, a weakly irreducible chain of a countable state space S has exactly one
non-empty equivalence class of intercommunicating states (i.e. {y € S: pay > 0}),
which is further accessible by the chain.

As we show next, a weakly irreducible chain has a maximal irreducibility measure

v such that ¥(A) > 0 if and only if A € S is accessible by the chain.
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PROPOSITION 6.3.8. Suppose { X} is a weakly irreducible Markov chain on (S,S).
Then, there exists a probability measure ¥ on (S,S) such that for any A € S,

(6.3.2) Y(A) >0 — P,(Ts <0)>0 Vzxes.
We call such 1 a maximal irreducibility measure for the chain.

REMARK. Clearly, if a chain is ¢-irreducible, then any non-zero o-finite measure
absolutely continuous with respect to ¢ (per Definition .14, is also an irreducibil-
ity measure for this chain. The converse holds in case of a maximal irreducibility
measure. That is, unraveling Definition it follows from (6.3:2) that {X,} is
p-irreducible if and only if the non-zero o-finite measure ¢ is absolutely continuous
with respect to .

PROOF. Let v be a non-zero o-finite irreducibility measure of the given weakly
irreducible chain {X,,}. Taking D € S such that v(D) € (0, c0) we see that {X,,} is
also g-irreducible for the probability measure ¢(-) = v(- N D)/v(D). We claim that
([6:3.2) holds for the probability measure ¥(A) = [;q(dz)k(x, A) on (S,S), where

(6.3.3) k(z, A) =Y 27"Py(X, € A).
n=1
Indeed, with {T4 < oo} = Up>1{X,, € A}, clearly P,(T4 < o0) > 0 if and only
if k(z,A) > 0. Consequently, if P, (T4 < o) is positive for all x € S then so is
k(xz, A) and hence ¥(A) > 0. Conversely, if 1)(A) > 0 then necessarily ¢(C) > 0
for C = {x € S : k(z,A) > n} and some n > 0 small enough. In particular,
fixing x € S, as {X,,} is g-irreducible, also P, (Tc < co) > 0. That is, there exists
positive integer m = m(x) such that P,(X,, € C) > 0. It now follows by the
Markov property at m (for h(w) =Y _,~, 2 “I,,ca), that

k(z,A) 2273 27 Py (Xpys € A)
=1

= 9 E, [k( X, A)] = 27"P, (X € Oy > 0.

Since this is equivalent to P, (T4 < oo0) > 0 and applies for all z € S, we have
established the identity ([G3.2]). O

We next define the notions of a small set and an H-irreducible chain.

DEFINITION 6.3.9. An accessible set C € S of a Markov chain {X,,} on (S,S) is
called r-small set if the transition probability (z,A) — P,(X, € A) satisfies the
minorization condition (6.31]) with a small function that is constant and positive
on C. That is, when Py (X, € ) > 61c(x)q(:) for some positive constant § > 0 and
probability measure q on (S,S).

We further use small set for 1-small set, and call the chain H-irreducible if it has
an r-small set for some finite r > 1 and strong H-irreducible in case r = 1.

Clearly, a chain is Doeblin if and only if S is an r-small set for some r > 1, and is
further strong Doeblin in case » = 1. In particular, a Doeblin chain is H-irreducible
and a strong Doeblin chain is also strong H-irreducible.

EXERCISE 6.3.10. Prove the following properties of H-irreducible chains.

(a) Show that an H-irreducible chain is g-irreducible, hence weakly irreducible.
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(b) Show that if {X,} is strong H-irreducible then the atom o of the split
chain {X,} is accessible by {X,} from all states in S.

(c) Show that in a countable state space every weakly irreducible chain is
strong H-irreducible.
Hint: Try C = {a} and q(-) = p(a,-) for some a € S.

Actually, the converse to part (a) of Exercise holds as well. That is, weak
irreducibility is equivalent to H-irreducibility (for the proof, see [Num84| Propo-
sition 2.6]), and weakly irreducible chains can be analyzed via the study of an
appropriate split chain. For simplicity we focus hereafter on the somewhat more
restricted setting of strong H-irreducible chains. The following example shows that
it still applies for many Markov chains of interest.

EXAMPLE 6.3.11 (CONTINUOUS TRANSITION DENSITIES). Let S = R? with S =
Bs. Suppose that for each x € R? the transition probability has a density p(z,y) with
respect to Lebesque measure \%(-) on R? such that (z,y) — p(x,y) is continuous
jointly in x andy. Picking u and v such that p(u,v) > 0, there exists a neighborhood
C of u and a bounded neighborhood K of v, such that inf{p(z,y) : = € C,y €
K} > 0. Hence, setting q(-) to be the uniform measure on K (i.e. q(A) = A(AnN
K)/X(K) for any A € S), such a chain is strong H-irreducible provided C is an
accessible set. For example, this occurs whenever p(x,u) > 0 for all z € R

REMARK 6.3.12. Though our study of Markov chains has been mostly concerned
with measure theoretic properties of (S,S) (e.g. being B-isomorphic), quite often
S is actually a topological state space with S its Borel o-algebra. As seen in the
preceding example, continuity properties of the transition probability are then of
much relevance in the study of Markov chains on S. In this context, we say that
p: SxBs > [0,1] is a strong Feller transition probability, when the linear operator
(ph)(-) = [ p(-,dy)h(y) of Lemma maps every bounded Bs-measurable func-
tion h to ph € Cy,(S), a continuous bounded function on S. In case of continuous
transition densities, as in Example[6.3.11] the transition probability is strong Feller
whenever the collection of probability measures {p(z,-),x € S} is uniformly tight

(per Definition B.2.3T]).

In case S = Bg we further have the following topological notions of reachability
and irreducibility.

DEFINITION 6.3.13. Suppose {X,} is a Markov chain on a topological space S
equipped with its Borel o-algebra S = Bs. We call € S a reachable state of {X,}
if any neighborhood of x is accessible by this chain and call the chain O-irreducible
(or open set irreducible), if every x € S is reachable, that is, every open set is
accessible by {X,}.

REMARK. Equipping a countable state space S with its discrete topology yields
the Borel o-algebra & = 25, in which case O-irreducibility is equivalent to our
earlier Definition [6.2.14] of irreducibility.

For more general topological state spaces (such as S = R?), by their definitions,
a weakly irreducible chain is O-irreducible if and only if its maximal irreducibility
measure ¢ is such that ¢(O) > 0 for any open subset O of S. Conversely,

EXERCISE 6.3.14. Show that if a strong Feller transition probability p(-,-) has a
reachable state x € S, then it is weakly irreducible.
Hint: Try the irreducibility measure o(-) = p(x,-).
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REMARK. The minorization (63 may cause the maximal irreducibility measure
for the split chain to be supported on a smaller subset of the state space than the
one for the original chain. For example, consider the trivial Doeblin chain of i.i.d.
{X,}, that is, p(z,-) = ¢(-). In this case, taking v(z) = 1 results with the split
chain X, = a for all n > 1, so the maximal irreducibility measures ¢ = d, and
¥ = qof {X,} and {X,} are then mutually singular.

This is of course precluded by our additional requirement that v(z)gq(-) < p(z,-).
For a strong H-irreducible chain {X,,} it is easily accommodated by, for example,
setting v(z) = nlc(x) with n = §/2 > 0, and then the restriction of 1 to S is a
maximal irreducibility measure for {X,}.

Strong H-irreducible chains with a recurrent atom are called H-recurrent chains.
That is,

DEFINITION 6.3.15. A strong H-irreducible chain {Xi} is called H-recurrent if
Po(Ta < o0) = 1. By the strong Markov property of X, at the consecutive visit
times T of o, H-recurrence further implies that Po(TE finite for all k) = 1, or

equivalently Po (X, = o i.0.) = 1.
Here are a few examples and exercises to clarify the concept of H-recurrence.

EXAMPLE 6.3.16. Many strong H-irreducible chains are not H-recurrent. For ex-
ample, combining part (c¢) of Exercise with the remark following Definition
[6-3 we see that such are all irreducible transient chains on a countable state space.

By the same reasoning, a Markov chain of countable state space S is H-recurrent if
and only if S = TUR with R a non-empty irreducible, closed set of recurrent states
and T a collection of transient states that lead to R (c.f. part (b) of Exercise[623.0
for such a decomposition in case of Doeblin chains). In particular, such chains are
not necessarily recurrent in the sense of Definition[6.2.14 For example, the chain
on'S ={1,2,...} with transitions p(k,1) =1—p(k,k+1) = k=5 for some constant
s > 0, is H-recurrent but has only one recurrent state, i.e. R = {1}. Further,
pr1 <1 for all k # 1 when s > 1, while pp1 = 1 for all k when s < 1.

REMARK. Advanced texts on Markov chains refer to what we call H-recurrence
as the standard definition of recurrence and call such chains Harris recurrent when
in addition P, (T, < o0) = 1 for all z € S. As seen in the preceding example,
both notions are weaker than the elementary notion of recurrence for countable
S, per Definition For this reason, we adopt here the convention of call-
ing H-recurrence (with H after Harris), what is not the usual definition of Harris
recurrence.

EXERCISE 6.3.17. Verify that any strong Doeblin chain is also H-recurrent. Con-
versely show that for any H-recurrent chain {X,} there exists C € S and a proba-
bility distribution q on (S,S) such that Py(T¢ finite for all k) = 1 and the Markov

chain Zy = Xpr+1 for k > 0 is then a strong Doeblin chain.
C

The next proposition shows that similarly to the elementary notion of recurrence,
H-recurrence is transferred from the atom a to all sets that are accessible from
it. Building on this proposition, you show in Exercise that the same applies
when starting at any irreducibility probability measure of the split chain and that
every set in S is either almost surely visited or almost surely never reached from o
by the split chain.
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PROPOSITION 6.3.18. For an H-recurrent chain {X,} consider the probability mea-
sure

(6.3.4) »(B) = i 27"Po(X,, € B).

n=1

Then, Po (X, € B i.0.) = 1 whenever ¥(B) > 0.

PrOOF. Clearly, ¥(B) > 0 if and only if Po(Ts < o0) > 0. Further, if
n = Pu(Ts < o0) > 0, then considering the split chain starting at Xg = «, we
have from part (c) of Exercise [6.1.18 that

P.({X, = «a finitely often } U{X, € Bio.})=1.

As Po(X,, = ai.0.) = 1 by the assumed H-recurrence, our thesis that P, (X, € B
i.0.) =1 follows. O

EXERCISE 6.3.19. Suppose 1 is the probability measure of (6.3.4)) for an H-recurrent
chain.

(a) Argue that {a} is accessible by the split chain {X,} and show that v is
a mazimal irreducibility measure for it.

(b) Show that P(D) = Pa(D) for any shift invariant D € Se (i.e. where
D=06"1D).

(c) In case B € S is such that ¥(B) > 0 explain why Pz(X, € B i.0.) =1
for Y-a.e. T €S and Py(X,, € B i.0.) = 1 for any probability measure
7L . B

(d) Show that Po(Tp < o0) € {0,1} for all B € S.

Given a strong H-irreducible chain {X,,} there is no unique way to select the small
set C, regeneration measure ¢(-) and d > 0 such that p(z,-) > dIc(z)q(-). Conse-
quently, there are many different split chains for each chain {X,}. Nevertheless, as
you show next, H-recurrence is determined by the original chain {X,}.

EXERCISE 6.3.20. Suppose {X,,} and 7;} are two different split chains for the
same strong H-irreducible chain {X,} with the corresponding atoms o and o'.
Relying on Proposition [6.3.18 prove that Po(Te, < 00) =1 if and only if P/ (Th, <
o0) = 1.

The concept of H-recurrence builds on measure theoretic properties of the chain,
namely the minorization associated with strong H-irreducibility. In contrast, for
topological state space we have the following topological concept of O-recurrence,
built on reachability of states.

DEFINITION 6.3.21. A state x of a Markov chain {X,,} on (topological) state space
(S, Bs) is called O-recurrent (or open set recurrent), if Py(X, € O i.0.) =1 for
any neighborhood O of x in S. All states x € S which are not O-recurrent are called
O-transient. Such a chain is then called O-recurrent if every x € S is O-recurrent
and O-transient if every x € S is O-transient.

REMARK. As was the case with O-irreducibility versus irreducibility, for a count-
able state space S equipped with its discrete topology, being O-recurrent (or O-
transient), is equivalent to being recurrent (or transient, respectively), per Defini-
tions and
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The concept of O-recurrence is in particular suitable for the study of random
walks. Indeed,

EXERCISE 6.3.22. Suppose S, = So + EZ:I & is a random walk on RY.
(a) Show that if {Sy} has one reachable state, then it is O-irreducible.
(b) Show that either {S,} is an O-recurrent chain or it is an O-transient
chain.

(c) Show that if {Sn} is O-recurrent, then
S={z eRY: P, (| X,| <7 io. )>0, for all 7 > 0},

is a closed sub-group of R? (i.e. 0 € S and if x,y € S then also x—y € S),
with respect to which {Sy,} is O-irreducible (i.e. Py(Tp(z,yy < 00) > 0
for allr >0 and z,y €S).

In case of one-dimensional random walks, you are to recover next the Chung-Fuchs
theorem, stating that if n=1S,, converges to zero in probability, then this Markov
chain is O-recurrent.

EXERCISE 6.3.23 (CHUNG-FUCHS THEOREM). Suppose {S,} is a random walk on
SCR.

(a) Show that such random walk is O-recurrent if and only if for each r > 0,

D Po(|Sul < 1) =
n=0

(b) Show that for any r >0 and k € Z,

ZPOS e [kr, (k+ 1)r ZPO 1Sm| < 7),
n=0
and deduce that suffices to check dwergence of the series in part (a) for
large r.
(¢) Conclude that if n=1S, 5 0 as n — oo, then {S,} is O-recurrent.

6.3.2. Invariant measures, aperiodicity and asymptotic behavior. We
consider hereafter an H-recurrent Markov chain { X, } of transition probability p(-, -)
on the B-isomorphic state space (S,S) with its recurrent pseudo-atom « and the
corresponding split and merge chains p(-,-), m(-,-) on (S,S) per Definitions G.3.11
and

The following lemma characterizes the invariant measures of the split chain p(-, )
and their relation to the invariant measures for p(-,-). To this end, we use hereafter
v1vy also for the measure viva(A) = v1(v2(+, A)) on (X, X) in case vy is a measure
on (X, X) and v, is a transition probability on this space and let p"(Z, B) denote
the transition probability Pz(X,, € B) on (S, 5).

LEMMA 6.3.24. A measure i on (S,S) is invariant for the split chain B(-,-) of a
strong H-irreducible chain if and only if i = pp and 0 < G({a}) < co. Further,
am is then an invariant measure for the original chain p(-,-). Conversely, if u is
an invariant measure for p(-,-) then the measure up is invariant for the split chain.

PROOF. Recall Proposition [6.1.23] that a measure f is invariant for the split
chain if and only if f is positive, o-finite and

fi(B) = 1 ® p(S x B) = jip(B) VBES.
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Likewise, a measure p is invariant for p if and only if p is positive, o-finite and
w(A) = up(A) for all A € S.

We first show that if & is invariant for p then p = fm is invariant for p. Indeed,
note that from Definition it follows that
(6.3.5) u(A) = i(A) + i{ahe(4)  vAes
and in particular, such p is a positive, o-finite measure on (S,S) for any o-finite
i on (S,S), and any probability measure ¢(-) on (S,S). Further, starting the
inhomogeneous Markov chain {Z,,} of Proposition [.3.4] with initial measure fi for
Zo = Xo yields the measure u for Z; = Xy. By construction, the measure of
Z3 = X1 is then up and that of Z3 = X3 is (up)m = pu(pm). Next, the invariance
of i for p implies that the measure of X equals that of X,. Consequently, the
measure of X7 must equal that of Xy, namely p = pu(pm). With m(-,{a}) =0
necessarily p({a}) = 0 and the identity p = p(pm) holds also for the restrictions
to (S,S) of both u and pm. Since the latter equals to p (see part (a) of Proposition
[634), we conclude that u = up, as claimed.

Conversely, let i = up where p is an invariant measure for p (and we set p({a}) =
0). Since p is o-finite, there exist A, T S such that u(A,) < oo for all n and
necessarily also g(A4,) > 0 for all n large enough (by monotonicity from below
of the probability measure ¢(-)). Further, the invariance of p implies that im =
(up)m = p, i.e. the relation (6.3.5) holds. In particular, i(S) = u(S) so i inherits
the positivity of p. Moreover, both i({a}) = oo and fi(A,) = oo contradict the
finiteness of u(A,) for all n, so the measure fi is o-finite on (S,S). Next, start
the chain {Z,} at Zg = X € S of initial measure p. It yields the same measure
= pm for Z; = X,, with measure ji = up for Zo = X; followed by jim = u for
Zs = X, and pp for Z, = X,. As the measure of X; equals that of Xy, it follows
that the measure fip of X equals the measure fi of X1, i.e. [i is invariant for p.

Finally, suppose the measure i satisfies i = fip. Iterating this identity we deduce
that i = pp™ for all n > 1, hence also i = ik for the transition probability

o0
(6.3.6) k(Z,B)=>» 27"p"(T,B).

n=1
Due to its strong H-irreducibility, the atom {a} of the split chain is an accessible
set for the transition probability p (see part (b) of Exercise[6.3.10). So, from (6.3.6)
we deduce that k(Z, {a}) > 0 for all T € S. Consequently, as n 1 oo,

B,={zcS: kZ {a})>n"'} 15,

whereas by the identity ji({a}) = (ik)({a}) also fi({a}) > n~'ji(B,). This proves
the first claim of the lemma. Indeed, we have just shown that when g = pp it
follows that i is positive if and only if p({a}) > 0 and o-finite if and only if

p({a}) < oc. a

Our next result shows that, similarly to Proposition [6.2.27] the recurrent atom a
induces an invariant measure for the split chain (and hence also one for the original
chain).

PROPOSITION 6.3.25. If {X,,} is H-recurrent of transition probability p(-,-) then

To—1
(6.3.7) Va(B) = Ea( Z I{XneB})
n=0
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is an invariant measure for p(-,-).

PROOF. Let Vg n(B) = Pa(X,, € B, Ty > n), noting that
(6.3.8) Va(B) =Y Zan(B) VBeS
n=0

and Tan(9) = Eallirsng(Xn)] for all g € bS. Since {Ta > n} € FX =
o(Xy, k <n), we have by the tower and Markov properties that, for each n > 0,

Po(Xni1 € B,Ta > n) = Ea[l1.>nPa(Xni1 € BIFX)]
= Ea[l{1,>n}P(Xn; B)] = Va,n(D(-, B)) = (Va,np)(B) -

Hence,
(7aB)(B) = Y (ZamD)(B) = > Pa(Xni1 € B,Ta >n)
n=0 n=0

- EQ(TZQ I{YHEB}) = 7o (B)
n=1

since Po(To < 00,Xg = X7,,) = 1. We thus established that 74P = 74 and as
Ua({a}) = 1 we conclude from Lemma [6.3.24] that it is an invariant measure for
the split chain. ([

Building on Lemma[6.3.24] and Proposition[6.3.25] we proceed to the uniqueness of
the invariant measure for an H-recurrent chain, namely the extension of Proposition
6.2.300 to a typically uncountable state space.

THEOREM 6.3.26. Up to a constant multiple, the unique invariant measure for
H-recurrent transition probability p(-,-) is the restriction to (S,S) of Dem, where

Vg is per (6-37).

REMARK. As 74(S) = Eq Tq, it follows from the theorem that an H-recurrent
chain has an invariant probability measure if and only if Eq (To) = Eq (Ta) < cc.
In accordance with Definition [6.2.40] we call such chains positive H-recurrent. While
the value of E,, (T,,) depends on the specific split chain one associates with { X, }, it
follows from the preceding that positive H-recurrence, i.e. the finiteness of Eq (Tw),
is determined by the original chain. Further, in view of the relation (G35 between
Uam and 7, and the decomposition ([G.3.8)) of 7y, the unique invariant probability
measure for {X,,} is then

(6.3.9) m(A) = _1 Z P (X, € ATy >n) VAeS.
E(Ta) =

PRrROOF. By Lemmal6.3.24] to any invariant measure u for p (with pu({a}) = 0),
corresponds the invariant measure g = up for the split chain p. It is also shown
there that 0 < f({a}) < co. Hence, with no loss of generality we assume hereafter
that the given invariant measure u for p has already been divided by this positive,
finite constant, and so fi({a}) = 1. Recall that while proving Lemma [.3.24] we
further noted that u = m, due to the invariance of u for p. Consequently, to prove
the theorem it suffices to show that i = 7, (for then p = fim = vom).



268 6. MARKOV CHAINS

To this end, fix B € S and recall from the proof of Lemma [6.3.24] that fi is also
invariant for p" and any n > 1. Using the latter invariance property and applying
Exercise [6.2.3] for y = o and the split chain {X,,}, we find that

A(B) = (i7")(B) = /S A=K € B) > [ n(an)Pe(X, € B.To <)

Z M {a})Pa(Xy € B, To > k) = i Ve k(B
k=0

with Ug 1 (+) per the decomposition (6.3.8]) of 74 (+). Taking n — oo, we thus deduce
that

(6.3.10) fi(B) > i Ve 1:(B) = Ua(B) VBeS.

We proceed to show that this inequality actually holds with equality, namely, that
i = Uy. To this end, recall that while proving Lemma we showed that
invariant measures for p, such as g and U, are also invariant for the transition
probability k(-,-) of [G3.6), and by strong H-irreducibility the measurable function
g(+) = k(-, {a}) is strictly positive on S. Therefore,

i(g) = (pk)({a}) = ifa}) =1 = va({a}) = (Zak){a}) = valg) -
Recall Exercise . T.13] that identity such as fi(g) = U (g) = 1 for a strictly positive
g € mS, strengthens the inequality (6.3.10) between two o-finite measures ji and
Uo on (S,S) into the claimed equality /i = Ug,. O

The next result is a natural extension of Theorem [6.2.57

THEOREM 6.3.27. Suppose {X,} and {Y,} are independent copies of a strong
H-irreducible chain. Then, for any initial distribution of (Xo,Yo) and all n,

(6.3.11) IPx, = Py, llto < 2P(1 >n),

where || - ||+, denotes the total variation norm of Definition[3.2.22 and 7 = min{{ >
0: X, =Y, = aj} is the time of the first joint visit of the atom by the corresponding
copies of the split chain under the coupling of Proposition [6.34].

PRrROOF. Fixing g € bS bounded by one, recall that the split mapping yields
g € bS of the same bound, and by part (c) of Proposition [6.3.4]

for any joint initial distribution of (Xg,Yp) on (S%,8 x §) and all n > 0. Further,
since X, =Y, in case 7 < n, following the proof of Theorem one finds that
[Eg(X,) — Eg(Y,)| < 2P(r > n). Since this applies for all g € bS bounded by
one, we are done. (I

Our goal is to extend the scope of the convergence result of Theorem [6.2.59 to the
setting of positive H-recurrent chains. To this end, we first adapt Definition [6.2.54]
of an aperiodic chain.

DEFINITION 6.3.28. The period of a strongly H-irreducible chain is the g.c.d. dg,
of the set To, = {n >1:Py(X,, = a) > 0}, of return times to its pseudo-atom and
such chain is called aperiodic if it has period one. For example, q(C) > 0 implies
aperiodicity of the chain.
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REMARK. Recall that being (strongly) H-irreducible amounts for a countable state
space to having exactly one non-empty equivalence class of intercommunicating
states (which is accessible from any other state). The preceding definition then
coincides with the common period of these intercommunicating states per Definition
0.2.54!

More generally, our definition of the period of the chain seems to depend on which
small set and regeneration measure one chooses. However, in analogy with Exercise
[6.320 after some work it can be shown that any two split chains for the same strong
H-irreducible chain induce the same period.

THEOREM 6.3.29. Let 7(-) denote the unique invariant probability measure of an
aperiodic positive H-recurrent Markov chain {X,}. If x € S is such that P, (T <
o0) = 1, then

(6.3.12) lim | Po(Xn € ) = 7()]ew = 0.

REMARK. It follows from (@33]) that 7(-) is absolutely continuous with respect

to ¥(-) of Proposition [E.3.18 Hence, by parts (a) and (c) of Exercise [£.3.19, both
(6.3.13) P, (Ta < o0) =1,

and P, (To < o0) = 1 for m-a.e. x € S. Consequently, the convergence result

(6312) holds for m-a.e. z € S.

ProOF. Consider independent copies X, and Y, of the split chain starting
at Xo = z and at Y whose law is the invariant probability measure 7 = 7p of
the split chain. The corresponding X,, and Y,, per Proposition [6.3.4] have the laws
P, (X, € -) and n(-), respectively. Hence, in view of Theorem [6.3.27 to establish
6312 it suffices to show that with probability one X,, = Y,, = « for some finite,
possibly random value of n. Proceeding to prove the latter fact, recall (6.3.13)
and the H-recurrence of the chain, in view of which we have with probability one
that Y,, = « for infinitely many values of n, say at random times { R }. Similarly,
our assumption that P, (T, < oo) = 1 implies that with probability one X, = «
for infinitely many values of n, say at another sequence of random times {}NEk}
and it remains to show that these two random subsets of {1,2,...} intersect with
probability one. To this end, note that upon adapting the argument used in solving
Exercise [6.2.17] you find that Ry, Ry, rx = Rpi1 — Ri and 7y = Rpi1 — Ry for
k > 1 are mutually independent, with {rg, 7,k > 1} identically distributed, each
following the law of Ty under Py. Let Wiy1 = Wy + Z,, and W1 = Wa + Zn,
starting at Wy = WO = 1, where the ii.d. {Z, Zg,Zg} are independent of {X,}
and {Y,} and such that P(Z = k) = 27F for k > 1. It then follows by the strong

Markov property of the split chains that S, = Rw, — RWn7 n > 0, is a random
walk on Z, whose 1.i.d. increments {£,} have each the law of the difference between
two independent copies of T2 under P,,. As mentioned already, our thesis follows
from P(S,, = 01i.0.) = 1, which in view of Corollary [6.:2.12 and Theorem [5.2.T3]is in
turn an immediate consequence of our claim that {S,} is an irreducible, recurrent
Markov chain.

Turning to prove that {S,} is irreducible, note that since Z is independent of

{Tk}, for any n > 1

Po(TZ =n)=> 27 Po(Th=n) =) 27"Pa(Nu(a) =k, X, = a).
k=1 k=1
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Consequently, Po(TZ = n) > 0 if and only if Po(X, = a) > 0. That is, the
support of the law of TZ is the set Z, of possible return times to a. By the
assumed aperiodicity of the chain, the g.c.d. of Z, is one (see Definition [(.3.28)).
Further, by definition this subset of positive integers is closed under addition, hence
as we have seen in the course of proving Lemma [6.2.55] the set Z,, contains all large
enough integers. As ¢ is the difference between two independent copies of TZ, the
law of each of which is strictly positive for all large enough positive integers, clearly
P(& = z) > 0 for all z € Z, out of which the irreducibility of {S,} follows.

As for the recurrence of {S,}, note that by the assumed positive H-recurrence of
{X,} and the independence of Z and this chain,

Eqo (Tf) = iEa (T/;)P(Z = k) = Eq (Ta) ikP(Z = k) = Eq (Ta)E(Z) < 00.
k=1 k=1

Hence, the increments &, of the irreducible random walk {S,,} on Z are integrable

and of zero mean. Consequently, n=1S,, % 0 as n — oo which by the Chung-Fuchs
theorem implies the recurrence of {S,} (see Exercise [6.3.23)). O

EXERCISE 6.3.30. Suppose {X} is the first order auto-regressive process X, =
BXn—1+&, n>1 with |8| < 1 and where the integrable i.i.d. {&,} have a strictly
positive, continuous density fe(-) with respect to Lebesgue measure on R?.

(a) Show that { Xy} is a strong H-irreducible chain.

(b) Show that V,, = Y}_, B*&k converges a.s. to Voo = 2 k>0 B*€k whose
law m(+) is an invariant probability measure for {Xy}.

(c) Show that { Xy} is positive H-recurrent.

(d) Ezplain why {Xi} is aperiodic and deduce that starting at any fized x €
R? the law of X,, converges in total variation to w(-).

EXERCISE 6.3.31. Show that if {X,} is an aperiodic, positive H-recurrent chain
and z,y € S are such that Py(To < 00) = Py (T < 00) =1, then for any A€ S,

lim [Py (X, € 4) = Py(X, € 4)[=0.

EXERCISE 6.3.32. Suppose {&,} are iid. withP(§=1)=1-P(& =-1)=1b
and {U,} are i.i.d. wuniform on [—5,5] and independent of {&,}. Consider the
Markov chain {X,,} with state space S = R such that X, = X,,—1 + &psign(X,—1)
when | X,—1] > 5 and X,, = X,,—1 + U, otherwise.

(a) Show that this chain is strongly H-irreducible for any 0 < b < 1.

(b) Show that it has a unique invariant measure (up to a constant multiple),
when 0 < b<1/2.

(c) Show that if 0 < b < 1/2 the chain has a unique invariant probability
measure 7(-) and that Py(X,, € B) — n(B) as n — oo for any z € R
and every Borel set B.



CHAPTER 7

Continuous, Gaussian and stationary processes

A discrete parameter stochastic process (S.P.) is merely a sequence of random vari-
ables. We have encountered and constructed many such processes when considering
martingales and Markov chains in Sections[5.1land [6.1] respectively. Our focus here
is on continuous time processes, each of which consists of an uncountable collection
of random variables (defined on the same probability space).

We have successfully constructed by an ad-hoc method one such process, namely
the Poisson process of Section [34l In contrast, Section [l provides a canonical
construction of S.P., viewed as a collection of R.V.-s {X;(w),t € T}. This con-
struction, based on the specification of finite dimensional distributions, applies for
any index set T and any S.P. taking values in a B-isomorphic measurable space.

However, this approach ignores the sample function t — X(w) of the process.
Consequently, the resulting law of the S.P. provides no information about proba-
bilities such as that of continuity of the sample function, or whether it is ever zero,
or the distribution of sup,cr X;. We thus detail in Section a way to circumvent
this difficulty, whereby we guarantee, under suitable conditions, the continuity of
the sample function for almost all outcomes w, or at the very least, its (Borel)
measurability.

We conclude this chapter by studying in Section the concept of stationary (of
processes and their increments), and the class of Gaussian (stochastic) processes,
culminating with the definition and construction of the Brownian motion.

7.1. Definition, canonical construction and law

We start with the definition of a stochastic process.

DEFINITION 7.1.1. Given (Q, F,P), a stochastic process, denoted {X;}, is a col-
lection {X; :t € T} of R.V.-s. In case the index set T is an interval in R we call it
a continuous time S.P. The function t — X(w) is called the sample function (or
sample path, realization, or trajectory), of the S.P. at w € €.

We shall follow the approach we have taken in constructing product measures (in
Section [[42) and repeated for dealing with Markov chains (in Section G]). To
this end, we start with the finite dimensional distributions associated with the S.P.

DEFINITION 7.1.2. By finite dimensional distributions (f.d.d.) of a S.P. {X;,t €
T} we refer to the collection of probability measures iy, iy, 1, () on B", indexed
by n and distinct tp, € T, k=1,...,n, where

eyt tn (B) = P((th’Xt2) e 7th) € B) )
for any Borel subset B of R™.
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FIGURE 1. Sample functions of a continuous time stochastic pro-
cess, corresponding to two outcomes wy and ws.

Not all f.d.d. are relevant here, for you should convince yourself that the f.d.d. of
any S.P. should be consistent, as specified next.

DEFINITION 7.1.3. We say that a collection of finite dimensional distributions is
consistent if for any By € B, distinct t, € T and finite n,

(711) /’Ltly"'7tn(Bl X oo X Bn) = ut"(l))...yt"(n)(Bﬂ-(l) X oo X Bﬂ-(n)),
for any permutation ™ of {1,2,--- ,n} and
(712) Mt1,m,tn71(Bl X oo X Bn—l) = Mty e b_1,tn (Bl X X Bn—l X ]R) .

Here is a simpler, equivalent definition of consistent f.d.d. in case T is linearly (i.e.
totally) ordered.

LEMMA 7.1.4. In case T is a linearly ordered set (for example, T countable, or T C
R), it suffices to define as f.d.d. the collection of probability measures fis, ... s, (-)
running over s; < So < -+ < 8, n T and finite n, where such collection is
consistent if and only if for any A; € B and k=1,...,n,

Py, sn (A1 X oo X A1 X R X Apyr X - X Ay)
(7'1'3) = Hsi,oe Sk_1,8k41, 1S (Al X oo X Ao X Ak+1 X X An)

PROOF. Since the set T is linearly ordered, for any distinct ¢t; € T, ¢t =1,...,n
there exists a unique permutation 7 on {1,...,n} such that s; = lx(;) are in in-
creasing order and taking the random vector (Xs,, -+, X, ) of (joint) distribution
Hsy e s (+), We set py, ..., as the distribution of the vector (Xy,,---, X, ) of per-
muted coordinates. This unambiguously extends the definition of the f.d.d. from
the ordered s; < --- < s, to all distinct ¢; € T. Proceeding to verify the consis-
tency of these f.d.d. note that by our definition, the identity (ZI1]) holds whenever
{tz(s)} are in increasing order. Permutations of {1,...,n} form a group with re-
spect to composition, so (ZLI]) extends to {t.(;} of arbitrary order. Next suppose
that in the permutation 7 of {1,...,n} such that s; = t(;) are in increasing order
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we have n = (k) for some 1 < k < n. Then, setting B, = R and A; = By, leads
to A = R and from (ZIT) and (TI3)) it follows that

Kty st (Bl X+ XBp_q XR) = M1, Sk1,8k41, 580 (Al XX Ap—1 ><Ak-ﬁ-l X 'XAW) .

Further, (t1,...,t,—1) is the image of (s1,...,8k—1, Sk+1,- - -, Sn) under the permu-
tation ! restricted to {1,...,k—1,k-+1,...,n} so a second application of (Z.L.I])
results with the consistency condition (TI.2). O

Our goal is to establish the existence and uniqueness (in law) of the S.P. associ-
ated with any given consistent collection of f.d.d. We shall do so via a canonical
construction, whereby we set Q = RT and F = BT as follows.

DEFINITION 7.1.5. Let RT denote the collection of all functions z(t) : T — R. A
finite dimensional measurable rectangle in RT is any set of the form {z(-) : z(t;) €
Bi,i = 1,...,n} for a positive integer n, B; € B and t; € T, i = 1,...,n. The
cylindrical o-algebra BT is the o-algebra generated by the collection of all finite
dimensional measurable rectangles.

Note that in case T = {1,2,...}, the o-algebra BT is precisely the product o-
algebra B, used in stating and proving Kolmogorov’s extension theorem. Further,
enumerating C = {#;}, it is not hard to see that B® is in one to one correspondence
with B, for any infinite, countable C C T.

The next concept is handy in studying the structure of BT for uncountable T.
DEFINITION 7.1.6. We say that A C RT has a countable representation if
A={z(-) eRY: (2(t), z(t2),...) € D},

for some D € B, and C = {tx} C T. The set C is then called the (countable) base
of the (countable) representation (C, D) of A.

Indeed, BT consists of the sets in RT having a countable representation and FX =
o(X¢,t € T) is the pre-image of BT under the mapping X. : Q > RT.

LEMMA 7.1.7. The o-algebra B” is the collection C of all subsets of RT that have
a countable representation. Further, for any S.P. {X;,t € T}, the o-algebra FX is
the collection G of sets of the form {w € Q: X.(w) € A} with A € BT.

PROOF. First note that enumerating over a countable C maps the correspond-
ing cylindrical o-algebra B® in a one to one manner into the product o-algebra B..
Further, for any subsets T; C Ty of T, the restriction to Ty of functions on Ts in-
duces a measurable projection p : (RT2, BT2) i (RT1 BT1). Thus, if A € C has the
countable representation (C, D) then A = p~!(D) for such measurable projection p
from RT to R, hence A € BT. Having just shown that C C BT we turn to show that
conversely BT C C. Since each finite dimensional measurable rectangle has a count-
able representation (of a finite base), this is an immediate consequence of the fact
that C is a o-algebra. Indeed, RT has a countable representation (of empty base),
and if A € C has the countable representation (C, D) then A¢ has the countable
representation (C, D). Finally, if Ay € C has a countable representation (Cg, Dy,)
for k =1,2,... then the subset C = UyCy, of T serves as a common countable base
for these sets. That is, Ay has the countable representation (C, lN)k), fork=1,2,...
and Dy = p,?l(Dk) € B., where p; denotes the measurable projection from R® to



274 7. CONTINUOUS, GAUSSIAN AND STATIONARY PROCESSES

RCx. Consequently, as claimed Uy Ay € C for it has the countable representation
((C, Uka).

As for the second part of the lemma, temporarily imposing on 2 the o-algebra 2
makes X. : Q — RT an (S,S)-valued R.V. for S = RT and S = B'. From Exercises
and [LZTT] we thus deduce that G is the o-algebra generated by the sets of
the form {w € Q: X, (w) € B;,i =1,...,n} for B; € B, t; € T and finite n, which
is precisely the o-algebra FX. O

Combining Lemma [T.T.7 and Kolmogorov’s extension theorem, we proceed with
the promised canonical construction, yielding the following conclusion.

PROPOSITION 7.1.8. For any consistent collection of f.d.d., there exists a probabil-
ity space (Q, F,P) and a stochastic process w — {X¢(w),t € T} on it, whose f.d.d.
are in agreement with the given collection. Further, the restriction of the probability
measure P to the o-algebra FX is uniquely determined by the specified f.d.d.

PROOF. Starting with the existence of the probability space, suppose first that
T = C is countable. In this case, enumerating over C = {s;} we further have
from the consistency condition (TI3]) of Lemma [[.T.4] that it suffices to consider
the sequence of f.d.d. ps,, . s, for n =1,2,... and the existence of a probability
measure Pc on (R®, B.) that agrees with the given f.d.d. follows by Kolmogorov’s
extension theorem (i.e. Theorem[[4.22]). Moving to deal with uncountable T, take
Q =RT and F = BT with X;(w) = w;. Recall Lemma [.T.7 that any A € BT has
a countable representation (C, D) so we can assign P(A) = P¢(D), where Pc is
defined through Kolmogorov’s extension theorem for the countable subset C of T.
We proceed to show that P(-) is well defined. That is, P¢, (D7) = P¢,(D2) for any
two countable representations (Cy, D1) and (Cz, D2) of the same set A € B, Since
C = C; UCy is then also a countable base for A, we may and shall assume that
C; C Cy in which case necessarily Dy = p;;'(D1) for the measurable projection
p21 from R®2 to RCt. By their construction, P¢, for i = 1,2 coincide on all finite
dimensional measurable rectangles with a base in C;. Hence, P¢c, = P¢, o p2_11 and
in particular Pc, (D2) = P¢,(D1). By construction the non-negative set function
P on (RT, BT) has the specified f.d.d. for X;(w) = w; so we complete the proof
of existence by showing that P is countably additive. To this end, as shown in
the proof of Lemmam any sequence of disjoint sets Ay € BT admits countable
representations (C, D), k = 1,2, ... with a common base C and disjoint Dy, € B..
Hence, by the countable additivity of Pc,

P(UpAr) = Po(UkDy) = Y Pe(Di) = > P(Ay).
k k

As for uniqueness, recall Lemma [T that every set in FX is of the form {w :
(X4, (w), X4, (w),...) € D} for some D € B, and C = {t;} a countable subset of T.
Fixing such C, recall Kolmogorov’s extension theorem, that the law of (X, , X4,,...)
on B, is uniquely determined by the specified laws of (X¢,,..., X, ) forn=1,2,....
Since this applies for any countable C, we see that the whole restriction of P to
FX is uniquely determined by the given collection of f.d.d. O

REMARK. Recall Corollary that Kolmogorov’s extension theorem holds
when (R, B) is replaced by any B-isomorphic measurable space (S,S). Check that
thus, the same applies for the preceding proof, hence Proposition [[.1.§] holds for
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any (S, S)-valued S.P. {X,} provided (S, S) is B-isomorphic (c.f. [Dud89, Theorem
12.1.2] for an even more general setting in which the same applies).

Motivated by Proposition [[.1.8 our definition of the law of the S.P. is as follows.

DEFINITION 7.1.9. The law (or distribution) of a S.P. is the probability measure
Px on BT such that for all A € BT,

Px(A) =P{w: X.(w) € A}).

Proposition tells us that the f.d.d. uniquely determine the law of any S.P.
and provide the probability of any event in FX. However, for our construction to
be considered a success story, we want most events of interest be in FX. That is,
mapped via the sample function to an element of BT. Unfortunately, as we show
next, this is certainly not the case for uncountable T.

LEMMA 7.1.10. Fizing v € R and I = [a,b) for some a < b, the following sets
A, ={zeR' 1 x(t) <~y foraltel},
C(l) = {z € R' : t » x(t) is continuous on T},
are not in BL.

PROOF. In view of Lemma [TI7 if A, € B! then A, has a countable base
C = {t&} and in particular the values of z(¢;) determine whether z(-) € A, or
not. But C is a strict subset of the uncountable index set I, so fixing some values
x(ty) < 7 for all ¢, € C, the function z(-) on I still may or may not be in A, as
by definition the latter further requires that z(¢) <+ for all ¢t € I\ C. Similarly, if
C(I) € B" then it has a countable base C = {t;} and the values of z(t;) determine
whether z(-) € C(I). However, since C # I, fixing x(-) continuous on I\ {¢} with
t € I\ C, the function z(-) may or may not be continuous on I, depending on the
value of z(t). O

REMARK. With A, ¢ B, the canonical construction provides minimal information
about My = sup,c; X;, which typically is not even measurable with respect to
FX. However, note that A, € F* in case all sample functions of {X;} are right-
continuous. That is, for such S.P. the law of Mj is uniquely determined by the f.d.d.
We return to this point in Section when considering separable modifications.

Similarly, since C(I) ¢ B, the canonical construction does not assign a probability
for continuity of the sample function. To further demonstrate that this type of
difficulty is generic, recall that by our ad-hoc construction of the Poisson process
out of its jump times, all sample functions of this process are in

Zy ={x € Z" : t — x(t) is non-decreasing} ,

where I = [0, 00). However, convince yourself that Z; ¢ BY, so had we applied the
canonical construction starting from the f.d.d. of the Poisson process, we would
not have had any probability assigned to this key property of its sample functions.

You are next to extend the phenomena illustrated by Lemma [Z.T.10] providing a
host of relevant subsets of R! which are not in B.

EXERCISE 7.1.11. Let I C R denote an interval of positive length.
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(a) Show that none of the following collections of functions is in B': all linear
functions, all polynomials, all constants, all non-decreasing functions, all
functions of bounded variation, all differentiable functions, all analytic
functions, all functions continuous at a fized t € 1.

(b) Show that B* fails to contain the collection of functions that vanish some-
where in I, the collection of functions such that x(s) < z(t) for some
s < t, and the collection of functions with at least one local mazimum.

(¢) Show that C(I) has no non-empty subset A € BY, but the complement of
C(I) in R! has a non-empty subset A € B.

(d) Show that the completion B of BT with respect to any probability measure
P on B! fails to contain the set A = B(I) of all Borel measurable functions
z:I—R.

Hint: Consider A and A°.

In contrast to the preceding exercise, independence of the increments of a S.P. is
determined by its f.d.d.

EXERCISE 7.1.12. A continuous time S.P. {X;,t > 0} has independent increments
if Xoyn — Xy is independent of FX = 0(X,0 < s <t) for any h >0 and all t > 0.

Show that if Xy, Xs, — Xoy,..., Xy, — X4, , are mutually independent, for all
n<ooand 0 <t <ty < -+ <ty < oo, then {X;} has independent increments.
Hence, this property is determined by the f.d.d. of {X:}.

Here is the canonical construction for Poisson random measures, where T is not a
subset of R (for example, the Poisson point processes where T = Bga).

EXERCISE 7.1.13. Let T = {A € X : u(A) < oo} for a given measure space
(X, X,u). Construct a S.P. {Ng : A € T} such that Na has the Poisson(u(A))
law for each A € T and Na = Y ,_; Na, with P-mutually independent Na,,
k=1,...,n, whenever A =U}_, Ay and Ay, kK =1,...,n are disjoint sets.

Hint: Given A; € T, j = 1,2, let Bjy = A; = By and Ny, p,, for b1,by € {0,1}
such that (b1, b2) # (0,0), be independent R.V. of Poisson(i(Bip, N Bap,)) law. As
the distribution of (Na,, Na,) take the joint law of (N1,1 + N1,0,N1.1+ No.1).

REMARK. The Poisson process Nt of rate one is merely the restriction to sets A =
[0,t],t > 0, of the Poisson random measure { N4} in case pu(-) is Lebesgue’s measure
on [0,00). More generally, in case pu(-) has density f(-) with respect to Lebesgue’s
measure on [0, 00), we call such restriction Xy = Nyg 4 the inhomogeneous Poisson
process of rate function f(¢) > 0, ¢ > 0. It is a counting process of independent
increments, which is a non-random time change X; = N u([0,¢)) of a Poisson process
of rate one, but in general the gaps between jump times of {X;} are neither i.i.d.
nor of exponential distribution.

7.2. Continuous and separable modifications

The canonical construction of Section [[.1] determines the law of a S.P. {X;} on BT
(whose pre-image is FX). While in general FX is inadequate as far as properties
of the sample functions ¢ — X;(w) are concerned, a typical patch of this approach
is to choose among S.P. with the given f.d.d. one that has regular enough sample
functions. To illustrate this, we start with a simple explicit example in which path
properties are not entirely determined by the f.d.d.
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EXAMPLE 7.2.1. consider the S.P.
L,t=w

Y = 0, Vt, _X e
i) v i) {O, otherwise

on the probability space ([0, 1], Bjo 1), U), with U the uniform measure on I = [0, 1].
Since Ay = {w : Xi(w) # Yi(w)} = {t}, clearly P(X; =Y;) =1 for each fized t € 1.
Moreover, P(J!_, As,) = 0 for any t1,...,t, € I, hence {X;} has the same f.d.d.
as {Y;}. However, P({w : sup,c; X¢(w) # 0}) = 1, whereas P({w : sup,¢; Yz (w) #
0}) = 0. Similarly, P({w : X.(w) € C(I)}) =0, whereas P({w : Y.(w) € C(I)}) = 1.

While the two S.P. of Example [[.2.1] have different maximal value and differ in
their sample path continuity, we would typically consider one to be merely a (small)
modification of the other, motivating our next definition.

DEFINITION 7.2.2. Stochastic processes {X:} and {Y;} are called versions of one
another if they have the same f.d.d. A S.P. {Y;,t € T} is further called a mod-
ification of {Xy,t € T} if P(Xy #Y;) = 0 for all t € T and two such S.P. are
called indistinguishable if {w : Xi(w) # Yi(w) for some t € T} is a P-null set
(hence, upon completing the space, P(X; # Y; for some t € T) = 0). Similarly
to Definition [L2.8, throughout we consider two indistinguishable S.P.-s to be the
same process, hence often omit the qualifier “a.s.” in reference to sample function
properties that apply for all t € T.

For example, {Y;} is the continuous modification of {X;} in Example [[21] but
these two processes are clearly distinguishable. In contrast, modifications with a.s.
right-continuous sample functions are indistinguishable.

EXERCISE 7.2.3. Show that continuous time S.P.-s {X:} and {Y;} which are mod-
ifications of each other and have w.p.1. right-continuous sample functions, must
also be indistinguishable.

You should also convince yourself at this point that as we have implied, if {Y;} is
a modification of {X;}, then {Y;} is also a version of {X;}. The converse fails, for
while a modification has to be defined on the same probability space as the original
S.P. this is not required of versions. Even on the same probability space it is easy
to find a pair of versions which are not modifications of each other.

EXAMPLE 7.2.4. For the uniform probability measure on the finite set Q = {H,T'},
the constant in time S.P.-s Xi(w) = Ig(w) and Yi(w) = 1 — X¢(w) are clearly
versions of each other but not modifications of each other.

We proceed to derive a relatively easy to check sufficient condition for the existence
of a (continuous) modification of the S.P. which has Hélder continuous sample
functions, as defined next.

DEFINITION 7.2.5. Recall that a function f(t) on a metric space (T,d(-,-)) is
locally y-Holder continuous if

sup e
{t#£s,d(t,u)Vd(s,u)<hy} d(tu 8)7

fory >0, somec: T~ [0,00) and h : T — (0, 00|, and is uniformly y-Holder con-
tinuous if the same applies for constant ¢ < h = oco. In case v =1 such functions
are also called locally (or uniformly) Lipschitz continuous, respectively. We say



278 7. CONTINUOUS, GAUSSIAN AND STATIONARY PROCESSES

that a S.P. {Yi,t € T} is locally/uniformly ~y-Hélder/Lipschitz continuous, with
respect to a metric d(-,-) on T if its sample functions t — Y;(w) have the corre-
sponding property (for some S.P ¢, (w) < 0o and hy(w) > 0, further requiring c to
be a non-random constant for uniform continuity). Since local Holder continuity
implies continuity, clearly then P({w : Yi(w) € C(T)}) = 1. That is, such processes
have continuous sample functions. We also use the term continuous modification
to denote a modification {X;} of a given S.P. {X;} such that {X,} has continu-
ous sample functions (and similarly define locally /uniformly ~v-Holder continuous
modifications).

REMARK. The Euclidean norm d(t, s) = ||t — s|| is used for sample path continuity
of a random field, namely, where T C R" for some finite r, taking d(t,s) = |t — s|
for a continuous time S.P. Also, recall that for compact metric space (T, d) there is
no difference between local and uniform Hoélder continuity of f : T — R, so in this
case local y-Hoélder continuity of S.P. {Y;,t € T} is equivalent to

i) - Vi)
: _— < =
P{w siltlg’ﬂ‘ sy <cw)}) =1,
for some finite R.V. ¢(w).

THEOREM 7.2.6 (Kolmogorov-Centsov continuity theorem). Suppose {X.} is a
S.P. indexed on T =1", with 1 a compact interval. If there exist positive constants
«, B and finite ¢ such that
(7.2.1) E[|X; — X,|*] < |t — s||"*7, forall s,teT,

then there exists a continuous modification of {X;,t € T} which is also locally
~-Hdélder continuous for any 0 < v < /a.

REMARK. Since condition (TZ1]) involves only the joint distribution of (X, Xy),
it is determined by the f.d.d. of the process. Consequently, either all versions of
the given S.P. satisfy (Z.2.1]) or none of them does.

PrOOF. We consider hereafter the case of r = 1, assuming with no loss of
generality that T = [0,1], and leave to the reader the adaptation of the proof to
r > 2 (to this end, see [KaS97|, Solution of Problem 2.2.9]).

Our starting point is the bound
(7.2.2) P(|X; — X,| >¢) < e “E[|X; — X,|*] < ce |t — s|'7,
which holds for any € > 0, ¢, s € I, where the first inequality follows from Markov’s
inequality and the second from (TZI)). From this bound we establish the a.s.
local Holder continuity of the sample function of {X;} over the collection @52) =
Urs1 qu) of dyadic rationals in [0, 1], where Qg,?’é) ={j27t<T,jeZs} To
this end, fixing v < 3/a and considering (TZ2.2) for ¢ = 277, we have by finite
sub-additivity that
2¢-1 _ —
P(I}133<|X(j+1)2*f — Xjp-e| 22 ) <e2mf,

for n = —ay > 0. Since ), 27 is finite, it then follows by Borel-Cantelli I that

¢

2‘ 381( |X(j+l)27£ — Xj2—£| < 27’}%, W4 Z n,y(w) y

=
where n,(w) is finite for all w ¢ N, and N, € F has zero probability.
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As you show in Exercise [[Z27] this implies the local y-Holder continuity of ¢ —
Xi(w) over the dyadic rationals. That is,

(7.2.3) [ Xi(w) = Xs(@)| < ()t =7,

for ¢(vy) = 2/(1-277) finite and any ¢, s € ng) such that [t —s| < h,(w) = 27" @),

Turning to construct the S.P. {X;,¢ € T}, we fix v, T 8/ and set N, = UpN,,.
Considering the R.V. X (w) = Xs(w)Ine(w) for s € Q§2), we further set X, =
lim,, 0 X, for some non-random {s,} C ng) such that s, — t € [0,1] \ ng).
Indeed, in view of (Z.Z3), by the uniform continuity of s — X,(w) over ng), the

sequence n — X, (w) is Cauchy, hence convergent, per w € Q. By construction,
the S.P. {X,t € [0,1]} is such that

| Xe(w) = Xo()] < exlt = s,

for any k and t,s € [0,1] such that |t — s| < hg(w), where hy = I, + Inchy, is
positive for all w € Q and ¢, = ¢(yx) is finite. That is, {X;} is locally y-Holder
continuous on T = [0, 1] for any 7, hence also for all v < 8/« (and in particular,
{X;,t € [0,1]} has continuous sample functions).

It thus remains only to verify that {X;} is a modification of {X;}. To this end,
observe first that since P(V,,) = 0 for all k, also P(N,) = 0. Further, X,(w) =
Xs(w) forall s € Q?) and w ¢ N,. Next, from (7.2.2]) we have that P(| X, — X, | >
g) — 0 for any fixed ¢ > 0 and s,, — ¢, that is, X, % X,. Hence, recall Theorem
2210 also X, %% X, along some subsequence k + n(k). Considering an
arbitrary ¢ € [0, 1] \Q?) and the sequence s,, € Q?) as in the construction of {X,},
we have in addition that )N(Sn(k) — X,. Consequently, P(X; # X;) < P(N,) =0
from which we conclude that {X;} is a modification of {X;} on T = [0, 1]. O

EXERCISE 7.2.7. Fizing x € RO Jet
2f—r . _ cy—
Agp(w) = maka((j +1)271) =2 (27

(a) Show that for any integers k > m > 0,

k
sup  |z(t) —xz(s)] < 2 Z Aga(z).

t,seQ(lz’k) l=m+1

[t—s|<2—m
Hint: Applying induction on k consider s <t and s < s’ <t' <t, where
s’ = min{u € ng’kfl) cu > s} and t' = max{u € ngkil) cu <t}

(b) Fizing v > 0, let ¢ = 2/(1 —277) and deduce that if Ng1(z) <277 for

all £ > n, then

|z(t) —x(s)| < eyt —s[T forallt,s e ng such that |t — s| < 27".
Hint: Apply part (a) for m > n such that 2=+ < |t — 5] < 27™.

We next identify the restriction of the cylindrical o-algebra of RT to C(T) as the
Borel o-algebra on the space of continuous functions, starting with T = 1" for I a
compact interval.
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LEMMA 7.2.8. For T=1" and I C R a compact interval, consider the topological
space (C(T), || |lc) of continuous functions on T, equipped with the topology induced
by the supremum norm ||z||s = sup,cy |2(t)|. The corresponding Borel o-algebra,
denoted hereafter Bo(ry coincides with {ANC(T) : A € B'}.

PROOF. Recall that for any z € C(T),

[2lle0 = sup |2(t)].
teTNQ"

Hence, each open ball
Bz, r) ={y € C(T) : [ly — zlloc <7}

in S = (C(T),|| - ||oo) is the countable intersection of R; N C(T) for the corre-
sponding one dimensional measurable rectangles R; € BT indexed by t € TN Q.
Consequently, each open ball B(x,r) is in the o-algebra C = {ANC(T) : A € BT}.
With I' denoting a countable dense subset of the separable metric space S, it readily
follows that S has a countable base U, consisting of the balls B(x,1/n) for positive
integers n and centers x € I'. With every open set thus being a countable union of
elements from U, it follows that Bs = o(U). Further, Y C C, hence also Bs C C.
Conversely, recall that C = o(O) for the collection O of sets of the form

O={xeC(T):z(t;)) € 0;,i=1,...,n},

with n finite, {; € T and open O; CR, ¢ =1,...,n. Clearly, each O € O is an open
subset of S and it follows that C C Bs. [l

In the next exercise, you adapt the proof of Lemma for T = [0, 00) (and the
same would apply for T C R” which is the product of one-dimensional intervals).

EXERCISE 7.2.9. For T = [0,00), equip the set C(T) of continuous functions on T
with the topology of uniform convergence on compact subsets of T. Show that the
corresponding Borel o-algebra Bery coincides with {ANC(T) : A € B'}.

Hint: Uniform convergence on compacts is equivalent to convergence in the com-
plete, separable metric space S = (C([0,00)), p(-,-)), where p(z,y) = 3772, 27 p(||lo—
yl3) Jor el = sup.cio, [2(5)] and (r) = /(1 +7) (c.. [Dudsg, Page 355)).

Combining Proposition [[.1.8, Exercise [[.2.3] Theorem [[.Z.6] and Lemma [[.2.§]
yields the following useful canonical construction for continuous-time processes of
a.s. continuous sample path.

COROLLARY 7.2.10. Given a consistent collection of f.d.d. indexed on T =1" (with
I C R a compact interval), such that (7.2.1]) holds (for some positive «, B and finite
¢), there exists a S.P. X.(w) : 2+ (C(T), || |lo), measurable with respect to Be(t),
which has the specified f.d.d. and is indistinguishable from any of its continuous
modifications.

REMARK. An alternative approach is to directly construct the sample functions
of stochastic processes of interest. That is, to view the process from the start as a
random variable w — X.(w) taking values in certain topological space of functions
equipped with its Borel o-algebra (for example, the space C(T) with a suitable
metric). In dealing with the Brownian motion, we pursue both approaches, first
relying on the canonical construction (namely, Corollary [[.2.10), and then proving
instead an invariance principle via weak convergence in C(T) (c.f. Section 0.2).
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In contrast with Theorem [[.2.6] here is an example of a S.P. with no continuous
modification, for which (2.1 holds with g8 = 0.

EXAMPLE 7.2.11. Consider the S.P. X(w) = I{y>¢y, fort € [0,1] and the uniform
probability measure on Q = (0,1]. Then, E[|X; — X4|*] = U((s,t]) = |t — s| for
all0 < s <t <1, so{Xy,tel0,1]} satisfies (7.21]) with c =1, 8 = 0 and any
a > 0. However, if {X;} is a modification of {X;} then a.s. Xi(w) = X;(w) at all
t € (0,1)NQ, from which it follows that s — X, (w) is discontinuous at s = w.

While direct application of Theorem [[2.6]is limited to (locally v-Holder) contin-
uous modifications on compact intervals, say [0,T], it is easy to combine these to
one (locally y-Holder) continuous modification, valid on [0, co).

LEMMA 7.2.12. Suppose there exist T,, T oo such that the continuous time S.P.
{Xi,t > 0} has (locally v-Holder) continuous modifications {Xt(n),t € [0,T,]}.
Then, the S.P. {X;,t > 0} also has such modification on [0,00).

PRrROOF. By assumption, for each positive integer n, the event
Ap ={w: X" (W) = Xy(w), VteQn[0,T.]},
has probability one. The event A, = N, A, of probability one is then such that
Xt(")(w) = Xt(m)(w) for allw € A,, positive integers n, m and any t € QN[0, T, AT,].
By continuity of t — X\™(w) and t — X™ (w) it follows that for all w € A,,

th) (w) = )N(t(m)(w) , Vn,m, t € [0, T, ATyl -

Consequently, for such w there exists a function ¢ — )N(t(w) on [0,00) that coin-
cides with each of the functions )?t(")(w) on its interval of definition [0,7),]. By
assumption the latter are (locally y-Holder) continuous, so the same applies for the
sample function ¢ — X;(w) on [0, 00). Setting X;(w) = 0 in case w ¢ A, completes

the construction of the S.P. {X,¢ > 0} with (locally v-Hélder) continuous sample
functions, such that for any ¢ € [0,75,],

P(X, # X;) < P(A9) + P(X; # X)) =0.

Since T, — oo, we conclude that this S.P. is a (locally v-Holder) continuous modi-
fication of {Xy,t > 0}. O

The following application of Kolmogorov-Centsov theorem demonstrates the im-
portance of its free parameter a.

EXERCISE 7.2.13. Suppose {Xy,t € I} is a continuous time S.P. such that E(X;) =
0 and E(X?) =1 for all t € I, a compact interval on the line.

(a) Show that if for some finite ¢, p > 1 and h > 0,
(7.2.4) E[X:Xs] > 1—c(t—s)? forall s<t<s+h, t,sel,
then there exists a continuous modification of {Xy,t € I} which is also
locally v-Hdlder continuous, for v < (p—1)/2.
(b) Show that if (Xs,X:) is a multivariate normal for each t > s, then it
suffices for the conclusion of part (a) to have E[X;X,] > 1 — c(t — s)P~1
instead of (7-24).

Hint: In part (a) use a = 2 while for part (b) try o = 2k and k > 1.



282 7. CONTINUOUS, GAUSSIAN AND STATIONARY PROCESSES

EXAMPLE 7.2.14. There exist S.P.-s satisfying (7.2-4)) with p =1 for which there
is no continuous modification. One such process is the random telegraph signal
Ry = (=)™ Ry, where P(Ry = 1) = P(Ry = —1) = 1/2 and Ry is independent of
the Poisson process {N;} of rate one. The process {R:} alternately jumps between
—1 and 41 at the random jump times {T}} of the Poisson process {N;}. Hence, by
the same argument as in Example[7.2-11] it does not have a continuous modification.
Further, for any t > s > 0,

E[RR]=1—-2P(Ry £ R) >1—2P(Ny < Ny) >1—2(t—s),
so {R} satisfies (7.24) withp =1 and ¢ = 2.

REMARK. The S.P. {R;} of Example[[.2.14lis a special instance of the continuous-
time Markov jump processes, which we study in Section Though the sample
function of this process is a.s. discontinuous, it has the following RCLL property,
as is the case for all continuous-time Markov jump processes.

DEFINITION 7.2.15. Given a countable C C 1 we say that a function x € R' is
C-separable at t if there exists a sequence s € C that converges to t such that
x(sk) — x(t). If this holds at all t € I, we call z(-) a C-separable function. A
continuous time S.P. { X, t € 1} is separable if there exists a non-random, countable
C C T such that all sample functions t — X;(w) are C-separable. Such a process is
further right-continuous with left-limits (in short, RCLL), if the sample function
t — Xi(w) is right-continuous and of left-limits at any t € 1 (that is, for h | 0
both Xiyp(w) = X¢(w) and the limit of Xi—p(w) exists). Similarly, a modification
which is a separable S.P. or one having RCLL sample functions is called a separable
modification, or RCLL modification of the S.P., respectively. As usual, suffices to
have any of these properties w.p.1 (for we do not differentiate between a pair of
indistinguishable S.P.).

REMARK. Clearly, a S.P. of continuous sample functions is also RCLL and a S.P.
having right-continuous sample functions (in particular, any RCLL process), is
further separable. To summarize,

Holder continuity = Continuity = RCLL =- Separable

But, the S.P. {X;} of Example [.L2.T] is non-separable. Indeed, C-separability of
t — Xi(w) at t = w requires that w € C, so for any countable subset C of [0, 1] we
have that P(t — X, is C-separable) < P(C) = 0.

One motivation for the notion of separability is its prevalence. Namely, to any
consistent collection of f.d.d. indexed on an interval I, corresponds a separable
S.P. with these f.d.d. This is achieved at the small cost of possibly moving from
real-valued variables to R-valued variables (each of which is nevertheless a.s. real-
valued).

PROPOSITION 7.2.16. Any continuous time S.P. {X;,t € 1} admits a separable
modification (consisting possibly of R-valued variables). Hence, to any consistent
collection of f.d.d. indexed on 1 corresponds an (RH, (Bg)")-valued separable S.P.
with these f.d.d.

We prove this proposition following [Bil95L Theorem 38.1], but leave its technical
engine (i.e. [Bil95, Lemma 1, Page 529]), as your next exercise.

EXERCISE 7.2.17. Suppose {Y;,t € 1} is a continuous time S.P.
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(a) Fizing B € B, consider the probabilities p(D) = P(Yy € B for all s € D),
for countable D C 1. Show that for any A C I there exists a countable
subset D, = D,(A,B) of A such that p(D,) = inf{p(D) : countable
D c A}.

Hint: Let D, = Uy Dy, where p(Dy) < k' +inf{p(D) : countable D C A}.

(b) Deduce that if t € A then Ni(A, B) = {w: Y;(w) € B for all s € D,(A, B)
and Yi(w) ¢ B} has zero probability.

(c) Let C denote the union of D,(A,B) over all A =1N(q1,q2) and B =
(g3,q4)¢, with g; € Q. Show that at any t € I there exists Ny € F such
that P(Nt) = 0 and the sample functions t — Yi(w) are C-separable at t
for every w ¢ Ny.

Hint: Let N; denote the union of Ni(A, B) over the sets (A, B) as in the
definition of C, such that further t € A.

PROOF. Assuming first that {Y;,¢ € I} is a (0,1)-valued S.P. set Y. = Y. on
the countable, dense C C I of part (c) of Exercise [[L2171 Then, fixing non-random
{sn} C C such that s,, = ¢t € I\ C we define the R.V.-s

Y = Yilng + In, limsup Y,

n—00

n

for the events N; of zero probability from part (c) of Exercise [.2ZT7 The resulting
S.P. {Y;,t €I} is a [0, 1]-valued modification of {¥;} (since P(Y; # Y;) < P(N,) =0
for each t € I). It clearly suffices to check C-separability of ¢ — ﬁ(w) at each fixed
t ¢ C and this holds by our construction if w € N, and by part (c) of Exercise
[[217in case w € Nf. For any (0,1)-valued S.P. {Y;} we have thus constructed a
separable [0, 1]-valued modification {Y;}. To handle an R-valued S.P. {X,, ¢ € I},
let {Y;,¢ € I} denote the [0, 1]-valued, separable modification of the (0,1)-valued
S.P. Y; = F(Xy), with Fg(-) denoting the standard normal distribution function.

Since Fg(-) has a continuous inverse F5' : [0,1] + R (where F'(0) = —oco and
F;'(1) = oo), it directly follows that X; = F;'(Y;) is an R-valued separable
modification of the S.P. {X,}. O

Here are few elementary and useful consequences of separability.
EXERCISE 7.2.18. Suppose S.P. {X;,t € I} is C-separable and J C T with J an
open interval.

(a) Show that

sup Xy = sup X;
tel teInC

is in mFX, hence its law is determined by the f.d.d.
(b) Similarly, show that for any h >0 and s € I,

sup |X; — X| = sup | X — X
t€(s,s+h) t€ls,s+h)NC

is in mFX with its law determined by the f.d.d.
The joint measurability of sample functions is an important property to have.

DEFINITION 7.2.19. A continuous time S.P. {X;,t € I} is measurable if X;(w) :
I xQ — R is measurable with respect to By x F (that is, for any B € B, the
subset {(t,w) : X;(w) € B} of I x Q is in By x F, where as usual By denotes the
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completion of the Borel o-algebra with respect to Lebesgue’s measure on I and F is
the completion of F with respect to P).

As we show in Proposition B8 any right-continuous S.P. (and in particular,
RCLL), is also measurable. While separability does not imply measurability, build-
ing on the obvious measurability of (simple) RCLL processes, following the proof
of [Doo53, Theorem II1.2.6] we show next that to any consistent and continuous
in probability collection of f.d.d. corresponds a both separable and measurable S.P.
having the specified f.d.d.

DEFINITION 7.2.20. A S.P. {X,,t € I} is continuous in probability if for any ¢t € I
and e > 0,
ImP(| X, — Xy| >¢)=0.
s—t

REMARK. Continuity in probability is a very mild property, which is completely
determined by the f.d.d. and has little to do with the sample functions of the
process. For example, note that the Poisson process is continuous in probability, as
are the random telegraph noise { R;} of Example [[.2.14] and even the non-separable
S.P. {X;} of Example [[.ZT]

PROPOSITION 7.2.21. Any continuous in probability process {Xi,t € I} has an
(EH, (Bp)")-valued separable modification which is further a measurable process.
PRrOOF. It suffices to consider I = [0, 1]. Indeed, by an affine time change the
same proof then applies for any compact interval I, and if T is unbounded, simply
decompose it to countably many disjoint bounded intervals and glue together the
corresponding separable and measurable modifications of the given process.
Further, in view of Proposition and the transformation via Fg(-) we have
utilized in its proof, we consider with no loss of generality a (0,1)-valued {sj}-
separable, continuous in probability S.P. {Y;,t € [0,1]} and provide a [0, 1]-valued
measurable modification {Y;} of {¥;}, which we then verify to be also a separable
process. To this end, with no loss of generality, assume further that s; = 0. Then,

for any n € N set ¢,41 = 2 and with 0 = ¢; < --- < t,, the monotone increasing
rearrangement of {sg,k = 1,...,n}, consider the [0, 1]-valued, RCLL stochastic
process

Y;(n) = Z Y;gj I[tj,tj+1)(t) ’
=1

which is clearly also a measurable S.P. By the denseness of {s;} in [0, 1], it follows

from the continuity in probability of {Y;} that Y;(n) 2 ¥, as n — oo, for any fixed

t € [0,1]. Hence, by bounded convergence E[|Y;(n) - Y;(m)ﬂ — 0 as n,m — oo for
each t € [0,1]. Then, by yet another application of bounded convergence
lim B[y -y ™| =0,

m,n—o00

where the R.V. T' € [0,1] is chosen independently of P, according to the uni-
form probability measure U corresponding to Lebesgue’s measure A(-) restricted
to ([0,1],B],1)). By Fubini’s theorem, this amounts to {Yt(n) (w)} being a Cauchy,
hence convergent, sequence in L([0,1] x Q,E[OJ] x F,U x P) (recall Proposition
437 that the latter is a Banach space). In view of Theorem 2.2.T0] upon passing

to a suitable subsequence n; we thus have that (¢,w) — Yt(nj ) (w) converges to some
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Bio,1] x F-measurable function (f,w) — Yt(oo)(w) for all (t,w) ¢ N, where we may
and shall assume that {sy} x @ C N € Bjg1; x F and U x P(N) = 0. Taking now

Yi(w) = Ine (t,w)Y, ™ () + In(t, )Yy (w)

note that Y (w) = Y;(OO) (w) for a.e. (t,w), so with Yt(oo)(w) a measurable process, by
the completeness of our product o-algebra, the S.P. {V;,¢ € [0,1]} is also measur-
able. Further, fixing ¢ € [0,1], if {Y;(w) # Y;(w)} then w € 4; = {w : Yt("j)(w) —
Yt(oo)(w) # Yi(w)}. But, recall that Yt("j) 2y, for all t € [0,1], hence P(4;) = 0,
i.e. {Y;,t €[0,1]} is a modification of the given process {Y;,t € [0,1]}.

Finally, since {Y;} coincides with the {sj}-separable S.P. {Y;} on the set {sz}, the
sample function ¢ — Y;(w) is, by our construction, {sj}-separable at any ¢ € [0,1]
such that (t,w) € N. Moreover, Yt("j) =Y, =Y, for some k = k(j,t), with
Sk(j,t) — t by the denseness of {sz} in [0, 1]. Hence, if ({,w) ¢ N then

}/t(w) = Jlggo }/t("J)(w) = Jli}rgo }/Sk(“) (w) .

Thus, {Y;,t € [0,1]} is {sz }-separable and as claimed, it is a separable, measurable
modification of {Y;,t € [0,1]}. O

Recall (LA7) that the measurability of the process, namely of (t,w) — X:(w),
implies that all its sample functions ¢ — X;(w) are Lebesgue measurable functions
on I. Measurability of a S.P. also results with well defined integrals of its sample
function. For example, if a Borel function h(t,z) is such that f[; E[|h(t, X,)|]dt
is finite, then by Fubini’s theorem ¢ — E[h(t, X;)] is in L'(T, B, \), the integral
Jih(s, X,)ds is an a.s. finite R.V. and

(s, X) ds = E[ [ n(s,X.) ds).

I I
Conversely, as you are to show next, under mild conditions the differentiability of
sample functions ¢ — X; implies the differentiability of ¢t — E[X].

EXERCISE 7.2.22. Suppose each sample function t — X¢(w) of a continuous time
S.P. {X;,t € 1} is differentiable at any t € L.

(a) Verify that %Xt is a random variable for each fized t € 1.
(b) Show that if | Xt — Xs| < |t — s|Y for some integrable random variable Y,
a.e. w€Q and allt,s €1, then t — E[X,] has a finite derivative and for

any t €1,
d 0
ZE(X)) = E(5X:).
We next generalize the lack of correlation of independent R.V. to the setting of

continuous time S.P.-s.

EXERCISE 7.2.23. Suppose square-integrable, continuous time S.P.-s {X;,t € 1}
and {Y;,t € I} are P-independent. That is, both processes are defined on the same
probability space and the o-algebras FX and FY are P-independent. Show that in
this case,

E[X,Y|F¥] = E[X,|FEIE[Y,[FY],
for any s < t € I, where Z; = (X1, Y:) € R?, FX = 0(Xy,u € Liu < s) and FY,

FZ are similarly defined.
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7.3. Gaussian and stationary processes

Building on Definition B.5.13] of Gaussian random vectors, we have the following
important class of (centered) Gaussian (stochastic) processes, which plays a key
role in our construction of the Brownian motion.

DEFINITION 7.3.1. A S.P. {X;, t € T} is a Gaussian process (or Gaussian S.P.),
if (Xty,...,X4,) s a Gaussian random vector for any n finite and t, € T, k =
1,...,n. Alternatively, a S.P. is Gaussian if and only if it has multivariate
normal f.d.d. We further say that a Gaussian S.P. is centered if its mean function
m(t) = E[Xy] is zero.

Recall the following notion of non-negative definiteness, based on Definition [3.5.12

DEFINITION 7.3.2. A symmetric function c(t,s) = c(s,t) on a product set T x T is
called non-negative definite (or positive semidefinite) if for any finite n and ty, € T,
k=1,...,n, the n x n matriz of entries c(t;,tx) is non-negative definite. That is,
foranyar eR, k=1,....n,
(7.3.1)

n n

Z a;jc(ti, tg)ak > 0.

1 k=1

J

EXAMPLE 7.3.3. Note that the auto-covariance function c(t,s) = Cov(Xy, Xs) of
a square-integrable S.P. {X,t € T} is non-negative definite. Indeed, the left side
of (7-31) is in this case precisely the non-negative Var(3_7_; a; Xy,).

Convince yourself that non-negative definiteness is the only property that the auto-
covariance function of a Gaussian S.P. must have and further that the following is
an immediate corollary of the canonical construction and the definitions of Gaussian
random vectors and stochastic processes.

EXERCISE 7.3.4.
(a) Show that for any index set T, the law of a Gaussian S.P. is uniquely
determined by its mean and auto-covariance functions.
(b) Show that a Gaussian S.P. exists for any mean function and any non-
negative definite auto-covariance function.

REMARK. An interesting consequence of Exercise [[.3.4] is the existence of an
isonormal process on any vector space H equipped with an inner product as in Defi-
nition I35l That is, a centered Gaussian process { X}, h € H} indexed by elements
of H whose auto-covariance function is given by the inner product (hq, hg) : HxH —
R. Indeed, the latter is non-negative definite on H x H since for h = E?Zl ajh; € H,

n n

> aj(hy hi)ak = (h,h) > 0.
j=1k=1

One of the useful properties of Gaussian processes is their closure with respect to
L2-convergence (as a consequence of Proposition [3.5.15).

PROPOSITION 7.3.5. If the S.P. {X,, t € T} and the Gaussian S.P. {X*), t € T}

are such that E[(X, —Xt(k))2] — 0 as k — oo, for each fizedt € T, then {Xy,t € T}
is a Gaussian S.P. whose mean and auto-covariance functions are the pointwise

limits of those for the processes {Xt(k),t e T}.
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PROOF. Fix n finite and ¢, € T, k = 1,...,n. Applying Proposition B.5.15] for
the sequence of Gaussian random vectors X; = (Xt(lk), ceey Xt(f))7 we deduce that
X =(Xy,...,Xs,) is also a Gaussian random vector whose mean and covariance
parameters (i, V) are the element-wise limits of the parameters of the sequence of
random vectors {X,}. With this holding for all f.d.d. of the S.P. {X;, ¢t € T},
by Definition [73.1] the latter is a Gaussian S.P. (of the stated mean and auto-
correlation functions). (]

Recall Exercise[5.1.9] that for a Gaussian random vector (Yz, =Yy, ..., Yy, =Y, ),
with n finite and ¢; < t3 < --- < t,, having independent coordinates is equivalent
to having uncorrelated coordinates. Hence, from Exercise [.T.12] we deduce that

COROLLARY 7.3.6. A continuous time, Gaussian S.P. {Y;,t € I} has independent
increments if and only if Cov(Y; — Y, Ys) =0 for all s <u<tel

REMARK. Check that the zero covariance condition in this corollary is equivalent
to the Gaussian process having auto-covariance function of the form c(t, s) = g(tAs).

Recall Definition that a discrete time stochastic process {X,} with a B-
isomorphic state space (S, S), is (strictly) stationary if its law Px is shift invariant,
namely, Px o 0~ = Px for the shift operator (fw); = wit1 on So. This concept
of invariance of the law of the process to translation of time, extends naturally to
continuous time S.P.

DEFINITION 7.3.7. The (time) shifts 0 : SI©°) — S[0:%) gre defined for s > 0 via
0s(z)(-) = z(- + s) and a continuous time S.P. {X;,t > 0} is called stationary (or
strictly stationary), if its law Px is invariant under any time shift 05, s > 0. That
is, Px o (05)~! = Px for all s > 0. For two-sided continuous time S.P. {X;,t € R}
the definition of time shifts extends to s € R and stationarity is then the invariance
of the law under 05 for any s € R.

Recall Proposition [.T.8 that the law of a continuous time S.P. is uniquely deter-
mined by its f.d.d. Consequently, such process is (strictly) stationary if and only if
its f.d.d. are invariant to translation of time. That is, if and only if

(7.3.2) (Xt Xe) 2 (Koo Xots)

for any n finite and s,¢; > 0 (or for any s,t; € R in case of a two-sided continuous
time S.P.). In contrast, here is a much weaker concept of stationarity.

DEFINITION 7.3.8. A square-integrable continuous time S.P. of constant mean
function and auto-covariance function of the form c(t, s) = r(|t—s|) is called weakly
stationary (or L2-stationary).

Indeed, considering (Z32) for n = 1 and n = 2, clearly any square-integrable
stationary S.P. is also weakly stationary. As you show next, the converse fails in
general, but applies for all Gaussian S.P.

EXERCISE 7.3.9. Show that any weakly stationary Gaussian S.P. is also (strictly)
stationary. In contrast, provide an example of a (non-Gaussian) weakly stationary
process which is not stationary.

To gain more insight about stationary processes solve the following exercise.



288 7. CONTINUOUS, GAUSSIAN AND STATIONARY PROCESSES

EXERCISE 7.3.10. Suppose {X¢,t > 0} is a weakly stationary S.P. of auto-covariance
function r(t).
(a) Show that |r(t)| < r(0) for allt > 0 and further, if r(h) = r(0) for some
h >0 then Xyyp E=¢ for each t > 0.
(b) Deduce that any weakly stationary process of independent increments

must be a modification of the trivial process having constant sample func-
tions X (w) = Xo(w) for all t >0 and w € Q.

DEFINITION 7.3.11. We say that a continuous time S.P. {Xy,t € I} has stationary
increments if for t,s € I the law of the increment X, — X, depends only on t — s.

We conclude this chapter with the definition and construction of the celebrated
Brownian motion which is the most fundamental continuous time stochastic pro-
cess.

DEFINITION 7.3.12. A S.P. {Wy,t > 0} is called a Brownian motion (or ¢ Wiener
process) starting at x € R, if it is a Gaussian process of mean function m(t) = x and
auto-covariance c(t,s) = Cov(Wy, Ws) = t A s, whose sample functions t — Wi(w)
are continuous. The case of x = 0 is called the standard Brownian motion (or
standard Wiener process).

In addition to constructing the Brownian motion, you are to show next that it has
stationary, independent increments.

EXERCISE 7.3.13.

(a) Construct a continuous time Gaussian S.P. {By,t > 0} of the mean and
auto-covariance functions of Definition[7.3.12
Hint: Look for f.d.d. such that By = x and having independent incre-
ments By — By of zero mean and variance t — s.

(b) Show that there exists a Wiener process, namely a continuous modifica-
tion {Wy,t > 0} of {B:,t > 0}.

Hint: Try Kolmogorov-Centsov theorem for a = 4.

(¢) Deduce that for any T finite, the S.P. {Wy,t € [0,T]} can be viewed as
the random variable W. : (2, F) — (C([0,T)), || lloo), which is measurable
with respect to the Borel o-algebra on C([0,T]) and is further a.s. locally
~v-Hdélder continuous for any v < 1/2.

Hint: As in Ezercise[7.2.13 try o = 2k with k > 1 in (7.2.)).

(d) Show that the S.P. {Byt,t > 0} is non-stationary, but it is a process of

stationary, independent increments.

EXAMPLE 7.3.14. Convince yourself that every stationary process has stationary
increments while the Brownian motion of Exercise[7.3.13 is an example of a non-
stationary process with stationary (independent) increments. The same phenomena
applies for discrete time S.P. (in which case the symmetric SRW serves as an ex-
ample of a non-stationary process with stationary, independent increments).

An alternative construction of the Wiener process on I = [0,7] is as the infinite
series

W, =x+ Zak(t)Gk ,
k=0
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Sample paths of Brownian motion
T

FIGURE 2. Three sample functions of Brownian motion. The den-
sity curves illustrate that the random variable W; has a A(0, 1)
law, while W5 has a N(0,2) law.

with {Gy} i.i.d. standard normal random variables and ay(-) continuous functions
on I such that

(7.3.3) S ax()an(s) = tA s = %(|t+s| —t—s).
k=0

For example, taking 7' = 1/2 and expanding f(z) = |z| for |z| < 1 into a Fourier
series, one finds that

1 4
= - — —_ 2k +1 .
=13 ek )
Hence, by the trigonometric identity cos(a—b)—cos(a+b) = 2sin(a) sin(b) it follows
that (Z33) holds for

a(t) = sin((2k + 1)7t).

2
2k + )7
Though we shall not do so, the continuity w.p.1. of ¢ — W; is then obtained by
showing that for any € > 0

o0

P(]| Zak(t)GkHoo >e)—0

k=n
as n — oo (see [Bry95], Theorem 8.1.3]).

We turn to explore some interesting Gaussian processes of continuous sample
functions that are derived out of the Wiener process {W;,t > 0}.

EXERCISE 7.3.15. With {W;,t > 0} a standard Wiener process, show that each
of the following is a Gaussian S.P. of continuous sample functions, compute its
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mean and auto-covariance functions and determine whether or not it is a stationary
PTOCess.
(a) The standard Brownian bridge By =W, — min(¢, 1)W7.
(b) The Ornstein-Uhlenbeck process U; = e t/2W,:.
(c) The Brownian motion with drift Zt(r’g) = oW, +rt+z, with non-random
drift r € R and diffusion coefficient o > 0.
(d) The integrated Brownian motion I; = fot Wids.

EXERCISE 7.3.16. Suppose {Wy,t > 0} is a standard Wiener process.

(a) Compute E(Ws|Wy) and Var(W,|Wy), first for s > t, then for s < t.

(b) Show that t—*W; “3 0 when t — co.
Hint: As we show in the sequel, the martingale {W;,t > 0} satisfies
Doob’s L? mazimal inequality. N B

(c) Show that for t € [0,1] the S.P. By = (1 — t)Wy/1—¢) (with By =0), has
the same law as the standard Brownian bridge and its sample functions
are continuous w.p.1.

(d) Show that restricted to [0,1], the law of the standard Brownian bridge
matches that of {Wy,t € [0,1], conditioned upon W1 = 0} (hence the
name Brownian bridge).

The fractional Brownian motion is another Gaussian S.P. of considerable interest
in financial mathematics and in the analysis of computer and queuing networks.

EXERCISE 7.3.17. For H € (0,1), the fractional Brownian motion (or in short,
fBM), of Hurst parameter H is the centered Gaussian S.P. {Xy,t > 0}, of auto-
covariance function

1
c(t,s) = §[|t|2H + [s]2H — |t — s|2H] | s, > 0.

(a) Show that the square-integrability with respect to Lebesgue’s measure of
g(u) = |1 —u"T=2sgn(1 —u) + [u|" =" /2sgn(u) (which you need not ver-
ify), implies that c(t, s) = [ gi(x)gs(w)dz for go(x) = |lgllz " |t]* ="/ g(z /1)
in case t >0 and go(x) = 0.

Hint: gu(s + o) — gy(s + ) = gi—s(2), hence lgu — g3 = llgr—sl13

(b) Deduce that the fBM {Xy,t > 0} exists and has a continuous modification
which is also locally ~v-Holder continuous for any 0 < v < H.

(c) Verify that for H = % this modification is the standard Wiener process.

(d) Show that for any non-random b > 0, the S.P. {b=H Xy, t > 0} is an
fBM of the same Hurst parameter H.

(e) For which values of H are the increments of the fBM stationary and for
which values are they independent?

EXERCISE 7.3.18. Let S denote the unit circle on the plane endowed with the

Borel o-algebra and uniform probability measure Q (which is just the image of
[0,1] equipped with Lebesgue’s measure, under t — 2™t € S).

Construct a centered Gaussian stochastic process G(-), indexed on the collection A
of sub-arcs of S, of auto-covariance function E[G(A)G(B)] = Q(ANB)—Q(A)Q(B)
such that its sample functions (s,u) — G((s,u))(w) are continuous with respect to
the Euclidean topology of T = [0,1]2\ {(s,s) : s € [0,1]}, where (s,u) denotes the
sub-arc A = {e®™ : s <t <u} in case s < u, while (u,s) stands for A°:=S\ A.
Hint: Try G(A) = —G(A°) = B, — B, for A= (s,u) such that 0 < s < u < 1.



CHAPTER 8

Continuous time martingales and Markov
processes

Continuous time filtrations and stopping times are introduced in Section Rl em-
phasizing the differences with the corresponding notions for discrete time processes
and the connections to sample path continuity. Building upon it and Chapter
about discrete time martingales, we review in Section the theory of continu-
ous time martingales. Similarly, Section builds upon Chapter [6] about Markov
chains, in providing a short introduction to the rich theory of strong Markov pro-
cesses.

8.1. Continuous time filtrations and stopping times

We start with the definitions of continuous time filtrations and S.P. adapted to
them (compare with Definitions BTl and 512 respectively).

DEFINITION 8.1.1. A (continuous time) filtration is a non-decreasing family of
sub-o-algebras {Fi} of the measurable space (2, F), indexed by t > 0. By Fi T Foo
we denote such filtration {F;} and the associated minimal o-algebra Foo = o(J, Ft)
such that Fs C Fy for all0 < s <t < 0.

DEFINITION 8.1.2. A (continuous time) S.P. {Xy,t > 0} is adapted to a (contin-
uous time) filtration {Fi}, or in short Fi-adapted, if Xy € mF; for each t > 0 or
equivalently, if FX C Fy for all t > 0.

REMARK 8.1.3. To avoid cumbersome technical difficulties, we assume throughout
that the filtration is augmented so that every P-null set is in Fy. That is, if N C A
for some A € F with P(A) = 0 then N € Fy (which is a somewhat stronger
assumption than the completion of both F and Fy). In particular, this assures that
any modification of an Fi-adapted continuous time S.P. remains F;-adapted.

When dealing with continuous time processes it helps if each new piece of informa-
tion has a definite first time of arrival, as captured mathematically by the concept
of right-continuous filtration.

DEFINITION 8.1.4. To any continuous time filtration {F} we associate the corre-
sponding left-filtration Fy- = o(Fs, s < t) at time t, consisting of all events prior
tot (where we set Fo- = Fo), and right-filtration Fy+ = (.o Frie at time t, con-
sisting of all events immediately aftert. A filtration {F;} is called right-continuous
if it coincides with its right-filtration, that is Fy = Fy+ for all t > 0.

The next example ties the preceding definitions to those in the much simpler
setting of Chapter

291
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EXAMPLE 8.1.5. To each discrete time filtration {G,,n € Zy} corresponds the
interpolated (continuous time) filtration Fy = Gy, where [t] denotes the integer part
of t > 0. Convince yourself that any interpolated filtration is right-continuous, but
usually not left-continuous. That is, Fy # F;— (at any t = n integer in which G, #
Gn-1), with each jump in the filtration accounting for a new piece of information
arriving at that time.

Similarly, we associate with any Gp-adapted discrete time S.P. {Y,} an inter-
polated continuous time S.P. X; = Y}y, t > 0, noting that {Xy,t > 0} is then
Fi-adapted if and only if {Y,} is G,-adapted.

EXAMPLE 8.1.6. In analogy with Definition[5.1.3, another generic continuous time
filtration is the canonical filtration FX = o(Xs,0 < s < t) associated with each
continuous time S.P. {X,t > 0}.

Unfortunately, sample path continuity of a S.P. { X} does not guarantee the right-
continuity of its canonical filtration {FX}. Indeed, considering the uniform prob-
ability measure on Q = {—1,1} note that the canonical filtration {FX} of the
S.P. Xi(w) = wt, which has continuous sample functions, is evidently not right-
continuous at t =0 (as F&& = {0, Q} while FX = F =22 for allt > 0).

When S.P. {X,,s > 0} is Fi-adapted, we can view {X, s € [0,t]} as a S.P. on the
smaller measurable space (€, F), for each t > 0. However, as seen in Section [7.2]
more is required in order to have Borel sample functions, prompting the following
extension of Definition (and refinement of Definition R1.2)).

DEFINITION 8.1.7. An Fi-adapted S.P. {X,t > 0} is called F;-progressively mea-
surable if X¢(w) : [0,t] x Q — R is measurable with respect to Bj 4 x Fy, for each
t>0.

REMARK. In contrast to Definition [[.2.19) we have dropped the completion of the
relevant o-algebras in the preceding definition. Indeed, the standing assumption of
Remark B T3] guarantees the completeness of each o-algebra of the filtration F; and
as we see next, progressive measurability is in any case equivalent to adaptedness
for all RCLL processes.

PROPOSITION 8.1.8. An Fi-adapted S.P. {Xs,s > 0} of right-continuous sample
functions is also Fi-progressively measurable.

ProoF. Fixing ¢t > 0, let Qg,z) denote the finite set of dyadic rationals of the
form j27¢ € [0, ¢] augmented by {t} and arranged in increasing order 0 =ty < t; <
<o < tg, =t (where ky = [t2¢]). The /-th approximation of the sample function
Xs(w) for s € [0, 1], is then

ke
XS(Z) (w) = XQI{O} (8) + Z th (W)I(tjfl,tj] (8) .
j=1

Note that per positive integer ¢ and B € B,
ke
{(s,w) €[0,4] x Q: X[P(w) € B} = {0} x X5 '(B) | (tj-1.;] x X, '(B),
j=1
which is in the product o-algebra By, x F, since each of the sets X;l(B) is
in F; (recall that {X,,s > 0} is Fy-adapted and t; € [0,t]). Consequently, each
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of the maps (s,w) — Xs(g)(w) is a real-valued R.V. on the product measurable
space ([0,t] x Q,Bjg x F). Further, by right-continuity of the sample functions

s — Xg(w), for each fixed (s,w) € [0,t] x 2 the sequence x® (w) converges as
¢ — 00 to Xs(w), which is thus a R.V. on the same (product) measurable space

(recall Corollary [[L2.23]). O

Associated with any filtration {F;} is the collection of all Fi-stopping times and
the corresponding stopped o-algebras (compare with Definitions BT and BT.34)).

DEFINITION 8.1.9. A random variable T : Q — [0, 00] is called a stopping time for
the (continuous time) filtration {F;}, or in short Fy-stopping time, if {w : 7(w) <
t} € Fi for allt > 0. Associated with each Fi-stopping time T is the stopped
o-algebra Fr = {A € Foo : AN{7T <t} € F; for all t > 0} (which quantifies the
information in the filtration at the stopping time ).

The Fi+-stopping times are also called Fi-Markov times (or Fi-optional times),
with the corresponding Markov o-algebras F,+ = {A € Fo : AN{7T <t} € Fi+
for all t > 0}.

REMARK. As their name suggest, Markov/optional times appear both in the con-
text of Doob’s optional stopping theorem (in Section BZ3]), and in that of the
strong Markov property (see Section [8.3.2]).

Obviously, any non-random constant ¢ > 0 is a stopping time. Further, by def-
inition, every JF;-stopping time is also an Fy;-Markov time and the two concepts
coincide for right-continuous filtrations. Similarly, the Markov o-algebra F,.+ con-
tains the stopped o-algebra F, for any F;-stopping time (and they coincide in case
of right-continuous filtrations).

Your next exercise provides more explicit characterization of Markov times and
closure properties of Markov and stopping times (some of which you saw before in

Exercise B.1.12).

EXERCISE 8.1.10.

(a) Show that T is an Fy-Markov time if and only if {w: 7(w) < t} € F; for
all t > 0.

(b) Show that if {Tn,n € Zi} are Fi-stopping times, then so are T4 A Ta,
71 + T2 and sup,, Tn.-

(¢) Show that if {Tn,n € Z1} are Fy-Markov times, then in addition to T4 +
To and sup,, Tn, also inf, 7,, liminf, 7, and limsup,, 7, are Fi-Markov
times.

(d) In the setting of part (c) show that T1 + T2 is an Fi-stopping time when
either both 11 and 7o are strictly positive, or alternatively, when 1 is a
strictly positive Fy-stopping time.

Similarly, here are some of the basic properties of stopped o-algebras (compare
with Exercise E.1.35]), followed by additional properties of Markov o-algebras.

EXERCISE 8.1.11. Suppose 0 and T are F;-stopping times.
(a) Verify that o(t) C Fr, that Fr is a o-algebra, and if T(w) =t is non-
random then F, = F;.
(b) Show that Foar = Fo N Fr and deduce that each of the events {0 < 7},
{0 < 7}, {0 =7} belongs to Fonr.
Hint: Show first that if A € Fp then AN{0 <7} € F,.
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(c) Show that for any integrable R.V. Z,
E[Z|Follo<r = BlZ|Forr)lo<~,
and deduce that
E[E(Z|F)|F;] = E[Z|For-] .
(d) Show that if @ < & and §& € mFy then £ is an Fy-stopping time.

EXERCISE 8.1.12. Suppose 7,1, are Fi-Markov times.
(a) Verify that Fr+ = {A € Foo : AN{r <t} € F; for allt > 0}.
(b) Suppose 71 is further Fi-stopping time and T < 71 with a strict inequality
whenever T is finite. Show that then F.+ C F,.
(c) Setting T = inf,, 7, show that Fr+ = (), F_+. Deduce that if 7, are
Fi-stopping times and T < T, whenever T is finite, then Fr+ = (), Fr,-

In contrast to adaptedness, progressive measurability transfers to stopped pro-
cesses (i.e. the continuous time extension of Definition [F.I3T]), which is essential
when dealing in Section B2l with stopped sub-martingales (i.e. the continuous time

extension of Theorem [F.1.37]).

PROPOSITION 8.1.13. Given JFi-progressively measurable S.P. {Xs,s > 0}, the
stopped at (Fi-stopping time) 7 S.P. {X n-(w)(w),s > 0} is also Fi-progressively
measurable. In particular, if either T < oo or there exists Xoo € mFoo, then
X, emF,.

ProoF. Fixing t > 0, denote by § the product o-algebra By x F; on the
product space S = [0, ¢] x Q. The assumed F;-progressive measurability of { X, s >
0} amounts to the measurability of g1 : (S,S) — (R, B) such that g;(s,w) = Xs(w).
Further, as (s,w) = Xoar(w)(w) is the composition g1(g2(s,w)) for the mapping
g2(s,w) = (sA7(w),w) from (S, S) to itself, by Proposition[[.2.18 the F;-progressive
measurability of the stopped S.P. follows form our claim that g, is measurable.
Indeed, recall that 7 is an F;-stopping time, so {w : 7(w) > u} € F, for any

€ [0,t]. Hence, for any fixed u € [0,t] and A € Fy,

ggl((u,t] x A) = (u,t] Xx (AN{w:7(w) >u}) €S,

which suffices for measurability of go (since the product o-algebra S is generated
by the collection {(u,t] x A:u € [0,t], A € F}).
Turning to the second claim, since {Xsnr, s > 0} is Fy-progressively measurable,
we have that for any fixed B € B and finite ¢ > 0,
X7 H(B)NT7H([0,8]) = {w: Xiar(e)(w) € B} N{w: T(w) <t} € F

T

(recall (CAT) that {w : (t,w) € A} is in F; for any set A € S). Moreover, by
our assumptions X }(B) N 771 ({oc0}) is in Fuo, hence so is its union with the sets
X-1(B)n17Y[0,n]), n € Z, which is precisely X1(B). We have thus shown

that X 1(B) € F, for any B € B, namely, that X, € mF,. O

Recall Exercise that for discrete time S.P. and filtrations, the first hitting
time 75 of a Borel set B by F,-adapted process is an F,-stopping time. Unfortu-
nately, this may fail in the continuous time setting, even when considering an open
set B and the canonical filtration F* of a S.P. of continuous sample functions.
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EXAMPLE 8.1.14. Indeed, consider B = (0,00) and the S.P. X;(w) = wt of Fx-
ample[810 In this case, Tp(1) = 0 while Tp(—1) = oo, so the event {w: Tp(w) <
0} = {1} is not in F3* = {0,Q} (hence T is not an F*-stopping time). As shown
next, this problem is only due to the lack of right-continuity in the filtration {FX}.

PROPOSITION 8.1.15. Consider an F;-adapted, right-continuous S.P. {Xs,s > 0}.
Then, the first hitting time 7p(w) = inf{t > 0 : X,(w) € B} is an F,-Markov
time for an open set B and further an Fi-stopping time when B is a closed set and
{Xs,s >0} has continuous sample functions.

ProoF. Fixing t > 0, by definition of 75 the set 75'([0,)) is the union of
X7YB) over all s € [0,t). Further, if the right-continuous function s + X (w)
intersects an open set B at some s € [0,t) then necessarily X,(w) € B at some

g€ Q- =Qn|0,t). Consequently,

(8.1.1) (0= |J X7'(B).
s€Q, -

Now, the F;-adaptedness of {X,} implies that X;}(B) € F, C F; for all s < t,
and in particular for any s in the countable collection Q,-. We thus deduce from
®I1I) that {rp <t} € F, for all t > 0, and in view of part (a) of Exercise BI.10,
conclude that 75 is an F;-Markov time in case B is open.

Assuming hereafter that B is closed and v — X, continuous, we claim that for
any t > 0,

(8.1.2) {rB <t} = U X7 YB)= m{TBk <t}:=A,
0<s<t k=1

where By, = {z € R: |z — y| < k7!, for some y € B}, and that the left identity

in (8L2) further holds for ¢ = 0. Clearly, X, *(B) € Fo and for By, open, by the

preceding proof {75, < ¢t} € F;. Hence, (81.2) implies that {75 <t} € F; for all

t > 0, namely, that 75 is an F;-stopping time.

Turning to verify (81.2), fix ¢ > 0 and recall that if w € A; then | X, (w) — yi| <
k=1 for some sy, € [0,t) and y, € B. Upon passing to a sub-sequence, sy — s € [0,1],
hence by continuity of the sample function X, (w) — Xs(w). This in turn implies
that yr — Xs(w) € B (because B is a closed set). Conversely, if X;(w) € B for some
s € [0,t) then also 7, < s <t for all kK > 1, whereas even if only X;(w) =y € B,
by continuity of the sample function also Xs(w) — y for 0 < s 1 ¢ (and once again
7B, < t for all k > 1). To summarize, w € A; if and only if there exists s € [0, ]
such that X (w) € B, as claimed. Considering hereafter ¢ > 0 (possibly ¢ = 0),
the existence of s € [0,¢] such that X, € B results with {rg < t}. Conversely,
if 7p(w) < t then X, (w) € B for some s,(w) < t+n~! and all n. But then
Sn, — s < t along some sub-sequence n; — o0, so for B closed, by continuity of
the sample function also X, (w) — Xs(w) € B. O

We conclude with a technical result on which we shall later rely, for example,
in proving the optional stopping theorem and in the study of the strong Markov

property.

LEMMA 8.1.16. Given an Fi-Markov time 7, let 7 = 27¢([2%7] + 1) for £ > 1.
Then, 1y are Fy-stopping times and AN{w : 7(w) = q} € Fy for any A € F+,
(>1andqe Q39 = (k27 kcZ,}.
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PROOF. By its construction, 7, takes values in the discrete set Q) U {oo}.
Moreover, with {w : 7(w) < t} € F; for any t > 0 (see part (a) of Exercise BI.10),
it follows that for any ¢ € Q%)

{winw) =g ={w:Tw) ele-27"q)} € F,.

Hence, 7 is an Fi-stopping time, as claimed. Next, fixing A € F,+, in view of
Definitions B4 and B9l the sets A;., = AN{w: 7(w) <t —m~1} are in F; for
any m > 1. Further, by the preceding, fixing ¢ € Q% and ¢’ = ¢ — 2~¢ you have
that

Anf{w:m(w) =q} = An{w:7(w) € [¢", )} = (Un>14g.m) \ (Um>144"m)

is the difference between an element of F, and one of Fyy C F,;. Consequently,
An{w: m(w) = ¢} is in Fg, as claimed. O

8.2. Continuous time martingales

As we show in this section, once the technical challenges involved with the conti-
nuity of time are taken care off, the results of Chapter [l extend in a natural way
to the collection of continuous time (sub and super) martingales. Similar to the
break-up of Chapter Bl we devote Subsection B.2.1] to the definition, examples and
closure properties of this collection of S.P. (compare with Section [(.]), followed by
SubsectionB.2:2about tail (and upcrossing) inequalities and convergence properties
of such processes (compare with Sections and [0.3], respectively). The state-
ment, proof and applications of Doob’s optional stopping theorem are explored in
Subsection (compare with Section [54]), with martingale representations being
the focus of Subsection [8.24] (compare with Sections 5.2.1] and 5.3.2)).

8.2.1. Definition, examples and closure properties. For a continuous
filtration, it is not enough to consider the martingale property one step ahead, so
we replace Definitions [5.1.4] and by the following continuous time analog of
Proposition

DEFINITION 8.2.1. The pair (X, Fi,t > 0) is called a continuous time martingale
(in short MG), if the integrable (continuous time) S.P. {X,t > 0} is adapted to
the (continuous time) filtration {Fi,t > 0} and for any fized t > s > 0, the identity
E[X;|Fs] = Xs holds a.s. Replacing the preceding identity with E[X;|F] > Xs a.s.
for each t > s > 0, or with E[X|F,] < X a.s. for each t > s > 0, defines the
continuous time sub-MG and continuous time sup-MG, respectively. These three
classes of continuous time S.P. are related in the same manner as in the discrete

time setting (c.f. Remark[5.1.17).

It immediately follows from the preceding definition that ¢ — EX; is non-decreasing
for a sub-MG, non-increasing for a sup-MG, and constant (in time), for a MG.
Further, unless explicitly stated otherwise, one uses the canonical filtration when

studying MGs (or sub/sup-MGs).
EXERCISE 8.2.2. Suppose (X, Fi,t > 0) is a continuous time sub-MG.
(a) Show that (X, FX,t > 0) is also a sub-MG.

(b) Show that if EX; = EXq for all t > 0, then (X, Fe,t > 0) 4s also a
martingale.
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The decomposition of conditional second moments, as in part (b) of Exercise[5.1.8
applies for all continuous time square-integrable MGs.

EXERCISE 8.2.3. Suppose (X, Fi,t > 0) is a square-integrable MG. Verify that
(8.2.1) E[X?|F - X2 =E[(X; — X )?|F]  forany t>5>0,

and deduce that t — EX? is non-decreasing.

As you see next, the Wiener process and the compensated Poisson process play
the same role that the random walk of zero-mean increments plays in the discrete
time setting (with Wiener process being the prototypical MG of continuous sample
functions, and compensated Poisson process the prototypical MG of discontinuous
RCLL sample functions).

PROPOSITION 8.2.4. Any integrable S.P. {X:,t > 0} of independent increments
(see Exercise[7.1.13), and constant mean function is a MG.

PrOOF. Recall that a S.P. X; has independent increments if X;i, — X; is
independent of FX, for all h > 0 and ¢ > 0. We have also assumed that E|X;| < oo
and EXt = EXO for all ¢ Z 0. Therefore, E[Xt+h - Xt|]:t)(] = E[Xt+h — Xt] =0.
Further, X; € mFX and hence E[X;1|FX] = X;. That is, {X¢, FX,t > 0} is a
MG, as claimed. O

EXAMPLE 8.2.5. In view of Exercise[7.3.13 and Proposition [8-2-4] we have that the
Wiener process/Brownian motion (Wy,t > 0) of Definition [7.3.1Z is a martingale.

Combining Proposition[34.9 and Exercise[7.1.12, we see that the Poisson process
N of rate X has independent increments and mean function ENy = M. Conse-
quently, by Proposition [8.2.4] the compensated Poisson process M; = Ny — At is
also a martingale (and FM = FN).

Similarly to Exercise 5.1.9] as you check next, a Gaussian martingale {X;,¢ > 0}
is necessarily square-integrable and of independent increments, in which case M; =
X? — (X), is also a martingale.

EXERCISE 8.2.6.

(a) Show that if {Xi,t > 0} is a square-integrable S.P. having zero-mean
independent increments, then (X2—(X);, FX,t > 0) is a MG with (X); =
EX? — EX? a non-random, non-decreasing function.

(b) Prove that the conclusion of part (a) applies to any martingale {X;,t > 0}
which is a Gaussian S.P.

(¢) Deduce that if {Xi,t > 0} is square-integrable, with Xo = 0 and zero-
mean, stationary independent increments, then (X2 — tEX? FX,t > 0)
is a MG.

In the context of the Brownian motion {By,t > 0}, we deduce from part (b) of
Exercise 826 that {B? — t,t > 0} is a MG. This is merely a special case of the
following collection of MGs associated with the standard Brownian motion.

EXERCISE 8.2.7. Let ugt1(t,y,0) = %uk(t,y, 0) for k > 0 and up(t,y,0) =
exp(fy — 6%t/2).
(a) Show that for any 6 € R the S.P. (uo(t, Bt,0),t > 0) is a martingale with
respect to FpB.
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(b) Check that for k =1,2,...,

E I
t,y,0) = — T (—t/2)".
uk( 'Y ) ;0 (k—2’l”)"l”'y ( / )

(¢) Deduce that the S.P. (uy(t,B:,0),t > 0), k = 1,2,... are also MGs
with respect to F2, as are B} —t, B} — 3tB;, B} — 6tB? + 3t*> and
BS — 15tB} + 45t2B2 — 15¢3.

(d) Verify that for each k € Z4 and 6 € R the function ug(t,y,8) solves the
heat equation u(t,y) + uyy(t,y) = 0.

The collection of sub-MG (equivalently, sup-MG or MG), is closed under the
addition of S.P. (compare with Exercise 5.1.19).

EXERCISE 8.2.8. Suppose (X, Fi) and (Y, Fy) are sub-MGs and t — f(t) a non-
decreasing, non-random function.

(a) Verify that (X¢ + Yy, Ft) is a sub-MG and hence so is (X¢ + f(t), Ft).
(b) Rewrite this, first for sup-MGs Xy and Yy, then in case of MGs.

With the same proof as in Proposition B.1.22] you are next to verify that the
collection of sub-MGs (and that of sup-MGs), is also closed under the application
of a non-decreasing convex (concave, respectively), function (c.f. Example
for the most common choices of this function).

EXERCISE 8.2.9. Suppose the integrable S.P. {X:,t > 0} and convex function
® : R — R are such that E[|®(X,)|] < oo for all t > 0. Show that if (X, Fy) is a
MG then (P(X}), Fi) is a sub-MG and the same applies even when (X, Fy) is only
a sub-MG, provided ®(-) is also non-decreasing.

As you show next, the martingale Bayes rule of Exercise [(.5.16] applies also for a
positive, continuous time martingale (Z;, F,t > 0).

EXERCISE 8.2.10. Suppose (Z;, Fi,t > 0) is a (strictly) positive MG on (Q, F,P),
normalized so that EZg = 1. For eacht > 0, let Py = P‘]_.t and consider the equiva-
lent probability measure Q; on (2, Fi) of Radon-Nikodym derivative dQ./dP; = Z,.

(a) Show that Qs = Qt‘ﬂ for any s € [0,¢].

(b) Pizing u < s € [0,t] and Y € LY(Q,Fs, Qt) show that Qi-a.s. (hence
also P-a.s.), Eq,[Y|F.] = ElY Zs|F.]/Z,.

(c) Verify that if X > 0 and Ny is a Poisson Process of rate X > 0 then
Zy = e(A_X)t(X/)\)N‘ is a strictly positive martingale with EZy = 1 and
show that {Ny, t € [0,T]} is a Poisson process of rate X under the measure
Qr, for any finite T'.

REMARK. Up to the re-parametrization 6 = log(A/\), the martingale Z; of part (c)
of the preceding exercise is of the form Z; = wug(t, Ny, 0) for ug(t,y,6) = exp(fy —
At(e? —1)). Building on it and following the line of reasoning of Exercise BT
yields the analogous collection of martingales for the Poisson process { Ny, ¢ > 0}.
For example, here the functions ug(¢,y,0) on (¢,y) € Ry X Z4 solve the equation
ue(t,y) + Au(t,y) —u(t,y + 1)] = 0, with My = uq(¢, Nz, 0) being the compensated
Poisson process of Example while uz(t, Ny, 0) is the martingale M? — \t.
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REMARK. While beyond our scope, we note in passing that in continuous time the
martingale transform of Definition [F.1.27 is replaced by the stochastic integral Y; =
fot Vs dXs. This stochastic integral results with stochastic differential equations and
is the main object of study of stochastic calculus (to which many texts are devoted,
among them [KaS97]). In case V; = X, is the Wiener process W;, the analog
of Example 5.1.29is Y; = f(f WsdWy, which for the appropriate definition of the
stochastic integral (due to It6), is merely the martingale Y; = %(Wf —t). Indeed,
1t6’s stochastic integral is defined via martingale theory, at the cost of deviating
from the standard integration by parts formula. The latter would have applied if
the sample functions t — W;(w) were differentiable w.p.1., which is definitely not
the case (as we shall see in Section [0.3)).

EXERCISE 8.2.11. Suppose S.P. {X:,t > 0} is integrable and Fi-adapted. Show
that if E[X,] > E[X,] for any u > 0 and Fi-stopping time T whose range 7(Q) is
a finite subset of [0,u], then (X, Fi,t > 0) is a sub-MG.

Hint: Consider 7 = sla + ulae with s € [0,u] and A € Fs.

We conclude this sub-section with the relations between continuous and discrete
time (sub/super) martingales.

EXAMPLE 8.2.12. Convince yourself that to any discrete time sub-MG (Y,,,Gn,n €
Zy) corresponds the interpolated continuous time sub-MG (X, Fy,t > 0) of the in-
terpolated right-continuous filtration Fy = G,y and RCLL S.P. Xy = Y;) of Example
5. 1.9l

REMARK 8.2.13. In proving results about continuous time MGs (or sub-MGs/sup-
MGs), we often rely on the converse of Example Namely, for any non-
random, non-decreasing sequence {s;} C [0,00), if (X, F;) is a continuous time
MG (or sub-MG/sup-MG), then clearly (X, ,Fs,,k € Z4) is a discrete time MG
(or sub-MG/sup-MG, respectively), while (X, , Fs,, k € Z_) is a RMG (or reversed
subMG /supMG, respectively), where sg > s_1 > -+ > s5_p > ---.

8.2.2. Inequalities and convergence. In this section we extend the tail
inequalities and convergence properties of discrete time sub-MGs (or sup-MGs), to
the corresponding results for sub-MGs (and sup-MGs) of right-continuous sample
functions, which we call hereafter in short right-continuous sub-MGs (or sup-MGs).
We start with Doob’s inequality (compare with Theorem [.2.6).

THEOREM 8.2.14 (DOOB’S INEQUALITY). If {Xs,s > 0} is a right-continuous
sub-MG, then for t >0 finite, My = supy<s<; Xs, and any x >0

(8.2.2) P(M, > z) < 2 'E[Xi I, 50y] < 27 'B[(Xe)4].
PRrROOF. It suffices to show that for any y > 0

Indeed, by dominated convergence, taking y 1 « yields the left inequality in (82.2]),
and the proof is then complete since E[Z14] < E[(Z)4] for any event A and inte-
grable R.V. Z.

Turning to prove (82Z3)), fix hereafter ¢ > 0 and let Qﬁ’g) denote the finite set
of dyadic rationals of the form j2=¢ € [0,#] augmented by {t}. Recall Remark

[B2.13] that enumerating Qﬁ’z) in a non-decreasing order produces a discrete time
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sub-MG { X, }. Applying Doob’s inequality (G21)) for this sub-MG, we find that
rP(M(€) > z) < E[XiI{pr(0)>0y] for

M) = max X,
sEQii’[)

and any = > 0. Considering x | y, it then follows by dominated convergence that
yP(M(€) > y) < E[Xilao)>yy] 5
for any £ > 1. Next, setting Qg) = ng U {t}, with Qg’g) T Qg) as £ 1 oo,
M(£) T M(o0) = sup X,
seQ®
t+

and moreover, M (co) = M; by the right-continuity of the sample function t — X;
(compare with part (a) of Exercise[T.2.18)). Consequently, for £ 1 oo both P(M (¢) >
y) T P(M; > y) and E[X:I{ar0)>y3] — E[XtI{ar, >3], thus completing the proof of
&23). O

With (y)% denoting hereafter the function (max(y,0))?, we proceed with the re-
finement of Doob’s inequality for MGs or when the positive part of a sub-MG has
finite p-th moment for some p > 1 (compare to Exercise 5.2.17)).

EXERCISE 8.2.15.
(a) Show that in the setting of Theorem for any p > 1, finitet > 0
and x > 0,
P(M; > z) <z PE[(Xy)! ],
(b) Show that if {Ys,s > 0} is a right-continuous MG, then

P( sup |V| > y) <y B[Vil"].
0<s<t

By integrating Doob’s inequality ([82.2)) you bound the moments of the supremum
of a right-continuous sub-MG over a compact time interval.

COROLLARY 8.2.16 (L? MAXIMAL INEQUALITIES). With g = q(p) = p/(p—1), for
anyp > 1, t > 0 and a right-continuous sub-MG {X,s > 0},

(8.2.4) E[(Oilithu)i} < ¢"E[(Xy)4],

and if {Ys,s > 0} is a right-continuous MG then also
(8.2.5) E[( sup [Val)?] < ¢"B[Vi]"].

0<u<t
PRrOOF. Adapting the proof of Corollary 2.3 the bound (824 is just the
conclusion of part (b) of Lemma [[LZ31] for the non-negative variables X = (X)4
and Y = (My)4, with the left inequality in (82Z2]) providing its hypothesis. We
are thus done, as the bound [BZ3H]) is merely (82Z4) in case of the non-negative
sub-MG X, = |V}. O

In case p = 1 we have the following extension of Exercise [5.2.15]
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EXERCISE 8.2.17. Suppose {Xs,s > 0} is a non-negative, right-continuous sub-
MG. Show that for any t > 0,

B[ sip X,] < (1-¢ ™) {14 E[Xy(lo5 X,).]}.

Hint: Relying on Fzercise[5.2.13], interpolate as in our derivation of (82.2).

Doob’s fundamental up-crossing inequality (see Lemma BE2.T8)), extends to the
number of up-crossings in dyadic-times, as defined next.

DEFINITION 8.2.18. The number of up-crossings (in dyadic-times), of the interval
[a,b] by the continuous time S.P. {X,,u € [0,t]}, is the random variable Uy[a,b] =
sup, Uy ¢[a, ], where Uy gla, b](w) denotes the number of up-crossings of [a,b] by the

finite sequence { X, (w), sk € Qﬁ’l)}, as in Definition[5.2.17

REMARK. It is easy to check that for any right-continuous S.P. the number of
up-crossings in dyadic-times coincides with the natural definition of the number of
up-crossings U/ [a, b] = sup{Ur|a,b] : F a finite subset of [0, ]}, where Up|[a, b] is the
number of up-crossings of [a,b] by {Xs(w),s € F'} However, for example the non-
random S.P. X; = [,cq has zero up-crossings in dyadic-times, while U}[a, b] = oo
forany 1 >b>a > 0 and ¢t > 0. Also, U} [a, b] may be non-measurable on (2, F)
in the absence of right continuity of the underlying S.P.

LEMMA 8.2.19 (DOOB’S UP-CROSSING INEQUALITY). If { X, s > 0} is a sup-MG,
then for any t > 0,

(8.2.6) (b— a)E(U[a,b)) <E[(X; —a)_] —E[(Xo —a)_] VYa<b.

PrOOF. Fix b > a and ¢ > 0. Since {Qﬁ’g)} is a non-decreasing sequence of

finite sets, by definition ¢ — U, ¢ is non-decreasing and by monotone convergence
it suffices to show that for all £,

(b— )B(Uefa,b]) < E[(X; — a)_] — B[(Xo — a)_].

Recall Remark B.2.13] that enumerating sj, € Qﬁ’e) in a non-decreasing order pro-
duces a discrete time sup-MG { X, ,k =0,...,n} with s = 0 and s,, = ¢, so this
is merely Doob’s up-crossing inequality (52.0]). O

Since Doob’s maximal and up-crossing inequalities apply for any right-continuous
sub-MG (and sup-MG), so do most convergence results we have deduced from them
in Section 5.3l For completeness, we provide a short summary of these results (and
briefly outline how to adapt their proofs), starting with Doob’s a.s. convergence
theorem.

THEOREM 8.2.20 (DOOB’S CONVERGENCE THEOREM). Suppose right-continuous
sup-MG {X;,t > 0} is such that sup, {E[(X;)_]} < oo. Then, X; “3 X, and
E| X | < liminf; E|Xy| is finite.

PRrROOF. Let Usx[a,b] = sup,¢z, Unla,b]. Paralleling the proof of Theorem
(32 in view of our assumption that sup,{E[(X;)_]} is finite, it follows from Lemma
and monotone convergence that E(Us[a,b]) is finite for each b > a. Hence,
w.p.1. the variables Uy[a, b](w) are finite for all a,b € Q, a < b. By sample path
right-continuity and diagonal selection, in the set

Fop={w: litrg(i)r.}th(w) <a<b<limsup Xy(w)},

t—o00
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it suffices to consider ¢t € Q(Q), hence I'y p € F. Further, if w € T' 5, then
Xy (W) <a<b< Xy, (W),

for some dyadic rationals ¢ T 0o, hence Uyla,b](w) = co. Consequently, the a.s.
convergence of X; to X, follows as in the proof of Lemma (.31l Finally, the stated
bound on E|X| is then derived exactly as in the proof of Theorem (.32 O

REMARK. Similarly to Exercise[5.3.3] for right-continuous sub-MG { X} the finite-
ness of sup, E|X¢|, of sup, E[(X}%)+] and of lim inf; E| X}| are equivalent to each other
and to the existence of a finite limit for E|X,| (or equivalently, for lim, E[(X};)]),
each of which further implies that X; “3 X, integrable. Replacing (X;)+ by (X;)_
the same applies for sup-MGs. In particular, any non-negative, right-continuous,
sup-MG {X;,t > 0} converges a.s. to integrable X, such that EX,, < EXj.

Note that Doob’s convergence theorem does not apply for the Wiener process
{Wi,t > 0} (as E[(Wy)4+] = /t/(27) is unbounded). Indeed, as we see in Exercise
8235 almost surely, lim sup,_, .. Wy = co and liminf; o, Wi = —oo. That is, the
magnitude of oscillations of the Brownian sample path grows indefinitely.

In contrast, Doob’s convergence theorem allows you to extend Doob’s inequality
B22) to the maximal value of a U.IL right-continuous sub-MG over all t > 0.

EXERCISE 8.2.21. Let My = supgsg Xs for a U.L right-continuous sub-MG
{X¢,t > 0}. Show that X; 3 X, integrable and for any x > 0,
(8.2.7) P(My > ) <27 'E[Xoo I{ar>0y) < 27 'E[(X)4]
Hint: Start with (82.3) and adapt the proof of Corollary[5.57)

The following integrability condition is closely related to L' convergence of right-
continuous sub-MGs (and sup-MGs).

DEFINITION 8.2.22. We say that a sub-MG (X, Fi,t > 0) is right closable, or
has a last element (Xoo, Foo) if Ft T Foo and Xoo € LY(Q, Foo,P) is such that
for any t > 0, almost surely E[Xo|F] > X¢. A similar definition applies for a
sup-MG, but with E[X|F] < X and for a MG, in which case we require that
E[Xo|Fi] = Xy, namely, that {X,;} is a Doob’s martingale of Xo, with respect to
{F:} (see Definition [5.3.13).

Building upon Doob’s convergence theorem, we extend Theorem [5.3.121and Corol-
lary B.3.14] showing that for right-continuous MGs the properties of having a last
element, uniform integrability and L! convergence, are equivalent to each other.

PROPOSITION 8.2.23. The following conditions are equivalent for a right-continuous
non-negative sub-MG {X;,t > 0}:
(a) {X;} is U.L;
1
b) X, 5 xoo;
(c) X; ™% X alast element of {X;}.

Further, even without non-negativity (a) <= (b) = (¢) and a right-continuous
MG has any, hence all, of these properties, if and only if it is a Doob martingale.

REMARK. By definition, any non-negative sup-MG has a last element X, = 0
(and obviously, the same applies for any non-positive sub-MG), but many non-
negative sup-MGs are not U.L. (for example, any non-degenerate critical branching
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process is such, as explained in the remark following the proof of Proposition [55.5]).
So, whereas a MG with a last element is U.IL. this is not always the case for sub-MGs
(and sup-MGs).

PROOF. (a) <= (b): U.l. implies L'-boundedness which for a right-continuous
sub-MG yields by Doob’s convergence theorem the convergence a.s., and hence in
probability of X; to integrable X.,. Clearly, the L' convergence of X; to X
also implies such convergence in probability. Either way, recall Vitali’s convergence
theorem (i.e. Theorem [[3.49), that U.L is equivalent to L' convergence when
X, 5% X.. We thus deduce the equivalence of (a) and (b) for right-continuous
sub-MGs, where either (a) or (b) yields the corresponding a.s. convergence.

(a) and (b) yield a last element: With X, denoting the a.s. and L! limit of the
U.L collection {X,}, it is left to show that E[Xo|Fs] > X, for any s > 0. Fixing
t > s and A € F,, by the definition of sub-MG we have E[X:I4] > E[XI4].
Further, E[X; 4] — E[Xo14a] (recall part (c¢) of Exercise [3355). Consequently,
E[Xoola] > E[X,14] for all A € F,. That is, E[Xoo|F] > X..

Last element and non-negative => (a): Since X; > 0 and EX; < EX, finite, it
follows that for any finite ¢ > 0 and M > 0, by Markov’s inequality P(X; > M) <
M~ EX, < M 'EX, — 0 as M 1 co. It then follows that E[XooIx,>Mmy] con-
verges to zero as M 1 oo, uniformly in ¢ (recall part (b) of Exercise[[.3.43]). Further,
by definition of the last element we have that E[X/ix,>an] < E[Xool{x,>m})-
Therefore, E[XI;x,>a}] also converges to zero as M 1 oo, uniformly in ¢, i.e.
{X:}is U.L

Equivalence for MGs: For a right-continuous MG the equivalent properties (a)
and (b) imply the a.s. convergence to X such that for any fixed ¢ > 0, a.s.
X < E[X|Fi]. Applying this also for the right-continuous MG {—X,} we deduce
that X is a last element of the Doob’s martingale X; = E[X|F¢]. To complete
the proof recall that any Doob’s martingale is U.I. (see Proposition [1.2.33)). O

Finally, paralleling the proof of Proposition £.3.22] upon combining Doob’s con-
vergence theorem [R.2.20] with Doob’s LP maximal inequality (82.1) we arrive at
Doob’s L? MG convergence.

PROPOSITION 8.2.24 (DOOB’S L MARTINGALE CONVERGENCE).
If right-continuous MG {X;,t > 0} is LP-bounded for some p > 1, then X; — X
a.s. and in LP (in particular, | X, = | Xoollp)-

Throughout we rely on right continuity of the sample functions to control the tails
of continuous time sub/sup-MGs and thereby deduce convergence properties. Of
course, the interpolated MGs of Example and the MGs derived in Exercise
[B27 out of the Wiener process are right-continuous. More generally, as shown
next, for any MG the right-continuity of the filtration translates (after a modifica-
tion) into RCLL sample functions, and only a little more is required for an RCLL
modification in case of a sup-MG (or a sub-MG).

THEOREM 8.2.25. Suppose (X, Fi,t > 0) is a sup-MG with right-continuous fil-
tration {Fi,t > 0} and t — EX, is right-continuous. Then, there exists an RCLL
modification {X;,t > 0} of {Xy,t > 0} such that (X, Fy,t > 0) is a sup-MG.

PrOOF. Step 1. To construct {)N(t,t > 0} recall Lemma B2.T9] that any sup-
MG {X;,t > 0} has a finite expected number of up-crossings E(U,[a, b]) for each
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b>a and n € Z;. Hence, P(I") = 0, where
I'={w:Uyla,b](w) = oo, for some n € Zy,a,b€ Q,b>a}.
Further, if w €  is such that for some 0 <t < n,

liminf X,(w) < limsup X,(w),
glt,qeQ@ qlt,qeQ® I

then there exist a,b € Q, b > a, and a decreasing sequence g € Qﬁf) such that
X W) < a < b < Xy, ,(w), which in turn implies that Uy,[a, b](w) is infinite.
Thus, if w ¢ T" then the limits X;+(w) of X,(w) over dyadic rationals ¢ | ¢ exist at

all t > 0. Considering the R.V.-s M;F = sup{(X,)+ :q € Qg)} and the event
I, = FU{w : MF(w) = oo, for some n € Z,},

observe that if w ¢ ', then X+ (w) are finite valued for all ¢ > 0. Further, setting
X (w) = Xyt (w)Ire (w), note that w — X, (w) is measurable and finite for each
t > 0. We conclude the construction by verifying that P(T',) = 0. Indeed, recall
that right-continuity was applied only at the end of the proof of Doob’s inequality
®Z2), so using only the sub-MG property of (X;)_ we have that for all y > 0,

P(M, >y) <y 'E[(X,)_].

Hence, M, is a.s. finite. Starting with Doob’s second inequality (E23]) for the
sub-MG {—X;}, by the same reasoning P(M," > y) < y~1(E[(X,)-] + E[X,]) for
all y > 0. Thus, M, is also a.s. finite and as claimed P(T'y) = 0.

Step 2. Recall that our convention, as in Remark BI.3] implies that the P-null
event I', € Fy. It then follows by the Fi-adaptedness of {X;} and the preceding
construction of X+, that {)N(t} is Fy+-adapted, namely F-adapted (by the assumed
right-continuity of {F;,¢ > 0}). Clearly, our construction of X+ yields right-
continuous sample functions ¢ — X, (w). Further, a re-run of part of Step 1 yields
the RCLL property, by showing that for any w € I'¢ the sample function t — X+ (w)
has finite left limits at each ¢ > 0. Indeed, otherwise there exist a,b € Q, b > a and
sk Tt such that X . (w)y<a<b< Xt (w). By construction of X+ this implies

the existence of g, € Q) such that g 1 ¢ and Koo 1 (W) < a < b < X, (w).
Consequently, in this case Uy[a, b](w) = oo, in contradiction with w € T'S.

Step 3. Fixing s > 0, we show that X,+ = X, for a.e. w ¢ Iy, hence the F-
adapted S.P. {X;,t > 0} is a modification of the sup-MG (X;, F;,¢ > 0) and as
such, ()N(t,]-},t > 0) is also a sup-MG. Turning to show that X X, fix
non-random dyadic rationals ¢r | s as k | —oo and recall Remark R2.13 that
(Xqi, Faus k € Z_) is a reversed sup-MG. Further, from the sup-MG property, for
any A € Fg,

sup E[X,, J4] < E[X,I4] < 0.
k

Considering A = Q, we deduce by Exercise [(.5.2]] that the collection {X,, } is U.L
and thus, the a.s. convergence of X,, to X + yields that E[X,, [4] — E[X+14]
(recall part (c) of Exercise [L3.55). Moreover, E[X,, | — E[X] in view of the
assumed right-continuity of ¢t — E[X;]. Consequently, taking k | —oo we deduce
that E[X .+ 4] < E[X 4] for all A € Fg, with equality in case A = Q. With both
X+ and X, measurable on Fg, it thus follows that a.s. X = X, as claimed. 0O
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8.2.3. The optional stopping theorem. We are ready to extend the very
useful Doob’s optional stopping theorem (see Theorem [E.4.1]), to the setting of
right-continuous sub-MGs.

THEOREM 8.2.26 (DOOB’S OPTIONAL STOPPING).

If (X4, Fi,t € [0,00]) is a right-continuous sub-MG with a last element (Xoo, Foo)
in the sense of Definition[82.22, then for any Fy-Markov times 7 > 6, the integrable
Xo and X, are such that EX; > EXy, with equality in case of a MG.

REMARK. Recall Proposition B8 that right-continuous, F;-adapted {Xs,s > 0}
is Fi-progressively measurable, hence also F;+-progressively measurable. With the
existence of X, € mFs, it then follows from Proposition BRT.13] that Xy € mFy+
is a R.V. for any F;-Markov time 6 (and by the same argument Xg € mJFp in case
0 is an Fy-stopping time).

PrOOF. Fixing £ > 1 and setting s, = k2~¢ for k € Z, U {oc}, recall Remark
that (X, ,Fs,, k € Zy) is a discrete time sub-MG. Further, the assumed
existence of a last element (X, Foo) for the sub-MG (X, F;,t > 0) implies that
a.s. E[X, _|Fs] > X, for any k € Z;. With a slight abuse of notations we
call {sy}-valued R.V. 7 an F;, -stopping time if {7 < s;} € F;, for all k € Zy.
Then, as explained in Remark [(.4.2] it thus follows from Theorem [(.4.1] that for
any F, -stopping times 7, > 6,, the R.V. X, and Xj, are integrable, with

(8.2.8) E[X,,] > E[Xy,] > E[X,].

In Lemma we have constructed an Fj, -stopping time 7, = 27¢([2¢7] + 1)
for the given Fi-Markov time 7. Similarly, we have the F; -stopping time 0, =
274([20] + 1) corresponding to the F;-Markov time #. Our assumption that 7 > 6
translates to 7, > 6y, hence the inequality (B2.8]) holds for any positive integer
¢. By their construction 74(w) | 7(w) and 0y(w) | O(w) as £ 1 oco. Thus, by the
assumed right-continuity of ¢ — X;(w), we have the a.s. convergence of X, to Xy
and of X, to X, (when ¢ — c0).

We claim that (X, _,Fr_ ,n € Z_) is a discrete time reversed sub-MG. Indeed,
fixing £ > 2, note that Q*~ 1 U{oc} is a subset of QY U{oc} = {s;.}. Appealing
once more to Remark [5.4.2] we can thus apply Lemma [(5.4.3] for the pair o1 > 75
of Fs,-stopping times and deduce that a.s.

E[X:, \|Fr] = X7, .

The latter inequality holds for all £ > 2, amounting to the claimed reversed sub-
MG property. Since in addition inf,, EX,_ > EXj is finite (see (82.8))), we deduce
from Exercise 5527 that the sequence {X;,}7°, is U.I. The same argument shows
that { Xy, }5°, is U.I. Hence, both sequences converge in L' to their respective limits
X, and Xjy. In particular, both variables are integrable and in view of (828]) they
further satisfy the stated inequality EX, > EXj. O

We proceed with a few of the consequences of Doob’s optional theorem, starting
with the extension of Lemma [5.4.3] to our setting.

COROLLARY 8.2.27. If (Xy, F,t € [0,00]) is a right-continuous sub-MG with a last
element, then E[X,|Fp+] > X w.p.1. for any Fy-Markov times T > 6 (with equality
in case of a MG), and if 0 is an Fi-stopping time, then further E[X |Fys] > X
w.p.1. (again with equality in case of a MG).
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ProoOF. Fixing A € Fy+, it follows as in the proof of Lemma that n =
0I4 + 714 is an Fyi-stopping time. Thus, applying Theorem for 7 > n we
deduce that E[X;] > E[X,]. Further, X; and Xy are integrable, so proceeding as
in the proof of Lemma [5.4.3 we get that E[(ZT — Xg)I4] > 0 for ZT = E[X,|Fp+]
and all A € Fp+. Recall as noted just after the statement Theorem R.2.26] that
Xy € mFy+ for the F,+-stopping time 6, and consequently, a.s. Z+ > Xy, as
claimed.

In case 6 is an F;-stopping time, note that by the tower property (and taking out
the known I,), also E[(Z — Xy)I4] > 0 for Z = E[ZT|Fy] = E[X,|Fy] and all
A € Fy. Here, as noted before, we further have that Xy € mJFy and consequently,
in this case, a.s. Z > Xy as well. Finally, if (X, 5, ¢t > 0) is further a MG, combine
the statement of the corollary for sub-MGs (X, F;) and (—Xy, F;) to find that a.s.
Xo = Z7" (and Xy = Z for an F;-stopping time 6). ]

REMARK 8.2.28. We refer hereafter to both Theorem and its refinement
in Corollary as Doob’s optional stopping. Clearly, both apply if the right-
continuous sub-MG (X, F¢,t > 0) is such that a.s. E[Y|F;] > X; for some inte-
grable R.V. Y and each ¢t > 0 (for by the tower property, such sub-MG has the
last element Xo, = E[Y|F]). Further, note that if 7 is a bounded Fi-Markov
time, namely 7 € [0, 7T for some non-random finite 7', then you dispense of the re-
quirement of a last element by considering these results for Y; = Xy (whose last
element Y, is the integrable X; € mFr C mFo and where Y, = X, Yy = Xy).
As this applies whenever both 7 and 6 are non-random, we deduce from Corollary
that if X; is a right-continuous sub-MG (or MG) for some filtration {F;},
then it is also a right-continuous sub-MG (or MG, respectively), for the correspond-
ing filtration {F+ }.

The latter observation leads to the following result about the stopped continuous
time sub-MG (compare to Theorem E1.32)).

COROLLARY 8.2.29. If n is an Fi-stopping time and (X, Fi,t > 0) is a right-
continuous subMG (or supMG or a MG), then Xiny = Xiny(w)(w) is also a right-
continuous subMG (or supMG or MG, respectively), for this filtration.

PRrOOF. Recall part (b) of Exercise BI.I0, that 7 = u A n is a bounded F-
stopping time for each u € [0, 00). Further, fixing s < u, note that for any A € Fy,

0= (sAnIa~+ (uAn)lae,
is an F;-stopping time such that 8 < 7. Indeed, as Fs; C F; when s < t, clearly
{0<t}={n<ttuAn{s<thuA°nN{s<u<t}) e F,

for all t > 0. In view of Remark we thus deduce, upon applying Theorem
R226] that E[IaXuay] > E[JaXpy) for all A € F,. From this we conclude that
the sub-MG condition E[X,ay | Fs] > Xsay holds a.s. whereas the right-continuity
of t — Xyay is an immediate consequence of right-continuity of ¢ — X,. O

In the discrete time setting we have derived Theorem B4l also for UL {X,A,}
and mostly used it in this form (see Remark B42). Similarly, you now prove
Doob’s optional stopping theorem for right-continuous sub-MG (X;, 7, ¢t > 0) and
Fi-stopping time 7 such that {X;a-} is UL
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EXERCISE 8.2.30. Consider a right-continuous sub-MG (X, F¢,t > 0) and Fi-
stopping times T > 6.

(a) Fizing finite, non-random u > 0, show that a.s. E[Xya-|Fg] > Xune (with
equality in case of a MG).
Hint: Apply Corollary [8-2.27 for the stopped sub-MG (Xinu, Fi,t > 0).

(b) Show that if (Xynr,u > 0) is U.L then Xy and X, (defined as limsup, Xy for
T = o0), are integrable and E[X.|Fg] > Xy a.s. (with equality for a MG).
Hint: Show that Y, = Xys+ has a last element.

Relying on Corollary [8.2.27 you can now also extend Corollary [5.4.59]

EXERCISE 8.2.31. Suppose (X, Fi,t > 0) is a right-continuous sub-MG and {7}
is a non-decreasing sequence of Fy-stopping times. Show that if (X, F¢,t > 0) has a
last element or supy, 7, < T for some non-random finite T, then (X, , Fr.,k € Z4)
is a discrete time sub-MG.

Next, restarting a right-continuous sub-MG at a stopping time yields another
sub-MG and an interesting formula for the distribution of the supremum of certain
non-negative MGs.

EXERCISE 8.2.32. Suppose (Xi, Fi,t > 0) is a right-continuous sub-MG and that
T 15 a bounded Fi-stopping time.
(a) Verify that if Fy is a right-continuous filtration, then so is Gy = Fiqr.
(b) Taking Yy = X4t — X, show that (Yy, G, t > 0) is a right-continuous
sub-MG.
EXERCISE 8.2.33. Consider a non-negative MG {Z;,t > 0} of continuous sample
functions, such that Zo =1 and Z; “3 0 as t — oo. Show that for any x > 1,

PsupZ; > x) =a .
t>0

EXERCISE 8.2.34. Using Doob’s optional stopping theorem re-derive Doob’s in-
equality. Namely, show that for t,x > 0 and right-continuous sub-MG { X, s > 0},

P(sup X, > ) <2 'E[(X,)4].
0<s<t

Hint: Consider the sub-MG ((Xunt)+, FX), the FX-Markov time § = inf{s > 0 :
Xs >z}, and 7 = o0.

We conclude this sub-section with concrete applications of Doob’s optional stop-
ping theorem in the context of first hitting times for the Wiener process (W, t > 0)
of Definition [[.3.12]

EXERCISE 8.2.35. For r < 0 consider Zt(T) = Wy + rt, the Brownian motion with
drift (and continuous sample functions), starting at ZéT) =0.

(a) Check that the first hitting time TIST) = inf{t > 0 : Zt(r) > b} of level
b >0, is an FYY -stopping time.
(b) For s >0 set 0(r,s) = Vr?+2s—r and show that
E[eXp(—STZET))] = exp(—0(r, s)b).
Hint: Check that %92 +r0—s=0 at 0 = 0(r,s), then stop the martingale
uo(t, Wy, 8(r, s)) of Exercise[8.2.7 at TZET).
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(c) Letting s | 0 deduce that P(TIST) < 00) = exp(2rd).
(d) Considering now r =0 and b1 oo, deduce that a.s. limsup, , . W; = oo
and liminf;_ o W; = —o0.

EXERCISE 8.2.36. Consider the exit time Tgb) =inf{t > 0: Zt(r) ¢ (—a,b)} of an
interval, for the S.P. Zt(r) = Wi+rt of continuous sample functions, where Wy = 0,
r € R and a,b > 0 are finite non-random.

(a) Check that Tgb) is a.s. finite F¥ -stopping time and show that for any
r#0,

P(Z0) = —a)=1-P(z7) =b

) = r) —
,b b

1— 6—27‘17
) = e2ra _ 672rb ?
while P(W_©) = —a) =b/(a +b).
a,b
Hint: For r # 0 consider uo(t, Wy, —2r) of Exercise[8-2.7 stopped at Tgb).
(b) Show that for all s >0
E(eiST(Og) _ sinh(av/2s) + sinh(bv/2s)
sinh((a + b)v/2s)
Hint: Stop the MGs uo(t, Wy, +v/2s) of Ezercise[8.2.7 at 7o, = Té?g.

(¢) Deduce that Etap, = ab and Var(a) = %2 (a® + b?).
Hint: Recall part (b) of Exercise[3.20,

Here is a related result about first hitting time of spheres by a standard d-
dimensional Brownian motion.

DEFINITION 8.2.37. The standard d-dimensional Brownian motion is the R%-
valued S.P. {W (t),t > 0} such that W (t) = (W1 (t),..., Wa(t)) with {W;(t),t > 0},
1=1,2,...,d mutually independent, standard (one-dimensional) Wiener processes.
It is clearly a MG and a centered R*-valued Gaussian S.P. of continuous sample
functions and stationary, independent increments.

EXERCISE 8.2.38. Let F)V = o(W.(s),s < t) denote the canonical filtration of
a standard k-dimensional Brownian motion, Ry = ||[W (t)||2 its Euclidean distance
from the origin and 0, = inf{t > 0 : Ry > b} the corresponding first hitting time of
a sphere of radius b > 0 centered at the origin.

(a) Show that My = R? — kt is an FY -martingale of continuous sample

functions and that 0 is an a.s. finite FY¥ -stopping time.
(b) Deduce that E[6) = b2 /k.

REMARK. The S.P. {R:,t > 0} of the preceding exercise is called the Bessel
process with dimension k. Though we shall not do so, it can be shown that the
SP.Bi=R;—v fot R lds is well-defined and in fact is a standard Wiener process
(c.f. [KaS97l Proposition 3.3.21]), with v = (k — 1)/2 the corresponding index of
the Bessel process. The Bessel process is thus defined for all v > 1/2 (and starting
at Ry =r > 0, also for 0 < v < 1/2). One can then further show that if Ry = > 0
then P,.(inf;>0 Ry > 0) = Ij,~1/2) (hence the k-dimensional Brownian motion is
O-transient for k > 3, see Definition [6.3.21)), and P,.(R; > 0, for all ¢ > 0) = 1 even
for the critical case of v = 1/2 (so by translation, for any given point z € R?, the
two-dimensional Brownian path, starting at any position other than z € R? w.p.1.
enters every disc of positive radius centered at z but never reaches the point z).
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8.2.4. Doob-Meyer decomposition and square-integrable martingales.
In this section we study the structure of square-integrable martingales and in
particular the roles of the corresponding predictable compensator and quadratic
variation. In doing so, we fix throughout the probability space (2, F,P) and a
right-continuous filtration {F;} on it, augmented so that every P-null set is in F

(see Remark BT3).

DEFINITION 8.2.39. We denote by My the vector space of all square-integrable
martingales {Xi,t > 0} for the fizxed right-continuous filtration, which start at
Xo = 0 and have right-continuous sample functions. We further denote by MS
the linear subspace of My consisting of those square-integrable martingales whose
sample functions are continuous (and as before Xg =10).

As in the discrete time setting of Section [5.3.2] the key to the study of a square-
integrable martingale X € My is the Doob-Meyer decomposition of X? to the sum
of a martingale and the predictable quadratic variation (X);. More generally, the
Doob-Meyer decomposition is the continuous time analog of Doob’s decomposition
of any discrete time integrable process as the sum of a martingale and a predictable
sequence. The extension of the concept of predictable S.P. to the continuous time
setting is quite subtle and outside our scope, but recall Exercise that when
decomposing a sub-MG, the non-martingale component should be an increasing
process, as defined next.

DEFINITION 8.2.40. An F;-adapted, integrable S.P. {A:,t > 0} of right-continuous,
non-decreasing sample functions starting at Ag = 0, is called an increasing process
(or more precisely, an Fi-increasing process).

REMARK. An increasing process is obviously a non-negative, right-continuous,
sub-MG. By monotonicity, Ay, = limy_, A; is a well defined random variable,
and due to Proposition B2.23] integrability of A, is equivalent to {A;} being U.I.
which in turn is equivalent to this sub-MG having a last-element (i.e. being right
closable).

Recall the notion of ¢-th variation of a function f : [a,b] — R, with ¢ > 0 a
parameter, which we next extend to the ¢-th variation of continuous time S.P.-s.

DEFINITION 8.2.41. For any finite partition m = {a = s((f) < sgﬁ) < < s,(:) =

b} of [a,b], let ||| = maxle{sgﬁ) - 31('7:)1} denote the length of the longest interval
n T and

k
VO =Y 155 = Fsiple
1=1

denote the g-th variation of the function f(-) on the partition w. The g-th variation
of f(+) on [a,b] is then the [0, oo]-valued

(8.2.9) V@(f) = lim V9(f),
f|ll—0

provided such limit exists (namely, the same R-valued limit exists along each se-
quence {mp,n > 1} such that ||m,|| — 0). Similarly, the q-th variation on [a,b]
of a S.P. {Xy,t > 0}, denoted V(9 (X) is the limit in probability of V((:)) (X.(w))
per (829), if such a limit exists, and when this occurs for any compact interval
[0,2], we have the g-th variation, denoted V(9 (X);, as a stochastic process with
non-negative, non-decreasing sample functions, such that V(@ (X) = 0.
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REMARK. As you are soon to find out, of most relevance here is the case of ¢-
th variation for ¢ = 2, which is also called the quadratic variation. — Note also

that V((Trl))( f) is bounded above by the total variation of the function f, namely

V(f)= sup{VSTl))( f) : ™ a finite partition of [a, b]} (which induces at each interval a
norm on the linear subspace of functions of finite total variation, see also the related
Definition of total variation norm for finite signed measures). Further, as
you show next, if V) (f) exists then it equals to V(f) (but beware that V()
may not exist, for example, in case f(¢) = 1g(t)).

EXERCISE 8.2.42.

(a) Show that if f : [a,b] — R is monotone then V((Trl))(f) = maxe(q,5 1 f (1)} —

mingeq 5 {f(t)} for any finite partition 7, so in this case V() =V(f)
is finite.

(b) Show that m — V((Trl))() is non-decreasing with respect to a refinement
of the finite partition w of [a,b] and hence, for each f there exist finite
partitions m, such that |my,] } 0 and V((Trlj)(f) TV().

(¢) For f :[0,00) = R and t > 0 let V(f); denote the value of V(f) for
the interval [0,t]. Show that if f(-) is left-continuous, then so is the
non-decreasing function t — V(f);.

(d) Show that if t = X is left-continuous, then V(X); is FiX-progressively
measurable, and 7, = inf{t > 0 : V(X); > n} are non-decreasing Fi*-
Markov times such that V(X )iar, < n for all n and t.

Hint: Show that enough to consider for V(X); the countable collection
of finite partitions for which sgﬁ) € Qg), then note that {1, < t} =
Ue>1{V(X);—gx—1 2 n}.

From the preceding exercise we see that any increasing process A; has finite total
variation, with V(A); = V(N (A), = A, for all t. This is certainly not the case for
non-constant continuous martingales, as shown in the next lemma (which is also
key to the uniqueness of the Doob-Meyer decomposition for sub-MGs of continuous
sample path).

LEMMA 8.2.43. A martingale My of continuous sample functions and finite total
variation on each compact interval, is indistinguishable from a constant.

REMARK. Sample path continuity is necessary here, for in its absence we have
the compensated Poisson process M; = N; — At which is a martingale (see Exam-
ple B2.0), of finite total variation on compact intervals (since V(M); < V(N): +
V(At): = N: + At by part (a) of Exercise R2242).

PROOF. Considering the martingale M; = M; — My such that V(]T/[/)t =V (M),
for all ¢, we may and shall assume hereafter that My = 0. Suppose first that
V(M) < K is bounded, uniformly in ¢ and w by a non-random finite constant. In
particular, |M;| < K for all ¢ > 0 and fixing a finite partition 7 = {0 = sp < 51 <
.-+ < s = t}, the discrete time martingale M, is square integrable and as shown
in part (b) of Exercise (1.8

k

E[M?] = E@Mﬁ - M,,_,)*] =E[VE ()]
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By the definition of the g-th variation and our assumption that V(M); < K, it
follows that

k
V(STQ))(M) < Kiljli) |M,, — M,, ,|=:KD,.

Taking expectation on both sides we deduce in view of the preceding identity that
E[M? < KED, where 0 < D, < V(M), < K for all finite partitions 7 of [0,].
Further, by the uniform continuity of ¢ — M;(w) on [0,T] we have that D,(w) — 0
when ||7|| | 0, hence E[D,] — 0 as ||x|| | 0 and consequently E[M?] = 0.

We have thus shown that if the continuous martingale M; is such that sup, V (M),
is bounded by a non-random constant, then M;(w) = 0 for any ¢ > 0 and a.e.
w € Q. To deal with the general case, recall Remark 8228 that (M, }'tl\f, t>0)is
a continuous martingale, hence by Corollary and part (d) of Exercise
so is (Minr,, FE,t > 0), where 7, = inf{t > 0 : V(M); > n} are non-decreasing
and V(M)iar, <n for all n and t. Consequently, for any ¢ > 0, w.p.1. Mir,, =0
for n = 1,2,.... The assumed finiteness of V(M);(w) implies that 7,, T oo, hence
Mins, — My as n — oo, resulting with M;(w) = 0 for a.e. w € Q. Finally, by the
continuity of ¢ — M;(w), the martingale M must then be indistinguishable from
the zero stochastic process (see Exercise [[.2.3)). O

Considering a bounded, continuous martingale X;, the next lemma allows us to
conclude in the sequel that V((:)) (X) converges in L? as ||7|| } 0 and its limit can be

set to be an increasing process.

LEMMA 8.2.44. Suppose X € MS. For any partition 7 = {0 = sg < 51 < --- }
) _

of [0,00) with a finite number of points on each compact interval, the S.P. M,;"
X? - Vt(w) (X) is an Fy-martingale of continuous sample path, where
k

(8210) V(X)) =D (Xe = Xo )2+ (Xy — Xo,)?, VEE [s5,8k41) -

i=1
If in addition sup, | X;| < K for some finite, non-random constant K, then V((fn)) (X)
is a Cauchy sequence in L*(Q2, F,P) for any fived b and finite partitions 7, of [0, b]
such that |7, || — 0.

PROOF. (a). With FX C F;, the F;-adapted process M; = Mt(ﬂ) of continuous
sample paths is integrable (by the assumed square integrability of X;). Noting that
for any £ > 0 and all s, < s <t < sgy1,

My — M = Xt2 - Xs2 - (Xt - Xsk)z + (XS - Xsk)2 = 2X5k(Xt - Xs)v
clearly then E[M, — M,|F,] = 2X,, E[X; — X|F,] = 0, by the martingale property
of (Xy, i), which suffices for verifying that {M;, F;,t > 0} is a martingale.

(b). TUtilizing these martingales, we now turn to prove the second claim of the
lemma. To this end, fix two finite partitions m and #’ of [0,b] and let T denote
the partition based on the collection of points 7 U 7’. With U] = Vt(ﬂ/)(X ) and
U, = Vt(ﬁ)(X), applying part (a) of the proof for the martingale 7Z; = Mt(ﬂ) -
Mt(wl) = U/ — U (which is square-integrable by the assumed boundedness of X;),
we deduce that Z2 — Vt(ﬁ) (Z), t € [0,b] is a martingale whose value at ¢ = 0 is zero.
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Noting that Z, = V((:,)) (X)— V(f)) (X), it then follows that

B[V () -V ()] = Bz = BV, (2)].

Next, recall (B2Z.10) that V;)(ﬁ)(Z) is a finite sum of terms of the form (U, —U.-U, +
U,)? < 2(U!, —UL? 4 2(U, — U,)?. Consequently, V™ (Z) < 2V (U") + 2V (1)
and to conclude that V(fZ)(X ) is a Cauchy sequence in L?(Q, F,P) for any finite
partitions 7, of [0, 5] such that ||7,| — 0, it suffices to show that E[I/;)(%)(U)] -0
as ||7'|| V ||=|| — 0.

To establish the latter claim, note first that since 7 is a refinement of m, each
interval [t;,%;41] of 7T is contained within some interval [s;, s;+1] of 7, and then

Upor = U, = (X, — Xo)? = (Xy, — X)) = (X, — X)) (X, + X, — 2X,)
(see B2I0)). Since tj11 — s; < ||«||, this implies in turn that
Ui,y = Us,)? < 4(Xy,,, — Xi,)?osc)q (X)]?,
where oscs(X) = sup{|X; — Xs| : |t — s| < 0, t,s € [0,b]}. Consequently,
V7 () < 4G (0)foser (X))
and by the Cauchy-Schwarz inequality

[Evlf)(U)}2 < 16E| (7 (X)*| B[ (oscy (X)) ]

J+1

J+1

The random variables oscs(X) are uniformly (in 6 and w) bounded (by 2K) and
converge to zero as § | 0 (in view of the uniform continuity of ¢ — X; on [0, d]).
Thus, by bounded convergence the right-most expectation in the preceding inequal-
ity goes to zero as ||| — 0. To complete the proof simply note that Vb(%) (X) is of
the form Z§:1 D? for the differences D; = X3, — X3, _,
discrete time martingale { X, }, hence E[(Vb(%) (X))Q] < 6K* by part (c) of Exercise
0. 1.3 (]

of the uniformly bounded

Building on the preceding lemma, the following decomposition is an important
special case of the more general Doob-Meyer decomposition and a key ingredient
in the theory of stochastic integration.

THEOREM 8.2.45. For X € MS, the continuous modification of V) (X); is the
unique Fy-increasing process Ay = (X)) of continuous sample functions, such that
M; = X? — Ay is an Fy-martingale (also of continuous sample functions), and any
two such decompositions of X2 as the sum of a martingale and increasing process
are indistinguishable.

PROOF. Step 1. Uniqueness. If X} = My+ A, = Ny+ B, with Ay, B, increasing
processes of continuous sample paths and My, N; martingales, then Y; = Ny — M; =
A; — B, is a martingale of continuous sample paths, starting at Yy = Ag — By = 0,
such that V(Y); < V(A);+V(B): = A+ By is finite for any ¢ finite. From Lemma
R243 we then deduce that w.p.1. Y; = 0 for all ¢t > 0 (i.e. {A;} is indistinguishable
of {B:}), proving the stated uniqueness of the decomposition.

Step 2. Ezistence of V) (X), when X is uniformly bounded.
Turning to construct such a decomposition, assume first that X € M$ is uniformly

(in t and w) bounded by a non-random finite constant. Let Vi(t) = Vt(”)(X) of
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(82ZI0) for the partitions 7, of [0,00) whose elements are the dyadic Q) =

{k27* k € Z}. By definition, V,(t) = V(f;)) (X) for the partitions m of [0, ] whose

elements are the finite collections Qﬁ’e) of dyadic from 7, N [0,¢] augmented by
{t}. Since ||7,|| < ||| = 27, we deduce from Lemma BZ44 that per ¢ > 0 fixed,
{Vi(t),£ > 1} is a Cauchy sequence in L?(€2, F,P). Recall Proposition 3.7 that
any Cauchy sequence in L?(Q, F,P) has a limit. So, in particular V;(¢) converges
in L2, for £ — oo, to some U(t,w). For any (other) sequence 72, of finite partitions
of [0,t] such that ||72,|| 4 O, upon interlacing 7o,4+1 = =, we further have by
Lemma R.2.44] that V((:j)(X ) is a Cauchy, hence convergent in L2, sequence. Its
limit coincides with the sub-sequential limit U(¢,w) along ny = 2¢ + 1, which also
matches the L? limit of V%)n (X). As this applies for any finite partitions 7o,
of [0,t] such that [|T2,]| | 0, we conclude that (t,w) — U(t,w) is the quadratic
variation of {X;}.

Step 3. Constructing A;. Turning to produce a continuous modification A;(w) of
U(t,w), recall Lemma R244] that for each ¢ the process My; = X}? — V,(t) is an
Fi-martingale of continuous sample path. The same applies for V,(t) — Vp,,(t) =
My, ¢ — M, 1, so fixing an integer j > 1 we deduce by Doob’s L? maximal inequality

(see (B2ZH) of Corollary R2.10]), that
E(|[Ve = Viull5] < 4E[(Va(5) = Vi ())°].

where || f]|; = sup{|f(¢)] : t € [0, 7]} makes Y = C([0, j]) into a Banach space (see
part (b) of Exercise A3.8)). In view of the L? convergence of V;,(j) we have that
E[(Vo(§) — Vin(4))?] — 0 as n,m — oo, hence V,, : Q — Y is a Cauchy sequence
in L?(Q, F,P;Y), which by part (a) of Exercise E.3.8 converges in this space to
some Uj(-,w) € C([0,j]). By the preceding we further deduce that U;(t,w) is a
continuous modification on [0, j] of the pointwise L? limit function U (¢,w). In view
of Exercise[.2.3) for any j' > j the S.P.-s U; and U are indistinguishable on [0, j],
so there exists one square-integrable, continuous modification A : Q — C([0, 00))
of U(t,w) whose restriction to each [0, j] coincides with U; (up to one P-null set).
Step 4. The decomposition: Ay increasing and M; = X2 — A; martingale.

First, as V4(0) = 0 for all ¢, also Ag = U(0,w) = 0. We saw in Step 3 that
Ve — All; — 0 in L2, hence also in L' and consequently E[o(||V; — A4]|;)] = 0 when
¢ — o0, for p(r) =r/(1 +r) <r and any fixed positive integer j. Hence,

E[p(Ve, A)] = Y 277E[p(|[Ve — Al;)] = 0,
j=1

as { — oo, where p(,-) is a metric on C([0,00)) for the topology of uniform
convergence on compact intervals (see Exercise [[2.9]). To verify that A; is an
Fi-increasing process, recall Theorem that p(Vj,,, A) “¥ 0 along some non-
random subsequence ny. That is, with Fy augmented as usual by all P-null sets,
Vi, (t,w) = Ay(w) as k — oo, for all t > 0 and w ¢ N, where N € Fj is such that
P(N) = 0. Setting Ay = 0 when w € N, the Fi-adaptedness of V,,, (t) transfers to
Ay. Also, by construction ¢ +— Vt(ﬂ is non-decreasing when restricted to the times
in 7. Moreover, if ¢ < ¢’ € Q® then for all k large enough ¢,¢' € 7,, implying
that V,,, (¢) < Vi, (¢'). Taking k — oo it follows that Ay(w) < Ay (w) for all w € Q,
thus by sample path continuity, A; is an Fy-increasing process.
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Finally, since the Fi-martingales My ; converge in L! for £ — oo (and t > 0 fixed),
to the Fi-adapted process M; = X? — Ay, it is easy to check that {M;, F;, t > 0} is
a martingale.

Step 5. Localization. Having established the stated decomposition in case X € M§$
is uniformly bounded by a non-random constant, we remove the latter condition
by localizing via the stopping times 7, = inf{t > 0 : | X;| > r} for positive inte-
gers r. Indeed, note that since X;(w) is bounded on any compact time interval,

7. T 00 when r — oo (for each w € Q). Further, with Xt(r) = Xiars, a uniformly

bounded (by r), continuous martingale (see Corollary B2:29), by the preceding
proof we have F;-increasing processes AgT), each of which is the continuous mod-
ification of the quadratic variation V(2 (X (), such that Mt(r) = X7\, — AET)
are continuous Fj-martingales. Since E[p(V (™) (X)) A(M)] — 0 for £ — oo and
each positive integer r, in view of Theorem we get by diagonal selection the
existence of a non-random sub-sequence ny — oo and a P-null set N, such that
p(Vn) (X)) AT — 0 for k — oo, all  and w ¢ N,. From (B2I0) we note
that V;(ﬂ) (X)) = V;(AWT)T (X) for any ¢, w, r and m. Consequently, if w ¢ N, then
Agr) = A&)TT for all ¢ > 0 and AET) = AET,) as long as r < v’ and t < 7,. Since
t— Agr) (w) are non-decreasing, necessarily Agr) < AET,) for all ¢ > 0. We thus
deduce that Agr) 1 A; for any w ¢ N, and all ¢ > 0. Further, with AET) inde-
pendent of r as soon as 7.(w) > ¢, the non-decreasing sample function t — A:(w)
inherits the continuity of ¢ — Agr)(w). Taking A;(w) = 0 for w € N, we proceed

to show that A; is integrable, hence an F;-increasing process of continuous sample

functions. To this end, fixing v > 0 and setting Z, = XZMT, by monotone con-

vergence EZ, = EM" + EAD + EA, when r — oo (as Mt(r) are martingales,
starting at Mér) = 0). Since u A 7- T u and the sample functions ¢ — X; are con-
tinuous, clearly Z, — X2. Moreover, sup,. |Z,| < (supg<s<,, | Xs|)? is integrable (by
Doob’s L? maximal inequality [82H)), so by dominated convergence EZ, — EX2.
Consequently, EA, = EX2 is finite, as claimed.

Next, fixing t > 0, ¢ > 0, r € Z4 and a finite partition = of [0, ¢], since V(2)) (X) =

(m
V((:)) (X)) whenever 7, > t, clearly,
IV (X) = Al > 26} € {ry < B UVEXD) = AP > e} U{AT) — 4] > &}

We have shown already that V((:)) (X & AET) as ||w|| = 0. Hence,

limsup P(IV,Z)(X) — Ai| > 2¢) < P(r, < 1) + P(A) — A/ > €)

l|]l—0

and considering r — oo we deduce that V((:)) (X) & A;. That is, the process {A;}
is a modification of the quadratic variation of {X;}.

We complete the proof by verifying that the integrable, F;-adapted process M, =
X? — A, of continuous sample functions satisfies the martingale condition. Indeed,

since Mt(r) are Fy-martingales, we have for each s < u and all r that w.p.1

E[Xg/\rJ]'—S] = E[Aff)lfs] + Ms(T) .
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Considering » — oo we have already seen that X2,  — X2 and a.s. AD ¢

UNTy
a.s.

Ay, hence also M{" “3° M,. With sup,{X2 Ar, } integrable, we get by dominated
convergence of C.E. that E[X2,_ |Fs] — E[X?2|F] (see Theorem L2.26)). Similarly,

UNT,
E[A{|F.] 1 E[A,|F.] by monotone convergence of C.E. hence w.p.1 E[X2|F,] =
E[A,|Fs] + M, for each s < u, namely, (M, F;) is a martingale. O

The following exercise shows that X € M$ has zero ¢-th variation for all ¢ > 2.
Moreover, unless X; € M§$ is zero throughout an interval of positive length, its ¢g-th
variation for 0 < ¢ < 2 is infinite with positive probability and its sample path are
then not locally y-Holder continuous for any v > 1/2.

EXERCISE 8.2.46.

(a) Suppose S.P. {X,t > 0} of continuous sample functions has an a.s.
finite r-th variation V") (X); for each fized t > 0. Show that then for
each t > 0 and ¢ > r a.s. VO(X), = 0 whereas if 0 < q < r, then
V(X)) = 0o for a.e. w for which V") (X); > 0.

(b) Show that if X € M and A is a S.P. of continuous sample path and
finite total variation on compact intervals, then the quadratic variation
Oth —|—At 1S <X>t

(c) Suppose X € M$§ and Fy-stopping time T are such that (X), = 0. Show
that P(Xinr =0 for allt > 0) = 1.

(d) Show that if a S.P. {Xy,t > 0} is locally v-Hélder continuous on [0,T]
for some v > 1/2, then its quadratic variation on this interval is zero.

REMARK. You may have noticed that so far we did not need the assumed right-
continuity of F;. In contrast, the latter assumption plays a key role in our proof of
the more general Doob-Meyer decomposition, which is to follow next.

We start by stating the necessary and sufficient condition under which a sub-
MG has a Doob-Meyer decomposition, namely, it is the sum of a martingale and
increasing part.

DEFINITION 8.2.47. An Fy-progressively measurable (and in particular Fi-adapted,
right-continuous), S.P. {Yz,t > 0} is of class DL if the collection {Yyng,0 an Fy-
stopping time} is U.L for each finite, non-random u.

THEOREM 8.2.48 (DOOB-MEYER DECOMPOSITION). A right-continuous, sub-MG
{Yi,t > 0} for {F:} admits the decomposition Yy = M; + Ay with M; a right-
continuous Fy-martingale and Ay an Fi-increasing process, if and only if {Y;,t > 0}
is of class DL.

REMARK 8.2.49. To extend the uniqueness of Doob-Meyer decomposition beyond
sub-MGs with continuous sample functions, one has to require A; to be a natural
process. While we do not define this concept here, we note in passing that every
continuous increasing process is a natural process and a natural process is also
an increasing process (c.f. [KaS97, Definition 1.4.5]), whereas the uniqueness is
attained since if a finite linear combination of natural processes is a martingale,
then it is indistinguishable from zero (c.f. proof of [KaS97, Theorem 1.4.10]).

PrOOF OUTLINE. We focus on constructing the Doob-Meyer decomposition
for {Y;,t € I} in case I = [0,1]. To this end, start with the right-continuous
modification of the non-positive F;-sub-martingale Z; = Y; — E[Y7|F:], which exists



316 8. CONTINUOUS TIME MARTINGALES AND MARKOV PROCESSES

since t — EZ,; is right-continuous (see Theorem [BZZ2H). Suppose you can find
Ay € LY(Q, F1,P) such that

(8.2.11) Ay = Zy + E[A|F],
is Fy-increasing on I. Then, M; = Y; — A; must be right-continuous, integrable and
Fi-adapted. Moreover, for any ¢ € I

M, =Y, — At =Y, -7, — E[A1|Ft] = E[M1|]:t] .

So, by the tower property (M;, F;,t € I) satisfies the martingale condition and we
are done.

Proceeding to construct such Ay, fix £ > 1 and for the (ordered) finite set Q;
of dyadic rationals recall Doob’s decomposition (in Theorem [(.2.1]), of the discrete

time sub-MG {Z,,, Fs,,5; € qu)} as the sum of a discrete time U.I. martingale
{Ms(f), sj € @gu)} and the predictable, non-decreasing (in view of Exercise 5.2.2),
finite sequence {Af ,85 € Q (2, é)} starting with A ) — . Noting that Z; = 0, or
equivalently M; ® Age), it follows that for any g € Q(2 9

(2,0

(8.2.12) AD =7, - MO =7, - EM"\F,] = 7, + E[A"|F,].
Relying on the fact that the sub-MG {Y;, ¢ € I} is of class DL, this representation
allows one to deduce that the collection {Agé), £ > 1}is UL (for details see [KaS97,

proof of Theorem 1.4.10]). This in turn implies by the Dunford-Pettis compactness
criterion that there exists an integrable A; and a non-random sub-sequence nj; — oo

such that Agn" w—L> A1, as in Definition 22311 Now consider the F;-adapted,
integrable S.P. defined via (82ZTIT]), where by Theorem [B (and the assumed
right continuity of the filtration {F;}), we may and shall assume that the U.I. MG
E[A1|F] has right-continuous sample functions (and hence, so does t — A;). Since
@52,6) T @gz), upon comparing ([B.2.17)) and (8.2.12)) we find that for any ¢ € Q?)
and all ¢ large enough

AD — 4, =E[AY — A|F,).

Consequently, A(n") i A, for all q € Ql (see Exercise [L232)). In particular,
Ap = 0 and setting ¢ < ¢’ € @1 , V= I{Aq>Aq/} we deduce by the monotonicity

of j— Ag) for each £ and w, that
E[(A4, — Ag)V] = lim E[(A{™) — AT )V] <0.

k—o0
So, by our choice of V' necessarily P(A, > Ay) = 0 and consequently, w.p.1. the

sample functions ¢ — A;(w) are non-decreasing over @gz)' By right-continuity the
same applies over I and we are done, for {A;,t € I} of (RZIT) is thus indistinguish-
able from an F;-increasing process.

The same argument applies for I = [0,7] and any r € Z,. While we do not
do so here, the Fi-increasing process {4, ¢t € I} can be further shown to be a
natural process. By the uniqueness of such decompositions, as alluded to in Re-
mark 8249 it then follows that the restriction of the process { A;:} constructed on
[0,7'] to a smaller interval [0, ] is indistinguishable from the increasing process one
constructed directly on [0,7]. Thus, concatenating the processes {4, ¢ < r} and
{My,t < r} yields the stated Doob-Meyer decomposition on [0, o).
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As for the much easier converse, fixing non-random u € R, by monotonicity of
t — A; the collection {Ay,ng, 6 an Fi-stopping time} is dominated by the integrable
A, hence U.I. Applying Doob’s optional stopping theorem for the right-continuous
MG (M, F:), you further have that Myrg = E[M,,|Fy] for any Fi-stopping time 6
(see part (a) of Exercise B2230), so by Proposition the collection {Myng, 0
an Fi-stopping time} is also U.L. In conclusion, the existence of such Doob-Meyer
decomposition Y; = M; + A; implies that the right-continuous sub-MG {Y;,¢t > 0}
is of class DL (recall part (b) of Exercise [[3.59). O

Your next exercise provides a concrete instance in which Doob-Meyer decomposi-
tion applies, connecting it with the decomposition in Theorem of the non-
negative sub-MG Y; = X7 of continuous sample path, as the sum of the quadratic
variation (X); and the continuous martingale X? — (X);.

EXERCISE 8.2.50. Suppose {Y:,t > 0} is a non-negative, right-continuous, sub-MG
for {F:}.
(a) Show thatY; is in class DL.
(b) Show that if Yy further has continuous sample functions then the processes
My and Ay in its Doob-Meyer decomposition also have continuous sample
functions (and are thus unique).

REMARK. From the preceding exercise and Remark [R.2.49] we associate to each
X € My aunique natural process, denoted (X); and called the predictable quadratic
variation of X, such that X? — (X); is a right-continuous martingale. However,
when X ¢ MS, it is no longer the case that the predictable quadratic variation
matches the quadratic variation of Definition [R2.4T] (as a matter of fact, the latter
may not exist).

ExamPLE 8.2.51. A standard Brownian Markov process consists of a standard
Wiener process {Wy,t > 0} and filtration {F;,t > 0} such that FY¥ C Fs for any
s > 0 while o (W, — W, t > s) is independent of Fs (see also Definition[8.57 for its
Markov property). For right-continuous augmented filtration Fy, such process Wy
is in MS and further, My = W2 —t is a martingale of continuous sample path. We
thus deduce from Theorem [8.2.43] that its (predictable) quadratic variation is the
non-random (W), = t, which by Exercise[8.2.46] implies that the total variation of
the Brownian sample path is a.s. infinite on any interval of positive length. More
generally, recall part (b) of Exercise 820 that (X); is non-random for any Gauss-
ian martingale, hence so is the quadratic variation of any Gaussian martingale of
continuous sample functions.

As you show next, the type of convergence to the quadratic variation may be
strengthened (e.g. to convergence in L? or a.s.) for certain S.P. by imposing some
restrictions on the partitions considered.

EXERCISE 8.2.52. Let V((:))(W) denote the quadratic variations of the Wiener

n

process on a sequence of finite partitions m, of [0,t] such that ||7,|| = 0 as n — oo.
2
() Show that V) (W) & t.

(b) Show that V((2) (W) “5 t whenever > oo ||mn | < oo.

Tn)
REMARK. However, beware that for a.e. w € ) there exist random finite partitions

7, of [0,1] such that ||7,| — 0 and V((fz)(W) — oo (see [Fre71l Page 48]).
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EXAMPLE 8.2.53. While we shall not prove it, Lévy’s martingale characterization
of the Brownian motion states the converse of FExample[8.2.51), that any X € M5
of quadratic variation (X); =t must be a standard Brownian Markov process (c.f.
[KaS97, Theorem 3.3.16]). However, recall Example that for a Poisson pro-
cess Ny of rate A\, the compensated process My = Ny— At is in Mo and you can easily
check that M? — A\t is then a right-continuous martingale. Since the continuous in-
creasing process At is natural, we deduce from the uniqueness of the Doob-Meyer
decomposition that (M), = M\t. More generally, by the same argument we deduce
from part (¢) of Exercise that (X); = tE(X?) for any square-integrable S.P.
with Xo = 0 and zero-mean, stationary independent increments. In particular,
this shows that sample path continuity is necessary for Lévy’s characterization of
the Brownian motion and that the standard Wiener process is the only zero-mean,
square-integrable stochastic process X; of continuous sample path and stationary
independent increments, such that Xo = 0.

Building upon Lévy’s characterization, you can now prove the following special
case of the extremely useful Girsanov’s theorem.

EXERCISE 8.2.54. Suppose (Wi, Fi,t > 0) is a standard Brownian Markov process
on a probability space (0, F,P) and fixing a non-random parameters § € R and
T > 0 consider the exponential Fi-martingale Z;y = exp(0W; — 0%t/2) and the
corresponding probability measure Qr(A) = E(IaZr) on (R, Fr).

(a) Show that V®)(Z), = 62 [ Z2du.

(b) Show that W, = W, — Ou is for u € [0,T] an F,-martingale on the
probability space (0, Fr, Qr).

(¢) Deduce that (Wi, Fi,t < T) is a standard Brownian Markov process on
(Qa ‘FTv QT)

Here is the extension to the continuous time setting of Lemma [5.2.7 and Proposi-

tion 5.3.3T1

EXERCISE 8.2.55. Let V; = SUP4e0,4] Ys and Ay be the increasing process of con-
tinuous sample functions in the Doob-Meyer decomposition of a non-negative, con-
tinuous, Fi-submartingale {Y:, t > 0} with Yy = 0.

(a) Show that P(V; > x, A, < y) < 2 'E(A,; Ay) for all z,y > 0 and any
Fi-stopping time T.

(b) Setting c1 = 4 and ¢g = (2 —q)/(1 — q) for ¢ € (0,1), conclude that
Efsup, | X;s|?Y < ¢,E[(X)L] for any X € MS and q € (0,1], hence
{|X¢|%9,t > 0} is U.I when (X)% is integrable.

Taking X,Y € Mj we deduce from the Doob-Meyer decomposition of X +Y € My
that (X £Y)? — (X £Y); are right-continuous F;-martingales. Considering their
difference we deduce that XY — (X,Y") is a martingale for

1
(X, V)= 7 [(X+Y) — (X =Y
(this is an instance of the more general polarization technique). In particular, XY is

a right-continuous martingale whenever (X,Y) = 0, prompting our next definition.

DEFINITION 8.2.56. For any pair X,Y € May, we call the S.P. {(X,Y); the bracket
of X and 'Y and say that X,Y € My are orthogonal if for any t > 0 the bracket
(X,Y): is a.s. zero.
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REMARK. It is easy to check that (X, X) = (X) for any X € Msy. Further, for
any s € [0,t], w.p.1.

E[(Xt - Xs)(}/t - }/s)|‘Fs] = E[Xt}/t - Xs}/s|]:s] = E[<Xa Y>t - <X7 Y>s|]:s]a

so the orthogonality of X, Y € My amounts to X and Y having uncorrelated
increments over [s,t], conditionally on Fs. Here is more on the structure of the
bracket as a bi-linear form on My, which on M§$ coincides with the cross variation
of X and Y.

EXERCISE 8.2.57. Show that for all X, X;,Y € Ms:

(a) <01X1 + CQXQ,Y> = Cl<X1,Y> + CQ<X2,Y> fOT any c¢; € R,i=1,2.
Hint: Recall Remark [8-249 that a martingale of the form Zﬁ:l +(U;)
for U; € Ma and ¢ finite, is zero.

(b) (X, Y) = (¥, X).

(c) (X, V)7 < (X)(Y).

(d) With Z, = V({(X,Y ), for a.e. we Q and all 0 < s <t < o0,

2= 7, < 31X} = (X0 + (V) = (V).

(e) Show that for X, Y € M$ the bracket (X,Y), is also the limit in proba-
bility as ||| — 0 of

k
2K = X[V =Y ],

i=1
where m = {0 = téﬂ) < tﬁ”) << t,(:) =t} is a finite partition of [0,1].

We conclude with a brief introduction to stochastic integration (for more on this
topic, see [KaS97, Section 3.2]). Following our general approach to integration, the

Ito stochastic integral I, = fot X,dWy is constructed first for simple processes X,
i.e. those having sample path that are piecewise constant on non-random intervals,
as you are to do next.

EXERCISE 8.2.58. Suppose (Wi, Ft) is a standard Brownian Markov process and
Xy is a bounded, Fi-adapted, left-continuous simple process. That is,

Xt(w) = ’I]()(W)l{o} (t) + Z ni(w)l(ti-,ti+1](t) ’
=0

where 0 =ty < t1 < -+ <ty < --- is a non-random unbounded sequence and the
Fi, -adapted sequence {n,(w)} is bounded uniformly in n and w.

(a) With A, = [i X2du, show that both
k—1
It = an(WtHl - Wt].) + nk(Wt - Wtk), when t € [tk,tk+1),
=0

and I? — A, are martingales with respect to Fy.
(b) Deduce that I, € M§ with A, = (I), being its quadratic variation, and in
particular EI? = fg E[X2]du.
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8.3. Markov and Strong Markov processes

In Subsection B3] we define Markov semi-groups and the corresponding Markov
processes. We also extend the construction of Markov chains from Subsection
to deal with these S.P. This is followed in Subsection with the study of the
strong Markov property and the related Feller property, showing in particular that
both the Brownian motion and the Poisson process are strong Markov processes.
We then devote Subsection to the study of Markov jump processes, which are
the natural extension of both Markov chains and (compound) Poisson processes.

8.3.1. Markov semi-groups, processes and the Markov property. We
start with the definition of a Markov process, focusing on (time) homogeneous
processes having (stationary, regular) transition probabilities (compare with Defi-

nitions G117l and E.1.2]).

DEFINITION 8.3.1 (MARKOV PROCESSES). A collection {ps+(:,-),t > s > 0} of
transition probabilities on a measurable space (S,S) (as in Definition [6.1.2), is
consistent if it satisfies the Chapman-Kolmogorov equations

(831) Dty ,ts (LL', B) = Dty,taDto ts (LL', B), Va € S, Be S,

for any ts >ty > t1 > 0 (c.f. Corollary [233 for the composition of transition
probabilities). In particular, py(z,B) = Ig(x) = 64(B) for any t > 0. Such
collection is called a Markov semi-group (of stationary transition probabilities), if
in addition pst = pi—s for all t > s > 0. The Chapman-Kolmogorov equations are
then

(8.3.2) Ps+u(®, B) = pspu(x,B), VreS BeS, u,s>0,

with po(z, B) = Ig(x) = §,(B) being the semi-group identity element.

An Fi-adapted S.P. {X;,t > 0} taking values in (S,S) is an Fi-Markov process
of (consistent) transition probabilities {ps.,t > s > 0} and state space (S,S) if for
anyt>s>0 and B € S, almost surely

(833) P(Xt S B|]:S) = ps,t(stB) .

1t is further a (time) homogeneous JF-Markov process of semi-group {py,u > 0} if
for any u,s >0 and B € S, almost surely

(8.3.4) P(Xstu € B|Fs) = pu(Xs, B) .

REMARK. Recall that a G,,-Markov chain {Y},} is a discrete time S.P. Hence, in this
case one considers only t,s € Z; and (83]) is automatically satisfied by setting
Dsit = Ds,s+1Ps+1,5+2 " Di—1,t t0 be the composition of the (one-step) transition
probabilities of the Markov chain (see Definition [B.1.2, with p, 511 = p independent
of s when the chain is homogeneous). Further, the interpolated process X; = Y
is then a right-continuous F;-Markov process for the right-continuous interpolated
filtration F; = Gy of Example BIT5 but {X;} is in general an inhomogeneous
Markov process, even in case the Markov chain {Y,,} is homogeneous.

Similarly, if F;-adapted S.P. (X;,t > 0) satisfies (83.4)) for p(z,B) = P(X, €
B|Xy = z) and = — p(z, B) is measurable per fixed ¢ > 0 and B € S, then
considering the tower property for Ip(Xsyu)l{z}(Xo) and 0(Xo) C Fs, one easily
verifies that (83.2]) holds, hence (X¢,t > 0) is a homogeneous F-Markov process.
More generally, in analogy with our definition of Markov chains via (G.I.1), one
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may opt to say that Fi-adapted S.P. (X;,¢ > 0) is an F;-Markov process provided
for each Be Sandt > s >0,

P(X; € B|F,) 2 P(X; € B|X,).

Indeed, as noted in Remark (in view of Exercise L40]), for B-isomorphic
(S, S8) this suffices for the existence of transition probabilities which satisfy (83.3]).
However, this simpler to verify plausible definition of Markov processes results with
Chapman-Kolmogorov equations holding only up to a null set per fived t3 > to >
t1 > 0. The study of such processes is consequently made more cumbersome, which
is precisely why we, like most texts, do not take this route.

By Lemma we deduce from Definition B3] that for any f € bS and all
t>s>0,

(835) E[f(Xt)U:s] = (ps,tf)(Xs)a

where f — (psif) @ bS — bS and (ps.f)(z) = [psi(x,dy)f(y) denotes the
Lebesgue integral of f(-) under the probability measure ps¢(x,-) per fixed z € S.

The Chapman-Kolmogorov equations are necessary and sufficient for generating
consistent Markovian f.d.d. out of a given collection of transition probabilities and
a specified initial probability distribution. As outlined next, we thus canonically
construct the Markov process, following the same approach as in proving Theorem
(for Markov chain), and Proposition (for continuous time S.P.).

THEOREM 8.3.2. Suppose (S,S) is B-isomorphic. Given any (S, S)-valued consis-
tent transition probabilities {ps¢,t > s > 0}, the probability distribution v on (S,S)
uniquely determines the linearly ordered consistent f.d.d.

(8'3'6) /’l’07517~~~>5n =V ®p0751 ® T ®p5n71>5n

for 0 =59 < 81 < -+ < 8y, and there exists a Markov process of state space (S,S)
having these f.d.d. Conversely, the f.d.d. of any Markov process having initial
probability distribution v(B) = P(Xy € B) and satisfying (833), are given by
(83.4).

ProoFr. Recall Proposition that v ® pos, ® -+ ® ps,_, s, denotes the
Markov-product-like measures, whose evaluation on product sets is by iterated in-
tegrations over the transition probabilities ps, , s, in reverse order k = n,...,1,
followed by a final integration over the initial measure v. As shown in this proposi-
tion, given any transition probabilities {ps,t > s > 0}, the probability distribution
v on (S,S) uniquely determines v @ po s, @ - -+ @ ps,_, s, namely, the f.d.d. spec-
ified in (83.6). We then uniquely specify the remaining f.d.d. as the probability
measures g, ... s, (D) = tsy.s1.....5, (S x D). Proceeding to check the consistency
of these f.d.d. note that psy @ pui(-,S X -) = psi(-,-) for any s < u < ¢ (by the
Chapman-Kolmogorov identity (83.1])). Thus, considering s = sx_1, u = s and
t = sk41 we deduce that if D = Agx---x A,, with Ay =S forsomek =1,...,n—1,
then

v ®p80751 T ®p5n71)5n (D) =V ®p5k—175k+1 @ ®p5n71)5n (Dk)

for Dy, = Ag X -+ X Ap—1 X Agy1 X -+- X A, which are precisely the consistency
conditions of (Z1.3) for the f.d.d. {us,.....s, }- These consistency requirements are
further handled in case of a product set D with A,, = S by observing that for all
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x € S and any transition probability ps, , s, (x,S) = 1, whereas our definition of
sy ,....s, already dealt with Ap = S. Having shown that this collection of f.d.d. is
consistent, recall that Proposition [[.I.8 applies even with (R, B) replaced by the B-
isomorphic measurable space (S, S). Setting T = [0, 00), it provides the construction
of a S.P. {Vi(w) = w(t),t € T} via the coordinate maps on the canonical probability
space (ST, ST, P,) with the f.d.d. of (83.6). Turning next to verify that (Y, F,Y,t €
T) satisfies the Markov condition [83.3)), fix t > s > 0, B € S and recall that, for
t > s as in the proof of Theorem [6.T.8] and by definition in case t = s,

(8.3.7) E[l{y.eayIs(Yi)] = E[ly cayps,t(Ys, B)]

for any finite dimensional measurable rectangle A = {z(-) : z(t;) € B;,i =1,...,n}
such that ¢; € [0, s] and B; € S. Thus, the collection

L ={Aec 8. ®37) holds for A},

contains the m-system of finite dimensional measurable rectangles which generates
Sl0s] and in particular, S € £. Further, by linearity of the expectation £ is closed
under proper difference and by monotone convergence if A,, € £ is such that A,, T A
then A € £ as well. Consequently, £ is a A-system and by Dynkin’s 7 — A theorem,
(37 holds for every set in SI%1 = FY (see Lemma [Z17). Tt then follows that
P(Y; € B|FY) =ps4(Ys, B) as. foreacht > s >0 and B € S. That is, {Y;,t > 0}
is an F,Y -Markov process.

Conversely, suppose {X;,t > 0} satisfies (833)) and has initial probability distri-
bution v(-). Then, for any tg > -+ >t, > s >0, and f, € bS, £ =0,...,n, almost
surely,

(8.3.8)  E[[] fe(Xu)IF] :/ps,tn(Xsadyn)fn(yn)'"/ptl,tg(yladyO)fO(yO)'
=0

The latter identity is proved by induction on n, where denoting its right side by
gn+1,5(Xs), we see that gn41,s = Ds,t, (fngn,t, ) and the case n = 0 is merely (83.5).
In the induction step we have from the tower property and F;-adaptedness of {X;}
that

n n—1
E([ [ fo(Xe,)|Fs] = E[fu(Xe, )E[ ] fo(Xe)|F2, )| 7]
(=0 £=0

= E[fn(Xt,)gn.t, (Xe,)|Fs] = gnr1,s(Xs)

where the induction hypothesis is used in the second equality and ([83.35]) in the
third. In particular, considering the expected value of (83.8)) for s = 0 and indicator
functions f,(-) it follows that the f.d.d. of this process are given by ([B3.0G), as
claimed. O

REMARK 8.3.3. As in Lemma [T.T.7] for B-isomorphic state space (S,S) any F €
FX is of the form F = (X.)71(A) for some A € ST, where X.(w) : Q2 — ST denote
the collection of sample functions of the given Markov process {X;,t > 0}. Then,
P(F) = P,(A), so while proving Theorem we have defined the law P,(-) of
Markov process {X;,t > 0} as the unique probability measure on S>> such that

P,({w:w(sg) € By, £=0,...,n}) =P(Xs, € Bo,...,Xs, € Bn),

for By € S and distinct s, > 0 (compare with Definition for the law of a
Markov chain). We denote by P, the law P, in case v(B) = I,cp, namely, when
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Xy = z is non-random and note that P, (A) = [, P,(A)v(dz) for any probability
measure v on (S,S) and all A € ST, with P, uniquely determined by the specified
(consistent) transition probabilities {ps ¢, t > s > 0}.

The evaluation of the f.d.d. of a Markov process is more explicit when S is a
countable set, as then ps +(z, B) = 3 g ps,¢(2,y) for any B C'S (and all Lebesgue
integrals are merely sums). Likewise, in case S = R? (equipped with S = Bg),
computations are relatively explicit if for each t > s > 0 and = € S the probability
measure ps ((z,-) is absolutely continuous with respect to Lebesgue measure on S,
in which case (ps,.f)(®) = [ ps,i(z,y)f(y)dy and the right side of (B:3.8) amounts
to iterated integrations of the transition probability kernel ps:(x,y) of the process
with respect to Lebesgue measure on S.

The next exercise is about the closure of the collection of Markov processes under
certain invertible non-random measurable mappings.

EXERCISE 8.3.4. Suppose (X, Fi,t > 0) is a Markov process of state space (S, S),
u:[0,00) = [0,00) is an invertible, strictly increasing function and for each t > 0
the measurable mapping ®; : (S,S) — (S,S) is invertible, with ®; ' measurable.

(a) Setting Yy = ®¢(Xu)), verify that FY = ]-'f(t) and that (Yy, F¥,t > 0)
is a Markov process of state space (S,S).

(b) Show that if (X¢, Fi*,t > 0) is a homogeneous Markov process then so is
Zy = Do(Xy).

Of particular note is the following collection of Markov processes.

PROPOSITION 8.3.5. If real-valued S.P. {X,t > 0} has independent increments,
then (X, FX,t > 0) is a Markov process of transition probabilities ps(y, B) =
Px,—x.({z : y + z € B}), and if {X¢,t > 0} further has stationary, independent
increments, then this Markov process is homogeneous.

PrOOF. Considering Exercise 22 for G = FX, Y = X, € mG and the R.V.
Z =Z,s = Xy — X, which is independent of G, you find that (83.3) holds for
pst(y, B) = P(y+ Z € B), which in case of stationary increments depends only on
t —s. Clearly, B — P(y + Z € B) is a probability measure on (R, B), for any ¢ > s
and y € R. Further, if B = (—o0,b] then ps (v, B) = Fz(b —y) is a Borel function
of y (see Exercise [[227). As the A-system L = {B € B:y— P(y+Z € B)
is a Borel function} contains the m-system {(—o0,b] : b € R} generating B, it
follows that £ = B, hence p .(-,-) is a transition probability for each ¢ > s > 0.
To verify that the Chapman-Kolmogorov equations hold, fix u € [s,t] noting that
Zst = Zsu + Zyy, with Z,, , = Xy — X, independent of Z; , = X,, — X,;. Hence,
by the tower property,

ps,t(y, B) = E[P(y + Zsu + Zuy € B|Zs,u)]
= E[pu,i(y + Zs,us B)] = (0s,u(PutIB))(Y) = Psubu,i(y, B),
and this relation, i.e. (831, holds for all y € R and B € B, as claimed. O
Among the consequences of Proposition is the fact that both the Brownian

motion and the Poisson process (potentially starting at Ng = € R), are homoge-
neous Markov processes of explicit Markov semi-groups.
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EXAMPLE 8.3.6. Recall Proposition [3.7.9 and Ezercise[7.3.13 that both the Pois-
son process and the Brownian motion are processes of stationary independent in-
crements. Further, this property clearly extends to the Brownian motion with drift

Zt(r) = Wi +rt+2x, and to the Poisson process with drift NtT) = Ni+rt+x, where
the drift r € R is a non-random constant, x € R is the specified (under P ), initial

value of Nér) (or Z(()T)), and Ny — Ny is a Poisson process of rate A. Consequently,

both {Zt(r), t >0} and {Ntr),t > 0} are real-valued homogeneous Markov processes.
Specifically, from the preceding proposition we have that the Markov semi-group of
the Brownian motion with drift is p;(x + rt, B), where for t > 0,

e—(y—=)%/2t
—=dy,
B V27t
having the transition probability kernel p,(z,y) = exp(—(y — x)?/2t)//2nt. Sim-

ilarly, the Markov semi-group of the Poisson process with drift is q(x + rt, B),
where

o0 k
(8.3.10) gi(x, B) = e kZ_O (A;;)

(8.3.9) pi(x, B) =

Ig(z+k).

REMARK. Homogeneous Markov chains are characterized by their (one-step) tran-
sition probabilities, whereas each homogeneous Markov process has a full semi-
group p¢(+), t > 0. While outside our scope, we note in passing that the semi-group
relation (83.2) can be rearranged as s~ ! (psy+ — pi) = s~ (ps — po)pt, which subject
to the appropriate regularity conditions should yield for s | 0 the celebrated back-
ward Kolmogorov equation dyp; = Lp;. The operator L = lim, o s~ (ps—po) is then
called the generator of the Markov process (or its semi-group). For example, the
transition probability kernel p;(x 4 rt,y) of the Brownian motion with drift solves
the partial differential equation (PDE), u; = %um + ru, and the generator of this
semi-group is Lu = %um + rug (c.f. [KaS97, Chapter 5]). For this reason, many
computations about Brownian motion can also be done by solving rather simple
elliptic or parabolic PDE-s.

We saw in Proposition B30 that the Wiener process (Wy, ¢ > 0) is a homogeneous
FW-Markov process of continuous sample functions and the Markov semi-group
of (839)). This motivates the following definition of a Brownian Markov process
(W4, Fi), where our accommodation of possible enlargements of the filtration and
different initial distributions will be useful in future applications.

DEFINITION 8.3.7 (BROWNIAN MARKOV PROCESS). We call (Wi, F;) a Brownian
Markov process if {W;,t > 0} of continuous sample functions is a homogeneous Fi-
Markov process with the Brownian semi-group {p:,t > 0} of (83.9). If in addition
Wo =0, we call such process a standard Brownian Markov process.

Stationarity of Markov processes, in the sense of Definition [(.3.7] is related to the
important concept of invariant probability measures which we define next (compare

with Definition [E.T.20).

DEFINITION 8.3.8. A probability measure v on a B-isomorphic space (S,S) is
called an invariant (probability) measure for a semi-group of transition probabili-
ties {pu,u > 0}, if the induced law P,(-) = [(P.(-)v(dz) (see Remark[8.3.3), is

invariant under any time shift 05, s > 0.
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Brownian Bridge B, Geometric Brownian Motion Y,

0 01 02 03 04 05 06 07 08 09 1 0 o0z 04 06 08 1 12 14 16 18 2
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‘Omstein-Uhlenbeck process U, Brownian Motion with drif: u= 1, 0= 2, x= 1

0 01 02 03 04 05 06 07 08 09 1 0 o0z 04 06 08 1 12 14 16 18 2
t t

FIGURE 1. Ilustration of sample paths for processes in Exercise 8310l

You can easily check that if Markov process is also a stationary process under an
initial probability measure v, then it is effectively a homogeneous Markov process,
in the sense that ps:(x,:) = pi_s(z,-) for any ¢ > s > 0 and v-ae. z= € S.
However, many homogeneous Markov processes are non-stationary (for example,
recall Examples [[.3.14] and B3.6] that the Brownian motion is non-stationary yet
homogeneous, Markov process).

Here is the explicit characterization of invariant measures for a given Markov
semi-group and their connection to stationary Markov processes.

EXERCISE 8.3.9. Adapting the proof of Proposition [6.1.23 show that a probability
measure v on B-isomorphic (S,8) is an invariant measure for a Markov semi-
group {pu,u > 0}, if and only if v @ p:(S x ) = v(-) for any t > 0 (note that
a homogeneous Markov process {Xi,t > 0} is a stationary S.P. if and only if the
ingtial distribution v(B) = P(Xo € B) is an invariant probability measure for the
corresponding Markov semi-group).

Pursuing similar themes, your next exercise examines some of the most fundamen-
tal S.P. one derives out of the Brownian motion.

EXERCISE 8.3.10. With {W;,t > 0} a Wiener process, consider the Geometric
Brownian motion Y; = eV, Ornstein- Uhlenbeck process U, = e~*/>W,+, Brownian
motion with drift Ztr’g) = oW; +rt and the standard Brownian bridge on [0,1] (as
in Exercises [7.3.10{7.3.10)).

(a) Determine which of these four S.P. is a Markov process with respect to
its canonical filtration, and among those, which are also homogeneous.

(b) Find among these S.P. a homogeneous Markov process whose increments
are neither independent nor stationary.

(c) Find among these S.P. a Markov process of stationary increments, which
is not a homogeneous Markov process.
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Homogeneous Markov processes possess the following Markov property, extending
the invariance (834 of the process under the time shifts 6, of Definition [[.3.7] to
any bounded S[%*°)-measurable function of its sample path (compare to ([EI18) in
case of homogeneous Markov chains).

PROPOSITION 8.3.11 (MARKOV PROPERTY). Suppose (Xi,t > 0) is a homoge-
neous Fy-Markov process on a B-isomorphic state space (S,S) and let P, denote
the corresponding family of laws associated with its semi-group. Then, x — E, [h]
is measurable on (S,S) for any h € bS®) and further for any s > 0, almost
surely

(8.3.11) E[ho0,(X.(w))|Fs] = Ex.[h].

REMARK 8.3.12. From Lemma [Z.1.7 you can easily deduce that any V € bFX
is of the form V = h(X.) with h € bS[0, Further, in view of Exercises
and [[229] any bounded Borel function h(-) on the space C([0,00)) of continuous
functions equipped with the topology of uniform convergence on compact intervals
is the restriction to C([0,00)) of some h € bRI*>). In particular, for a real-valued
Markov process {X;,¢ > 0} of continuous sample functions, E,[h] = E,[h] and
hoby(X.) = hob, (X.), hence (8.3.11]) applies for any bounded, B¢ (jo,o0))-measurable

function h.

ProoF. Fixing s > 0, in case h(z(-)) = [[,_o fe(x(ug)) for finite n, fr € bS
and ug > -+ > u, > 0, we have by (83.8) for t;, = s + uy and the semi-group
Prt = Pi—r of (X¢,t > 0), that

E[H ff(Xttz”]:S] = Pun (fnpun71—un(' o (flpuo—ul fo)))(XS) = EXS[H f@(Xutz)] :
=0

£=0

The measurability of z — E;[h] for such functionals h(-) is verified by induction on
n, where if n = 0 then for fy € bS by Lemma also Egh = ¢1(x) = pu, fo(z)
is in bS and by the same argument, in the induction step gn+1(z) = pu, (frngn)(@)
are also in bS.

To complete the proof consider the collection H of functionals h € bS[°) such
that © — Ej[h] is S-measurable and (8311]) holds. The linearity of the (condi-
tional) expectation and the monotone convergence theorem result with H a vector-
space that is closed under monotone limits, respectively. Further, as already shown,
H contains the indicators h(-) = I4(-) with A = {z(-) : z(ug) € By € §,¢ =
0,...,n} a finite dimensional measurable rectangle. Thus, H satisfies the condi-

tions of the monotone class theorem. Consequently H = bS19°°)| that is, for each
h € Sl both z + E,[h] € bS and (§3.1) holds w.p.1. O

8.3.2. Strong Markov processes and Feller semi-groups. Given a homo-
geneous JF-Markov process (X, t > 0), we seek to strengthen its Markov property
about the shift of the sample path by non-random s > 0 (see Proposition B3.1T]),
to the strong Markov property, whereby shifting by any Fi;-Markov time 7 is ac-
commodated (see Proposition about Markov chains having this property).

DEFINITION 8.3.13 (STRONG MARKOV PROCESS). We say that an JFi-progressively
measurable, homogeneous Markov process { X, t > 0} on B-isomorphic state space
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(S,S), has the strong Markov property (or that (X, F:) is a strong Markov pro-
cess ), if for any bounded h(s, z(-)) measurable on the product o-algebra U = By o) X
S0 " and any F;-Markov time T, almost surely

(8.3.12) Iir <oy BIM(T, Xr g (w) | Frt ] = gn(7, Xo) (s <oo}

where gn(s,x) = Eg[h(s,")] is bounded and measurable on Bjg ) X S, © — P, are
the laws associated with the semi-group of (X, Fi), Fr+ is the Markov o-algebra

associated with T (c.f. Definition [81.9), and both sides of (8.312) are set to zero
when T(w) = oo.

As noted in Remark B3.12 every V € bFX is of the form V = h(X.), with h(-)
in the scope of the strong Markov property, which for a real-valued homogeneous
Markov process {X;,t > 0} of continuous sample functions, contains all bounded
Borel functions h(-,-) on [0,00) x C([0,00)). In applications it is often handy to
further have a time varying functional h(s,z(-)) (for example, see our proof of the
reflection principle, in Proposition 0.1.10]).

REMARK. Recall that the Markov time 7 is an Fy+-stopping time (see Definition
[BI9), hence the assumed F;-progressive measurability of {X;} guarantees that on
the event {7 < oo} the R.V. 7 and X, are measurable on F,+ (see Proposition
RI13), hence by our definition so is g, (7, X,). While we have stated and proved
Proposition BT.I3 only in case of real-valued S.P. {X;, ¢ > 0}, the same proof (and
conclusion), applies for any state space (S,S). We lose nothing by assuming pro-
gressive measurability of { X;} since for a right-continuous process this is equivalent
to its adaptedness (see Proposition 818 whose proof and conclusion extend to any
topological state space).

Here is an immediate consequence of Definition B.3.13

COROLLARY 8.3.14. If (Xy, Ft) is a strong Markov process and T is an Fy-stopping
time, then for any h € bU, almost surely

(8.3.13) Iir <oy B[M(T, Xoq (W) F7] = gn (7, Xo ) {7 <00} -

In particular, if (X, F:) is a strong Markov process, then {X;,t > 0} is a homoge-
neous Fy+ -Markov process and for any s > 0 and h € bS1%°°) | almost surely

(8.3.14) E[h(X.)|F,+] = E[h(X.)|F] .

PROOF. By the preceding remark, having an F;-stopping time 7 results with
gn(7, X7 )7 <oy which is measurable on F,. Thus, applying the tower property
for the expectation of (83I2) conditional on F, C F,+, results with (83I3).
Comparing (8313) and (8312) for constant in time h(z(-)) and the non-random,
finite stopping time 7 = s we deduce that (8314 holds whenever h = hg o 6
for some hy € bSI%>) . Since (X;,F;) is a homogeneous Markov process, con-
sidering ho(z(-)) = Ip(z(u)) for v > 0 and B € S, it follows that (834) holds
also for (X, Fy+), namely, that {X;, ¢ > 0} is a homogeneous F;+-Markov pro-
cess. With H denoting the collection of functionals h € bS1%°°) for which (83.14)
holds, by the monotone class theorem it suffices to check that this is the case when
h(z(+)) = anzlle (x(um)), with k finite, u,, > 0 and B, € S. Representing
such functionals as h(-) = hi(-)ho o 05(-) with ho(2()) = [, >, B, (2(um — $))
and hi(z(-)) = [1,, <5 IB. (¥(um)), we complete the proof by noting that (X))
is measurable with respect to Fs; C F +, so can be taken out of both conditional
expectations in (83.14) and thus eliminated. O
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To make the most use of the strong Markov property, Definition calls for
an arbitrary h € bUd. As we show next, for checking that a specific S.P. is a strong
Markov process, it suffices to verify (83.12) only for h(s,z(-)) = Ip(z(u)) and
bounded Markov times (compare with the definition of a homogeneous Markov
process via (834])), which is way more manageable task.

PROPOSITION 8.3.15. An F;-progressively measurable, homogeneous Markov pro-
cess { X, t > 0} with a semi-group {p,,u > 0} on B-isomorphic state space (S,S),
has the strong Markov property if for any u > 0, B € § and bounded F;-Markov
times T, almost surely

(8.3.15) P[X, . € B|F,+] = pu(X,,B).

PROOF. Step 1. We start by extending the validity of (8315 to any a.s.
finite Markov time. To this end, fixing v > 0, B € S, n € Z; and a [0,00]-
valued F;-Markov time 7, recall that 7,, = 7 An is a bounded F;+-stopping time
(c.f. part (c) of Exercise T.10). Further, the bounded Iy;<,y and p,(X,,, B) are
both measurable on F_+ (see part (a) of Exercise B.IT1 and Proposition B.I1.I3
respectively). Hence, multiplying the identity (83.15) in case of 7, by Ij;<,y}, and
taking in, then out, what is known, we find that a.s.

0= E[I{‘rgn} (IB(XTnJru) _pu(XTan)”]:q-;] = I{Tgn}E[ZLFTf{] P
for the bounded R.V.
Z = I{T<oo}[IB(XT+u) - pu(XTa B)] .

By part (c) of Exercise BIT.IT] it then follows that w.p.1. I <, E[Z]|F +] = 0.
Taking n T oo we deduce that a.s. E[Z|F,+] = 0. Upon taking out the known
It; <0} pu(X7, B) we represent this as

(8.3.16) E[l{; coo} f(Xryu) | Fri] = Ircooy (puf)(X7),  almost surely

for f(-) = Ip(-). By linearity of the expectation and conditional expectation, this
identity extends from indicators to all S-measurable simple functions, whereby it
follows by monotone convergence that it holds for all f € bS.

Step 2. We are ready to prove that ([83.12]) holds for any Fz-Markov time 7, in case
h(s,z(:)) = fo(s) [1,—; fe(x(ue)), with bounded Borel fy : [0,00) = R, f¢ € bS and
up > o0 > up > 0= upq1. As fo(r) € bF,+, one can always take this (known)
part of h(-,-) out of the conditional expectation in [312) and thereafter eliminate
it. Thus, setting fo = 1 we proceed to prove by induction on n that (83.12) holds,
namely, that for any F;-Markov time 7, f; € bS and u; > --- > u, > 0, almost
surely,

El{r ooy [ [ FeXrtu) | Frt] = Iz ooy gn(X7),

=1
for the bounded, S-measurable functions g1 = Py, —u, f1 and

ge :pug—ug+1(ffgf—l)7 { = 27"'7”'

The identity (83.16]) is the n = 1 basis of the proof. To carry out the induction
step, recall part (c) of Exercise BI.I0 that 7, = 7+ us > 7 is a decreasing sequence
of Fy-Markov times, which are finite if and only if 7 is, and further, F + C Fox
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(see part (b) of Exercise RI.TI]). It thus follows by the tower property and taking
out the known term f,,(X +) € bF_+ (when 7 < oo, see Proposition B.1.13), that

n n—1
Bl (<o) [[ £e(Xr)|Frt] = Blfu( X0 Bl (r, o0y [[ So(Xr)|F, 1)1 Fr+]
/=1 =1

= E[I{T<Oo}fn(X7n)gn71(XTn)|f7:F] = I{T<oo}gn(XT)-

Indeed, since 74 — 7, = uy — u, are non-random and positive, the induction hy-
pothesis applies for the Fi-Markov time 7, to yield the second equality, whereas
the third equality is established by considering the identity 8316) for f = fngn-1
and u = u,,.

Step 8. Similarly to the proof of Proposition B.3.11] fixing A € F,+, yet another
application of the monotone class theorem shows that any h € bl/ is in the collection
H C b for which gp,(s,z) = E;[h(s,-)] is measurable on B o) x S and

(8.3.17) E[I{T<OO}IAh(T, XT_;,_.)] = E[gh(T, XT)I{T<OO}IA] .
Indeed, in Step 2 we have shown that H contains the indicators on the w-system
P={BxD:Be€Bpu),Dec S92 4 finite dimensional measurable rectangle} ,

such that & = o(P). Further, constants are in H which by the linearity of the
expectation (and hence of h — gp,), is a vector space. Finally, if h,, T h bounded
and h, € H are non-negative, then h € bl/ and by monotone convergence gp, T
gn bounded and measurable, with the pair (h, gp) also satisfying [83.I7). Since
gn(7, X7 )[{r<ocy is in bF;, and the preceding argument applies for all A € F +,
we conclude that per 7 and h the identity (83.12) holds w.p.1., as claimed. O

As you are to show now, the Markov property applies for product laws of finitely
many independent processes, each of which has the corresponding property.

EXERCISE 8.3.16. Suppose on some probability space (2, F,P) we have homo-
geneous Markov processes (Xt(i),]:t(i)) of B-isomorphic state spaces (S;,S;) and
Markov semi-groups pgi)(', -), such that fé?, i=1,...,¢ are P-mutually indepen-
dent. Let X, = (X, ... XY and F, = o(FY, ..., F). Show that (X,, F) is
a homogeneous Markouv process, of the Markov semi-group

4
pe(z, By x - x Be) = [[ " (21, B)
=1

on the B-isomorphic state space (S,S), whereS =S1x---xSp and S = Sy X+ -+ X Sy.

Recall Proposition 6. 1.6 that every homogeneous Markov chain of a B-isomorphic
state space has the strong Markov property and that in this context every Markov
time is a stopping time and takes only countably many possible values. As expected,
you are to show next that any homogeneous Markov process has the strong Markov

property ([8313) for such stopping times.

EXERCISE 8.3.17. Suppose (X, Fi) is a homogeneous Markov process, (S,S) its
B-isomorphic state space and T : Q +— C is an Fi-stopping time with countable
C = {sk} C[0,0].

(a) Show that AN{w: 7(w) = sk} € Fs, for any finite si, € C and A € F,.
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(b) Deduce that h(1, X1 ) 17«0} 35 a R.V. and gn(T, X7 )I{r<o0} € bF; pro-

vided h(sy, ) are S1%°°) -measurable and uniformly bounded on C x S[0:>),

(¢) Conclude that [8313) holds a.s. for any such T and h.

For the Feller semi-groups we define next (compare with the strong Feller property
of Remark[6.3.12), the right-continuity of sample functions yields the strong Markov

property.

DEFINITION 8.3.18. A Feller semi-group is a Markov semi-group {py,u > 0} on
(R, B) such that p; : Cp(R) — Cp(R) for any t > 0. That is, x — (p.f)(x) is
continuous for any fixed bounded, continuous function f andt > 0.

PROPOSITION 8.3.19. Any right-continuous homogeneous Markov process (X, Fy)
with a Feller semi-group (of transition probabilities), is a strong Markov process.

PRrOOF. Fixing u > 0, a bounded F;-Markov time 7, A € F.+ and f € Cp(R),
we proceed to show that

(8.3.18) E[f(Xru)la] = E[(puf)(Xr)1a].

Indeed, recall that in Lemma [B.1.T6 we have constructed a sequence of finite F-
stopping times 7, = 27¢([2¢7]+1) taking values in the countable set of non-negative

dyadic rationals, such that 7, | 7. Further, for any ¢ we have that A € F,, (see
part (b) of Exercise BI.I2]), hence as shown in Exercise R3.17,

E[f (X7, 1u)la] = E[(puf)(Xr,)La] -

Due to the sample path right-continuity, both X;,4+, — X;4, and X, — X,.
Since f € Cp(R) and p,f € Cp(R) (by the assumed Feller property), as £ — oo
both f(Xr4u) = f(Xr4u) and (0o f)(Xr,) — (puf)(X;). We thus deduce by
bounded convergence that (83.18) holds.

Next, consider non-negative fj, € Cy(R) such that fp 1 I(_op) (see Lemma B.1.6]
for an explicit construction of such). By monotone convergence p. fr T pul(—oo,p)
and hence

(8.3.19) E[lp(X7+u)la] = E[pu(X7, B)14],

for any B in the m-system {(—o0,b) : b € R} which generates the Borel o-algebra
B. The collection of L of sets B € B for which the preceding identity holds is a A-
system (by linearity of the expectation and monotone convergence), so by Dynkin’s
7 — A theorem it holds for any Borel set B. Since this applies for any A € F_+, the
strong Markov property of (X¢, F;) follows from Proposition B35 upon noting
that the right-continuity of ¢t — X, implies that X; is F;-progressively measurable,
with p,(X,, B) € mF,+ (see Propositions BI.8 and BI.13] respectively). O

Taking advantage of the preceding result, you can now verify that any right-
continuous S.P. of stationary, independent increments is a strong Markov process.

EXERCISE 8.3.20. Suppose {X;,t > 0} is a real-valued process of stationary, inde-
pendent increments.

(a) Show that {X¢,t > 0} has a Feller semi-group.

(b) Show that if {X¢,t > 0} is also right-continuous, then it is a strong
Markov process. Deduce that this applies in particular for the Poisson
process (starting at No = x € R as in Example[8.3.6)), as well as for any
Brownian Markov process (X, Fi).
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(c) Suppose the right-continuous {X;,t > 0} is such that lims o E|X| = 0
and Xo = 0. Show that X, is integrable for allt > 0 and M; = X; —tEX;
is a martingale. Deduce that then E[X,;] = E[T|E[X1] for any integrable
FX-stopping time 7.

Hint: Show the last claim first for the FX-stopping times 7o = 274 ([2¢7]+

1).

Our next example demonstrates that some regularity of the semi-group is needed
when aiming at the strong Markov property (i.e., merely considering the canonical
filtration of a homogeneous Markov process with continuous sample functions is
not enough).

ExamMpLE 8.3.21. Suppose Xy is independent of the standard Wiener process
{Wi,t > 0} and ¢ = P(Xg = 0) € (0,1). The S.P. X; = Xo + Wilix,20, has
continuous sample functions and for any fized s > 0, a.s. Ijx,—oy = I{x,—0} (as
the difference occurs on the event {Ws = —Xo # 0} which is of zero probabil-
ity). Further, the independence of increments of {W;} implies the same for {X;}
conditioned on X, hence for any u > 0 and Borel set B, almost surely,

P(X.u € BIFY) = Ioenlixo=0y + P(Wepu — Wi + X, € B|X) [ x,20}
= ]/g\u(Xsa B) )

where py(x, B) = po(x, B)Iy—o + pu(x, B)Iy+0 for the Brownian semi-group py(-).
Clearly, per u fixed, p,(-,-) is a transition probability on (R,B) and po(x, B) is
the identity element for the semi-group relation Dy.s = DuPs which is easily shown
to hold (but this is not a Feller semi-group, since x — (D¢ f)(x) is discontinuous
at © = 0 whenever f(0) # Ef(W;)). In view of Definition [83 1], we have just
shown that P, (-,-) is the Markov semi-group associated with the FX-progressively
measurable homogeneous Markov process { X, t > 0} (regardless of the distribution
of Xo). However, (X;, FX) is not a strong Markov process. Indeed, note that
7 =inf{t > 0: X, = 0} is an FX-stopping time (see Proposition [S1.15), which
is finite a.s. (since if Xog # 0 then Xy = Wy + Xo and 7 = TSO))(O of Ezercise
82238, whereas for Xg = 0 obviously 7 = 0). Further, by continuity of the sample
functions, X, = 0 whenever T < oo, so if (X;, FX) was a strong Markov process,
then in particular, a.s.

P(X;41 > 0|FF) = p1(0,(0,00)) =0
(this is merely (8:313) for the stopping time 7, w =1 and B = (0,00)). Howewver,
the latter identity fails whenever Xo # 0 (i.e. with probability 1 —q > 0), for then

the left side is merely p1(0,(0,00)) = 1/2 (since {Ws, FX} is a Brownian Markov
process, hence a strong Markov process, see Exercise[8.3.20).

Here is an alternative, martingale based, proof that any Brownian Markov process
is a strong Markov process.

EXERCISE 8.3.22. Suppose (X, F;) is a Brownian Markov process.

(a) Let Ry and Iy denote the real and imaginary parts of the complez-valued
S.P. My = exp(i6X; + t0%/2). Show that both (Ry, F;) and (I, F;) are
MG-s.

(b) Fizing a bounded Fi-Markov time 7, show that E[M, .| F+] = M,
w.p.1.
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(c) Deduce that w.p.1. the R.C.P.D. of X;4., given F.+ matches the normal
distribution of mean X, (w) and variance u.

(d) Conclude that the Fi-progressively measurable homogeneous Markov pro-
cess { X, t > 0} is a strong Markov process.

8.3.3. Markov jump processes. This section is about the following Markov
processes which in many respects are very close to Markov chains.

DEFINITION 8.3.23. A function © : Ry — S is called a step function if it is
constant on each of the intervals [si—1, si), for some countable (possibly finite), set
of isolated points 0 = sp < 81 < S < ---. A continuous-time stochastic process
(X¢,t > 0) taking values in some measurable space (S,S) is called a pure jump
process if its sample functions are step functions. A Markov pure jump process is
a homogeneous Markov process which, starting at any non-random Xo = x € S, is
also a pure jump process on its B-isomorphic state space (S,S).

REMARK. We often use Markov jump process for Markov pure jump process and
note in passing that these processes are sometimes also called continuous time
Markov chains.

The relatively explicit analysis of Markov jump processes, as provided here, owes
much to the fact that the jump times in their sample functions are isolated. Many
interesting, and harder to analyze Markov processes have piecewise constant sample
functions, but with accumulation points of jump times.

We start by showing that the strong Markov property applies for all Markov jump
processes.

PROPOSITION 8.3.24. Any Markov jump process (X, Fi) is a strong Markov pro-
cess.

PrOOF. Though we did not even endow the state space (S,S) with a topology,
the sample functions ¢t — X}, being step functions, are trivially right continuous,
hence the Markov jump process is F-progressively measurable (see Proposition
RIX). Fixing u > 0, a bounded F;-Markov time 7, A € F,+ and B € S, as
in the proof of Proposition the identity (8319) holds for some sequence
{7¢} of Fi-stopping times such that 7, | 7. Since the right-continuous sample
functions ¢t — Xy of a jump process are constant except possibly for isolated jump
times, both X; = X, and X,4, = X, for all £ large enough. Consequently,
Ip(Xr14) = Ip(Xs,44) and py(X-, B) = pu(X,,, B) for all ¢ large enough, so by
bounded convergence the identity (83.I9) also holds for the F;-Markov time 7.
Since this applies for any A € F,+, as explained while proving Proposition B3.19
the strong Markov property of (X, ;) then follows from Proposition B30 O

EXAMPLE 8.3.25. The semi-group of a Markov jump process is often not a Feller
semi-group (so Proposition is not a special case of Proposition [8.3.19). For
example, setting sgn(0) = 0 it is easy to check that pi(x,A) = e "Izeay + (1 —
e’t)I{sgn(m)eA} is a Markov semi-group on R, which is not a Feller semi-group (as
(p1h)(z) = e h(z) + (1 — e 1)1, is discontinuous for h(z) = 2 A1 € Cy(R)).
This semi-group corresponds to a Markov jump process { X} with at most one jump
per sample function, such that starting at any state Xo other than the (absorbing)
states —1, 0 and 1, it jumps to sgn(Xo) € {—1,0,1} at a random time T having the
exponential distribution of parameter one.
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In view of Lemma [Z.T.7] the law of a homogeneous Markov process does not tell us
directly whether or not it is a Markov jump process. In fact, a Markov jump process
corresponds to the piecewise constant RCLL modification of the given Markov law
(and such modification is essentially unique, see Exercise[[.2.3)), so one of the central
issues here is to determine when such a modification exists.

With the Poisson process as our prototypical example of a Markov jump process,
we borrow from the treatment of the Poisson process (in Subsection B4.2]), and
proceed to describe the jump parameters of Markov jump processes. These pa-
rameters then serve as a convenient alternative to the general characterization of a
homogeneous Markov process via its (Markov) semi-group.

PROPOSITION 8.3.26. Suppose (X, t > 0) is a right-continuous, homogeneous
Markov process.

(a) Under Py, the FX-Markov time T = inf{t > 0: X; # X} has the ezxpo-
nential distribution of parameter A, for all y € S and some measurable
A: S+ [0,00].

(b) If Ay > 0 then 7 is Py-almost-surely finite and P,-independent of the
S-valued random variable X, .

(¢) If (X¢,t > 0) is a strong Markov process and X\, > 0 is finite, then
P -almost-surely X, # y.

(d) If (Xt,t > 0) is a Markov jump process, then T is a strictly positive,
FX-stopping time.

PROOF. (a). From Proposition we know that 7 > 0 is an FX-Markov
time, as are 7,,, = inf{t > u : X; # z} for any z € S and v > 0. Under P, the
event {7 > u+t} for t > 0 implies that X,, = y and 7 = 7, x,. Thus, applying the
Markov property for h = I;>¢ (so h(Xu+t.) = I(7, v, >u+tt}), We have that

Py(r>u+t)=Py(rux, Zu+t, Xy =y, 7>u)
= Ey[E(Tu,Xu >u+ t|]:i()l{7'2u,Xu:y}] = Py(T > t)Py(T >, Xy = y)

Considering this identity for t = s +n~! and u = v + n~! with n — oo, we find
that the [0, 1]-valued function ¢(¢) = P, (7 > t) is such that g(s + v) = g(s)g(v)
for all s,v > 0. Setting g(1) = exp(—A,) for A : S — [0, co] which is measurable,
by elementary algebra we have that g(q) = exp(—\,q) for any positive ¢ € Q.
Considering rational g, | ¢ it thus follows that P, (7 > t) = exp(—=\,¢) for all ¢ > 0.
(b). If Ay = o0, then Py-a.s. both 7 =0 and X, = Xy = y are non-random, hence
independent of each other. Suppose now that A, > 0 is finite, in which case 7 is
finite and positive Py-almost surely. Then, X is well defined and applying the
Markov property for h = Ig(X;)Ir>¢ (so MXuy.) = IB(Xr, v, Miru x, >t4u})s We
have that for any B€ S, v > 0 and ¢t > 0,

P,(X:eB,7>t4+u)=Py(X;,  €B,Tyy>t+ur>uX,=y)
=E,[P(X;, «, € B, Tux, >t +ulF) (50 x0=y}]
=P,(X; € B, 7> t)Py(t > u, X, =y).

Considering this identity for t = n=! and v = v + n~! with n — oo, we find that
P,X:eB,7>v)=P,(X; € B,7>0)Py(1 >v) =Py (X; € B)Py(1 >v).

Since {7 > v} and {X, € B,T < oo} are P -independent for any v > 0 and B € S,
it follows that the random variables 7 and X, are P,-independent, as claimed.
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(c). With A = {3¢, € Q,qn | 0 : 2(q,) # z(0) = y} € S note that by
right-continuity of the sample functions ¢ — X;(w) the event {X. € A} is merely
{r =0,Xo = y} and with A, finite, further P,(X. € A) = 0 for all z € S. Since
Ay > 0, by the strong Markov property of (X, ¢ > 0) for h(s,z(-)) = La(z())
and the Py-a.s. finite 7;7*-Markov time 7, we find that P,-a.s. X,y ¢ A. Since
the event {X, = X} implies, by definition of 7 and sample path right-continuity,
the existence of rational ¢, | 0 such that X.1,, # Xo, we conclude that P,-a.s.
X, #y.

(d). Here t — X;(w) is a step function, hence clearly, for each t > 0

{r<ty= U (X, # X} e F¥
qEQg

and 7 is a strictly positive, FX-stopping time. (]
Markov jump processes have the following parameters.

DEFINITION 8.3.27. We call p(xz, A) and {\;} the jump transition probability and
jump rates of a Markov jump process {X¢,t > 0}, if p(x, A) = P (X, € A) for
A€ S and x € S of positive jump rate Ay, while p(x, A) = I,ca in case Ay = 0.
More generally, a pair (\,p) with A : S — Ry measurable and p(-,-) a transition
probability on (S,S) such that p(x,{z}) = Ir,=o is called jump parameters.

The jump parameters provide the following canonical construction of Markov jump
processes.

THEOREM 8.3.28. Suppose (\,p) are jump parameters on a B-isomorphic space
(S,S). Let {Z,,n > 0} be the homogeneous Markov chain of transition probability
p(-,-) and initial state Zo = x € S. For each y € S let {r;(y),j > 1} be i.i.d.
random variables, independent of {Z,} and having each the exponential distribution
of parameter A\,. Set Ty = 0, Ty, = Z;C:l 7;(Z;i=1), k > 1 and X, = Zy, for all
t € [Tk, Trt1), k > 0. Assuming P,(Too < 00) = 0 for all x € S, the process
{X¢,t > 0} thus constructed is the unique Markov jump process with the given
Jump parameters. Conversely, (\,p) are the parameters of a Markov jump process
if and only if Py(Ts < 00) =0 for all z € S.

REMARK. The random time 7;(Z;_1) is often called the holding time at state
Z;_1 (or alternatively, the j-th holding time), along the sample path of the Markov
jump process. However, recall part (c) of Proposition 326 that strong Markov
processes of continuous sample path have trivial jump parameters, i.e. their holding
times are either zero or infinite.

ProoOF. Part I. Existence.

Starting from jump parameters (A, p) and Xo = z, if P, (T < 00) = 0 then our
construction produces {X;,¢t > 0} which is indistinguishable from a pure jump
process and whose parameters coincide with the specified (A\,p). So, assuming
hereafter with no loss of generality that Too(w) = oo for all w € Q, we proceed to
show that {X;, FX} is a homogeneous Markov process. Indeed, since p;(z, B) =
P.(X; € B) is per t > 0 a transition probability on (S,S), this follows as soon as
we show that P, (Xs, € B|FX) = Px, (X, € B) for any fixed s,u > 0, z € S and
Bes.
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Turning to prove the latter identity, fix s, u, z, B and note that

{XueB}=|J{Z € B Tiy1>u>Ts},
>0

is of the form {X,, € B} = {(Z,,T.) € A,} where A, € (S x [0,0]).. Hence, this
event is determined by the law of the homogeneous Markov chain {Z,,T,,n > 0}
on S x [0,00]. With Y; = sup{k > 0 : T} < ¢} counting the number of jumps in
the interval [0,t], we further have that if {Y; = k}, then X, = Z; and {Xs4, €
B} = {(Zk4+.,Tht. — s) € Ayu}. Moreover, since t — X;(w) is a step function,
FX = o(Ys, Zy, T, k < Yy). Thus, decomposing 2 as the union of disjoint events
{Ys = k} it suffices to show that under P, the law of (Zy4., Tk+. — s) conditional
on (Zy,Ty) and the event {Y, = k} = {7441(Zx) > s — T > 0}, is the same
as the law of (Z.,T.) under Pz, . In our construction, given Z; € S, the random
variable 7 = 741(Zk) = Tg+1 — T is independent of T, and follows the exponential
distribution of parameter Az, . Hence, setting & = s—T} > 0, by the lack of memory
of this exponential distribution, for any ¢,s, k > 0,

Pw(Tk-i-l > t+S|Tkuzk7{Y; = k}) = PI(T > t+§|T]§,Zk, {T > 5}) = P(T > t|Z7€) .

That is, under P, the law of T}y — s conditional on FX and the event {Y, = k},
is the same as the law of T} under Pz, . With {Z,,n > 0} a homogeneous Markov
chain whose transition probabilities are independent of {T,,n > 0}, it follows that
further the joint law of (Zg11, Tk+1 — s) conditional on FX and the event {Y; = k}
is the same as the joint law of (Z;,T1) under Pz, . This completes our proof that
{Xt, FX} is a homogeneous Markov process, since for any z € S, conditional on
Zy4+1 = z the value of (Zy414+-, Tht1+- — Tk+1) is independent of Ty; and by the
Markov property has the same joint law as (Z14., Th4+. — Th) given Z; = z.

Part II. Uniqueness. Start conversely with a Markov pure jump process ()?t, t>0)
such that Xy = z and whose jump parameters per Definition are (\,p).
In the sequel we show that with probability one we can embed within its sample
function ¢ — X;(w) a realization of the Markov chain {Z,,n > 0} of transition
probability p(-,-), starting at Zy = x, such that Xt = Zj for all t € [T, Tit1),
k > 0 and with Ty = 0, show that for any k£ > 0, conditionally on {Z;, T}, j < k},
the variables 7441 = Tk+1 — T and Zg41 are independent of each other, with 71
having the exponential distribution of parameter Az, .

This of course implies that even conditionally on the infinite sequence {Z,,,n > 0},
the holding times {711,k > 0} are independent of each other, with 741 maintain-
ing its exponential distribution of parameter Az, . Further, since ¢ — X, (w) is a
step function (see Definition B3.23), necessarily here Too(w) = oo for all w € Q.
This applies for any non-random z € S, thus showing that any Markov pure jump
process can be constructed as in the statement of the theorem, provided (A, p) are
such that P, (T < o0) =0 for all z € S, with the latter condition also necessary
for (A\,p) to be the jump parameters of any Markov pure jump process (and a
moment thought will convince you that this completes the proof of the theorem).

Turning to the promised embedding, let Ty = 0, Zy = )A(O =gz and Ty = Ty + 7 for
71 = inf{t > 0: )?t # Zp}. Recall Proposition that 71 has the exponential
distribution of parameter A\, and is an FX-stopping time. In case A\, = 0 we
are done for then T} = oo and X;(w) = Zo(w) = z for all ¢ > 0. Otherwise,
recall Proposition that 77 is finite w.p.1. in which case Z; = Xp, is well
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defined and independent of Tp, with the law of Z; being p(Zp,-). Further, since
()A(t,F?() is a strong Markov process (see Proposition B3.24) and excluding the
null set {w : T1(w) = oo}, upon applying the strong Markov property at the finite
stopping time 77 we deduce that conditional on F% the process {)A(Tlth,t > 0}
is a Markov pure jump process, of the same jump parameters, but now starting
at Z1. We can thus repeat this procedure and w.p.1. construct the sequence
Te+1 = inf{t >0: )?tJer #+ )A(Tk}, k > 1, where Ty 1 = Ty + 741 are FX-stopping
times and Z; = XT;C (terminating at Tg+1 = oo if Az, = 0). This is the embedding
described before, for indeed )A(t = Zy for allt € [Ty, Ty+1), the sequence {Z,,n > 0}
has the law of a homogeneous Markov chain of transition probability p(-, -) (starting
at Zp = x), and conditionally on o(Z;,T;,j < k) C ]-"7%, the variables 7441 and
Zr+1 are independent of each other, with 7,41 having the exponential distribution
of parameter Az, . O

REMARK 8.3.29. When the jump rates A\, = A\ are constant, the corresponding
jump times T} are those of a Poisson process N; of rate A, which is independent
of the Markov chain {Z,,}. Hence, in this case the Markov jump process has the
particularly simple structure X; = Zy,.

Here is a more explicit, equivalent condition for existence of a Markov pure jump
process with the specified jump parameters (A, p). It implies in particular that such
a process exists whenever the jump rates are bounded (i.e. sup, A, finite).

EXERCISE 8.3.30. Suppose (A, p) are jump parameters on the B-isomorphic state
space (S,S).

(a) Show that P, (Ts < 00) =0 if and only if P,(>_, /\En1 < o0) =0.
Hint: Upon Conditioning on {Z,} consider part (d) of Exercise[2.3.25
(b) Conclude that to any jump parameters p(-,-) and A € bS corresponds
a well defined, unique Markov jump process, constructed as in Theorem
15.53. 2581

REMARK. The event {w : T (w) < oo} is often called an explosion. A further
distinction can then be made between the pure (or non-explosive) Markov jump
processes we consider here, and the explosive Markov jump processes such that
P,(Too < o0) > 0 for some = € S, which nevertheless can be constructed as in
Theorem to have step sample functions, but only up to the time T, of
explosion.

EXAMPLE 8.3.31 (BIRTH PROCESSES). Markov (jump) processes which are also
counting processes, are called birth processes. The state space of such processes is
S={0,1,2,...} and in view of Theorem[8.3.28 they correspond to jump transitions
p(x,x + 1) = 1. Specifically, these processes are of the form X; = sup{k > 0 :
Z;:)l(o 7; < t}, where the holding times 7;, j > 1, are independent Exponential(\;)
random variables. In view of Ezercise such processes are mon-explosive if
and only if Ejzk )\j_l = oo for all k > 0. For example, this is the case when
Aj = JA 4+ Ao with Ag > 0 and A > 0, and such a process is then called simple
birth with immigration process if also Ag > 0, or merely simple birth process if
Ao = 0 (in contrast, the Poisson process corresponds to A =0 and \g > 0). The
latter processes serve in modeling the growth in time of a population composed of
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individuals who independently give birth at rate A (following an exponentially dis-
tributed holding time between consecutive birth events), with additional immigration
into the population at rate Ao, independently of birth events.

REMARK. In the context of Example B.331 E, T} = Zfif -t )\j_l for the arrival

time T}, to state k£ 4 z, so taking for example \; = j* for some a > 1 results with
an explosive Markov jump process. Indeed, then E, T}, < ¢ for finite ¢ = 3 177
and any z,k > 1. By monotone convergence E;To, < ¢, so within an integrable,
hence a.s. finite time T, the sample function t — X; escapes to infinity, hence
the name explosion given to such phenomena. But, observe that unbounded jump
rates do not necessarily imply an explosion (as for example, in case of simple birth
processes), and explosion may occur for one initial state but not for another (for

example here A\g = 0 so there is no explosion if starting at « = 0).

As you are to verify now, the jump parameters characterize the relatively explicit
generator for the semi-group of a Markov jump process, which in particular satisfies
Kolmogorov’s forward (in case of bounded jump rates), and backward equations.

DEFINITION 8.3.32. The linear operator L : bS — mS such that (Lh)(z) =
e [(h(y) — h(z))p(z,dy) for h € bS is called the generator of the Markov jump
process corresponding to jump parameters (\,p). In particular, (Llfzyc)(z) = Ay
and more generally (LIg)(x) = Agp(x, B) for any B C {x}° (so specifying the
generator is in this context equivalent to specifying the jump parameters).

EXERCISE 8.3.33. Consider a Markov jump process (X¢,t > 0) of semi-group
pi(+,+) and jump parameters (A p) as in Definition[8-3.32 Let Ty, = Z?:l 7; denote
the jump times of the sample function s — Xy (w) and Yy = Y, Itp <4y the
number of such jumps in the interval [0,1].

(a) Show that if Ay > 0 then

P.(r <tlm) = /(1 - ef)‘yt)p(x,dy),

and deduce that t'P,(Y; >2) = 0 ast | 0, for any x € S.

(b) Fizing x €S and h € bS, show that

|(psh)(z) = (poh) () — Ex[(A(X7) — h(2))[r<s]| < 2[|A]|ocPa(Ys 2 2),
and deduce that for L per Definition [8.3.32,

(8.3.20) lim s~ ((psh)(z) — (poh) (z)) = (L) (@),

where the convergence in (8320) is uniform within {h € bS : ||h]|e <
K}, for any K finite.

(c) Verify thatt — (Lp.h)(x) is continuous and t — (peh)(x) is differentiable
foranyx €S, h € bS, t > 0 and conclude that the backward Kolmogorov
equation holds. Specifically, show that

(8.3.21) Ou(peh)(z) = (Lpih)(x) Vt> 0,2 €S,hebS.

(d) Show that if sup,cg A is finite, then L : bS — bS, the convergence in
(8:3.20) is also uniform in x and Kolmogorov’s forward equation (also
known as the Fokker-Planck equation), holds. That is,

(8.3.22) Oc(peh)(x) = (pi(Lh))(x) YVt >0,z €S,hebS.
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REMARK. Exercise B.3.33 relates the Markov semi-group with the correspond-
ing jump parameters, showing that a Markov semi-group p(-,) corresponds to a
Markov jump process only if for any x € S, the limit

(8.3.23) 13%115*1(1 —pi(z, {z}) = X\

exists, is finite and S-measurable. Moreover, necessarily then also

(8.3.24) 1%1 t'pi(z, B) = Aep(, B) VB C {z}°,

for some transition probability p(-,-). Recall Theorem that with the ex-
ception of possible explosion, the converse applies, namely whenever (83.23) and
B324) hold, the semi-group p;(,-) corresponds to a (possibly explosive) Markov
jump process. We note in passing that while Kolmogorov’s backward equation
®3Z1)) is well defined for any jump parameters, the existence of solution which is
a Markov semi-group, is equivalent to non-explosion of the corresponding Markov
jump process.

In particular, in case of bounded jump rates the conditions (83.23)) and (83.24)
are equivalent to the Markov process being a Markov pure jump process and in this
setting you are now to characterize the invariant measures for the Markov jump
process in terms of its jump parameters (or equivalently, in terms of its generator).

EXERCISE 8.3.34. Suppose (A, p) are jump parameters on B-isomorphic state space
(S,8) such that sup,cg Ay is finite.

(a) Show that probability measure v is invariant for the corresponding Markov
Jump process if and only if v(Lh) = 0 for the generator L : bS — bS of
these jump parameters and all h € bS.

Hint: Combine Ezercises [8.3.9 and [83.33 (utilizing the boundedness of
x +— (Lh)(x)).

(b) Deduce that v is an invariant probability measure for (A, p) if and only if

(W) @p(S x A) = (\)(A) forall A S.

In particular, the invariant probability measures of a Markov jump process with
constant jump rates are precisely the invariant probability measures for its jump
transition probability (see Proposition [6.1.23).

Of particular interest is the following special family of Markov jump processes.

DEFINITION 8.3.35. Real-valued Markov pure jump processes with a constant jump
rate A whose jump transition probability is of the form p(x, B) = P¢({z : x+2z € B})
for some law Pe on (R, B), are called compound Poisson processes. Recall Remark
that a compound Poisson process is of the form Xy = Sn, for a random walk
Sn =80+ > p_y &k with i.i.d. {& &} which are independent of the Poisson process
N of rate .

REMARK. The random telegraph signal R; = (—1)M Ry of Example [[.Z14] is a
Markov jump process on S = {—1,1} with constant jump rate A, which is not a
compound Poisson process (as its transition probabilities p(1,—1) = p(—1,1) =1
do not correspond to a random walk).

As we see next, compound Poisson processes retain many of the properties of the
Poisson process.
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PROPOSITION 8.3.36. A compound Poisson process {Xi,t > 0} has stationary,
independent increments and the characteristic function of its Markov semi-group
pe(x, ) is

(8.3.25) E,[e?X] = 0T AP (0)—1)
where O¢(-) denotes the characteristic function of the corresponding jump sizes &.

PROOF. We start by proving that {X;,¢ > 0} has independent increments,
where by Exercise[7.1.12]it suffices to fix 0 = tg < t; < t3 < - -+ < t,, and show that
the random variables D; = Xy, — X;, ,,¢=1,...,n, are mutually independent. To
this end, note that N, = 0 and conditional on the event Ny, = m; for m; = Z;‘:l T
and fixed r = (r1,...,7,) € Z", we have that D; = ZZmFlH &, are mutually
independent with D, then having the same distribution as the random walk S,
starting at Sy = 0. So, for any f; € bB, by the tower property and the mutual

independence of {Ny, — Ny, ,,1 <i<n},
E.[[] /(Do) = EE([] £iD)l 7)) = 3 TT{P0V = Moy = r)Bolfi(S0,)] |
=1 =1 zeli =1
=TI{ > PV, = Ny = r)BolfiS)1} = [T Balfi(Do)]
i=1 r;=0 =1
yielding the mutual independence of D;, i = 1,...,n.

We have just seen that for each ¢ > s the increment X; — X, has under P,
the same law as Sn,_n, has under Py. Since Ny — Nj L N;_g, it follows by the
independence of the random walk {S,} and the Poisson process {N, ¢ > 0} that
P, (X:—Xs € ) =Po(Sn,_. € ) depends only on ¢t — s, which by Definition [[3.11]
amounts to {X;,t > 0} having stationary increments.

Finally, the identity (3.3.3)) extends to E[zYt] = exp(At(z — 1)) for N; having
a Poisson distribution with parameter At and any complex variable z. Thus, as
E.[e9] = e ®,(0)" (see Lemma B.3.8), utilizing the independence of {S,} from
Ny, we conclude that

Em[eiOXt] _ E[Em(eiOSNt |Nt)] — eme[(I)g(e)Nt] _ ei0m+>\t(<1>5(0)—1) ’
for all t > 0 and z,0 € R, as claimed. (Il

EXERCISE 8.3.37. Let {X;,t > 0} be a compound Poisson process of jump rate \.

(a) Show that if the corresponding jump sizes {&x} are square integrable then
EoX; = ME€, and Var(X;) = MEE?.

(b) Show that if E§, = 0 then {X:,t > 0} is a martingale. More generally,
uo(t, X¢,8) is a martingale for ug(t,y,0) = exp(Qy — M(M(6) — 1)) and
any 0 € R for which the moment generating function Mg () = E[e%1] is
finite.

Here is the analog for compound Poisson processes of the thinning of Poisson
variables.

PROPOSITION 8.3.38. Suppose {X;,t > 0} is a compound Poisson process of jump
rate A and jump size law Pe. Fizing a disjoint finite partition of R\ {0} to Borel
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m .

sets Bj, j = 1,...,m, consider the decomposition X, = Xo+ > Xt(J) in terms of
j=1

the contributions

Ny
X7 =" &dp, (&)
k=1
to X; by jumps whose size belong to B;. Then {Xt(j),t >0} forj=1,...,m are
independent compound Poisson processes of jump rates A\ = AP(¢ € Bj) and
n.1.d. jump sizes {f(j),ﬁéj)} such that P(£V) € -) = P(¢ € -|¢ € By), starting at
xJ =o.

Proor. While one can directly prove this result along the lines of Exercise
[B-416] we resort to an indirect alternative, whereby we set X; = Xo + ZTZl Yt(J )
for the independent compound Poisson processes Y;(J )

of jump rates AY) and i.i.d.
(4) %
k

jump sizes {&;”’}, starting at Yo(j) = 0. By construction, X; is a pure jump process
whose jump times {Ty(w)} are contained in the union over j = 1,...,m of the
isolated jump times {T,gj )(o.))} of t — Yt(j ) (w). Recall that each T,ij ) has the gamma
density of parameters a = k and A) (see Exercise and Definition B-4.g)).
Therefore, by the independence of {Yt(j),t > 0} w.p.1. no two jump times among
{T,Ej),j, k > 1} are the same, in which case )?t(j) = Yt(j) for all j and ¢ > 0 (as the
jump sizes of each Yt(j ) are in the disjoint element B; of the specified finite partition
of R\ {0}). With the R™-valued process (X, ..., X(™)) being indistinguishable
from (Y, ... V(™) it thus suffices to show that {X;,t > 0} is a compound
Poisson process of the specified jump rate A and jump size law Pe.

To this end, recall Proposition [R:3.36 that each of the processes Yt(j ) has station-
ary independent increments and due to their independence, the same applies for

{)A(t, t > 0}, which is thus a real-valued homogeneous Markov process (see Propo-
sition B.3.5). Next, note that since A = >7" AU) and for all 4 € R,

D AV (0) =AY B[, (€)] = @e(6),
j=1 j=1
we have from ([83.20) and Lemma B.3.8 that for any 6 € R,

E, [eié)?t] — (if ﬁ E[eieyt(j)]
j=1
m .
_ i H AP (O)=1) _ bzt At (Pe(0)—1) _ E,[¢?X].
j=1

That is, denoting by p¢(-,-) and p¢(-, ) the Markov semi-groups of {X;,¢ > 0} and
{)A(t,t > 0} respectively, we found that per fixed z € R and ¢t > 0 the transi-
tion probabilities p;(x,-) and p;(x,-) have the same characteristic function. Con-
sequently, by Lévy’s inversion theorem p:(-,-) = pi(-,-) for all ¢ > 0, i.e., these
two semi-groups are identical. Obviously, this implies that the Markov pure jump
processes X; and X; have the same jump parameters (see (8323) and (83.24)),
so as claimed {)A(t,t > 0} is a compound Poisson process of jump rate A and jump
size law Pe. O
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EXERCISE 8.3.39. Suppose {Y;,t > 0} is a compound Poisson process of jump rate
A > 0, integrable Yy and jump size law P for some integrable & > 0.
(a) Show that for any integrable F,¥ -Markov time 7, EY, = EYy + AE¢ET.
Hint: Consider the ]-'tY -martingales Xipn, n > 1, where Xy =Y, — MEE.
(b) Suppose that Yo and & are square integrable and let 6, = inf{t > 0 :
Zt(r) > Y;}, where Zt(T) = B+t for a standard Brownian Markov process
(B, t > 0), independent of (Yi,t > 0). Show that for any r € R,
E(Yo)+
(r— AE¢)+
(where trivially 0, = 0 w.p.1. in case E(Yy); =0).
Hint: Consider filtration Fy = 0(Ys, Bs, s <t) and MG M; = X; — By.

Ef,. =

As in the case of Markov chains, the jump transition probability of a Markov
jump process with countable state space S is of the form p(z, A) = EyeAp(:z, Y).
In this case, accessibility and intercommunication of states, as well as irreducible,
transient and recurrent classes of states, are defined according to the transition
probability {p(z,y)} and obey the relations explored already in Subsection
Moreover, as you are to check next, Kolmogorov’s equations (83.21]) and (83:22)
are more explicit in this setting.

EXERCISE 8.3.40. Suppose (A, p) are the parameters of a Markov jump process on
a countable state space S.

(a) Check that ps(z,z) = Py(Xs = z) are then the solution of the countable
system of linear ODFEs

dps(z,
w =Y a(z,y)ps(y, 2) Vs >0,z,2 €S,
5 y€eSs
starting at po(x, z) = Ip—,, where q(x,x) = =Xz and q(x,y) = Aep(z,y)

forx £ y.
(b) Show that if sup, A, is finite then ps(x,z) must also satisfy the corre-
sponding forward equation

%ﬁ’z) = Zps(:v,y)q(y,z) Vs> 0,2,z €8S.
y€eSs
(c) In case S is a finite set, show that the matriz Py of entries ps(z,z) is
given by P, = Q9 = ZZOZO %Qk, where Q is the matrix of entries
q(z,y)-
The formula Py = e*Q explains why Q, and more generally L, is called the gener-
ator of the semi-group Ps.

From Exercise [R.3.34 we further deduce that, at least for bounded jump rates, an
invariant probability measure for the Markov jump process is uniquely determined
by the function 7 : S — [0,1] such that > 7(xz) =1 and

(8.3.26) Ay(y) = m(@)Aep(z,y) Yy eSs.

€S
For constant positive jump rates this condition coincides with the characterization
(62.35) of invariant probability measures for the jump transition probability. Con-
sequently, for such jump processes the invariant, reversible and excessive measures
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as well as positive and null recurrent states are defined as the corresponding ob-
jects for the jump transition probability and obey the relations explored already in
Subsection [6.2.2]

REMARK. While we do not pursue this further, we note in passing that more
generally, a measure p(-) is reversible for a Markov jump process with countable
state space S if and only if Ayu(y)p(y,z) = p(x)Asp(z,y) for any z,y € S (so
any reversible probability measure is by ([83.26) invariant for the Markov jump
process). Similarly, in general we call x € S with A, = 0 an absorbing, hence
positive recurrent, state and say that a non-absorbing state is positive recurrent
if it has finite mean return time. That is, if E, T, < oo for the first return time
T, = inf{t > 7 : X; = z} to state z. It can then be shown, in analogy with
Proposition [6.241] that any invariant probability measure 7 (+) is zero outside the
positive recurrent states and if its support is an irreducible class R of non-absorbing
positive recurrent states, then 7(z) = 1/(A\.E.[T.]) (see, [GSO1], Section 6.9] for
more details).

To practice your understanding, the next exercise explores in more depth the
important family of birth and death Markov jump processes (or in short, birth and
death processes).

EXERCISE 8.3.41 (BIRTH AND DEATH PROCESSES). A birth and death process is a
Markov jump process { X} on' S ={0,1,2,...} for which {Z,} is a birth and death
chain. That is, p(z,z + 1) = p, =1 — p(x,x — 1) for all x € S (where of course
po =1). Assuming A\, > 0 for all x and p, € (0,1) for all x > 0, let

k
_ Aoy Pimt
Ak ooy 1 =i

(k)

Show that { X} is irreducible and has an invariant probability measure if and only
if ¢ =3 >0 (k) is finite, in which case its invariant measure is w(k) = 7(k)/c.

The next exercise deals with independent random sampling along the path of a
Markov pure jump process.

EXERCISE 8.3.42. Let Y, = X7, k= 0,1,..., where Ty = Y, 7 and the i.i.d.
7; > 0 are independent of the Markov pure jump process {X;,t > 0}.

(a) Show that {Yy} is a homogeneous Markov chain and verify that any in-
variant probability measure for {X:} is also an invariant measure for

{Yi}.

(b) Show that in case of constant jump rates A, = A and each T; having the
exponential distribution of parameter A > 0, one has the representation
Y = Zr, of sampling the embedded chain {Z,} at L = Zle(m —1) for
i.i.d. m; > 1, each having the Geometric distribution of success probability
p=X(A+N).

(c) Conclude that if {Tvk} are the jump times of a Poisson process of rate
X > 0 which is independent of the compound Poisson process { X}, then
{Y} is a random walk, the increment of which has the law of Z?:_ll i

Compare your next result with part (a) of Exercise [8.2.40]
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EXERCISE 8.3.43. Suppose {X;,t > 0} is a real-valued Markov pure jump process,
with 0 =Ty < Ty < Ty < --- denoting the jump times of its sample function. Show
that for any q > 0 its finite q-th variation V(9 (X)) exists, and is given by

VOX) =3 Ip<nl Xm, = Xy, |7
E>1






CHAPTER 9

The Brownian motion

The Brownian motion is the most fundamental continuous time stochastic process.
We have seen already in Section [I.3]that it is a Gaussian process of continuous sam-
ple functions and independent, stationary increments. In addition, it is a martingale
of the type considered in Section B2l and has the strong Markov property of Section
B3l Having all these beautiful properties allows for a rich mathematical theory. For
example, many probabilistic computations involving the Brownian motion can be
made explicit by solving partial differential equations. Further, the Brownian mo-
tion is the corner stone of diffusion theory and of stochastic integration. As such
it is the most fundamental object in applications to and modeling of natural and
man-made phenomena.

This chapter deals with some of the most interesting properties of the Brownian
motion. Specifically, in Section we use stopping time, Markov and martingale
theory to study path properties of this process, focusing on passage times and
running maxima. Expressing in Section[@.2lrandom walks and discrete time MGs as
time-changed Brownian motion, we prove Donsker’s celebrated invariance principle.
It then provides fundamental results about these discrete time S.P.-s, such as the
law of the iterated logarithm (in short LIL), and the martingale cLT. Finally, the
fascinating aspects of the (lack of) regularity of the Brownian sample path are the
focus of Section

9.1. Brownian transformations, hitting times and maxima

We start with a few elementary path transformations under which the Wiener
process of Definition [[23.12 is invariant (see also Figure [ illustrating its sample
functions).

EXERCISE 9.1.1. For {W;,t > 0} a standard Wiener process, show that the S.P.
Wt(l), i=1,...,6 are also standard Wiener processes.

(a) (Symmetry) Wt(l) =-W;, t>0.

(b) (Time-homogeneity) Wt(2) = Wrpe—Wrp, t > 0 withT > 0 a non-random
constant. ~

(¢) (Time-reversal) Wt(g) = Wy — Wy_y, fort € [0,T], with T > 0 a non-
random constant.

(d) (Scaling) Wt(4) =a 2 Wy, t >0, with a > 0 a non-random constant.

(e) (Time-inversion) ﬁ//t(f)) =tWy fort >0 and ﬁ//éf)) =0.
(f) (Averaging) Wt@ =3 ckWt(k), t > 0, where Wt(k) are independent
copies of the Wiener process and c, non-random such that > ,_, ci =1.

(g) Show that Wt@) and Wt(g) are independent Wiener processes and evaluate
gt = Po(Wp > Wr_y > Wryy), where t € [0,T].

345
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REMARK. These invariance transformations are extensively used in the study of
the Wiener process. As a token demonstration, note that since time-inversion maps
Loy =sup{t > 0: W; ¢ (—at,bt)} to the stopping time 7,5 of Exercise B2Z30 it
follows that L, is a.s. finite and P(Wr, , = bLa3) = a/(a +b).

Recall Exercise B.3:200 (or Exercise B3.22)), that any Brownian Markov process
(W4, Fe) is a strong Markov process, yielding the following consequence of Corollary
B314 (and of the identification of the Borel o-algebra of C(]0, 00)) as the restriction
of the cylindrical o-algebra Bl®>) to C([0,00)), see Exercise [2.9).

COROLLARY 9.1.2. If (W, F,) is a Brownian Markov process, then {Wy,t > 0} is
a homogeneous Fi+-Markov process and further, for any s > 0 and bounded Borel
measurable functional h : C(|0,00)) — R, almost surely

(9.1.1) E[h(W.)|Fe+] = E[R(W.)|Fs] .

From this corollary and the Brownian time-inversion property we further deduce
both Blumenthal’s 0-1 law about the P,-triviality of the o-algebra ]—'(YY and its
analog about the P,-triviality of the tail o-algebra of the Wiener process (compare

the latter with Kolmogorov’s 0-1 law). To this end, we first extend the definition
of the tail o-algebra, as in Definition [[L4.9] to continuous time S.P.-s.

DEFINITION 9.1.3. Associate with any continuous time S.P. {X¢,t > 0} the canon-
ical future o-algebras TX = o(Xs,s > t), with the corresponding tail o-algebra of

the process being TX = ﬂ TX.
>0

PROPOSITION 9.1.4 (BLUMENTHAL’S 0-1 LAW). Let P, denote the law of the
Wiener process {Wy,t > 0} starting at Wy = x (identifying (Q, FW) with C(]0, 00))
and its Borel o-algebra). Then, P,(A) € {0,1} for each A € FYY and x € R.
Further, if A€ TW then either P,(A) =0 for all z or P,(A) =1 for all x.

ProOF. Applying Corollary @.1.2] for the Wiener process starting at Wy = x
and its canonical filtration, we have by the P,-triviality of F)V that for each A €
FY,

In = Bo[I4|F)Y] = B [14| FpV] = Po(A) P, —as.
Hence, P,(A) € {0,1}. Proceeding to prove our second claim, set Xy, = 0 and
Xy = tWy,, for t > 0, noting that {X:,t > 0} is a standard Wiener process (see
part (e) of Exercise @L). Further, 7,V = .7-'1)% for any ¢ > 0, hence

:ﬂﬁw m 1/t —

>0 t>0

Consequently, applying our first claim for the canonical filtration of the standard
Wiener processes {X;} we see that Po(A) € {0,1} for any A € FX = TW.
Moreover, since A € T;W, it is of the form I4 = Ip o 6; for some D € FW, so by
the tower and Markov properties,

P, (A) = Ex[Ip 0 b1 (w(-))] = Ex[Pw, (D)] = /pl(fﬂay)Py(D)dy,

for the strictly positive Brownian transition kernel p; (,y) = exp(—(z—v)?/2)/v/27.
If Po(A) = 0 then necessarily P, (D) = 0 for Lebesgue almost every y, hence also
P,(A) = 0 for all x € R. Conversely, if Pg(A4) = 1 then Py(A°) = 0 and with

€ TW, by the preceding argument 1 — P,(A) = P,(A°) =0 forallz € R. O
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Blumenthal’s 0-1 law is very useful in determining properties of the Brownian
sample function in the limits £ | 0 and ¢ 1 co. Here are few of its many consequences.

COROLLARY 9.1.5. Let 1o+ = inf{¢t > 0: W, > 0}, 79- = inf{t > 0: W; <0} and
Ty = inf{t >0: W, = 0} Then, PQ(T0+ = O) = Po(TO— = O) = PQ(TQ = O) =1
and w.p.1. the standard Wiener process changes sign infinitely many times in any
time interval [0,¢], € > 0. Further, for any x € R, with P,-probability one,

lim sup th =00, lim inf th = —00, W, =0 for some un(w) 1 00.
t— 00 t t—o0 t

PROOF. Since Po(mg+ < t) > Po(Wy > 0) = 1/2 for all t > 0, also Po(1p+ =
0) > 1/2. Further, 7o+ is an F¥-Markov time (see Proposition B.I.15). Hence,
{ro+ = 0} = {ro+ < 0} € F)Y and from Blumenthal’s 0-1 law it follows that
Po(19+ = 0) = 1. By the symmetry property of the standard Wiener process (see
part (a) of Exercise @I1]), also Po(m9- = 0) = 1. Combining these two facts we
deduce that Py-a.s. there exist ¢, | 0 and s, | 0 such that W; > 0 > W,_ for
all n. By sample path continuity, this implies the existence of u, | 0 such that
W, = 0 for all n. Hence, Po(Tp = 0) = 1. As for the second claim, note that for
any r > 0,

Po(W,, > rv/n i.0.) > limsup Po(W,, > rv/n) = Po(W1 >7r) >0
n—oo

where the first inequality is due to Exercise and the equality holds by the
scaling property of {W;} (see part (d) of Exercise[@.1.1)). Since {W,, > ry/ni0.} €
TW we thus deduce from Blumenthal’s 0-1 law that P, (W,, > ry/n i.0.) = 1 for
any r € R. Considering r 1 oo this implies that limsup, , . W;/vt = oo with
P, -probability one. Further, by the symmetry property of the standard Wiener
process,

Po(W,, < —rv/n, i.0.) =Po(W, >rvn, i.0.) >0,

so the preceding argument leads to liminf; . W/ Vit = —oo with P_-probability
one. In particular, P,-a.s. there exist ¢,, T co and s, 1 co such that W, > 0> W,
which by sample path continuity implies the existence of u,, 1 co such that W,, =0
for all n. O

Combining the strong Markov property of the Brownian Markov process and the
independence of its increments, we deduce next that each a.s. finite Markov time
T is a regeneration time for this process, where it “starts afresh” independently of
the path it took up to this (random) time.

COROLLARY 9.1.6. If (W, F;) is a Brownian Markov process and T is an a.s.
finite Fy-Markov time, then the S.P. {W.1y — W, t > 0} is a standard Wiener
process, which is independent of F.+.

PRrROOF. With 7 a.s. finite, Fz-Markov time and {W;,¢ > 0} an F;-progressively
measurable process, it follows that By = W, — W, is a R.V. on our probability
space and {By,t > 0} is a well defined S.P. whose sample functions inherit the conti-
nuity of those of {W,t > 0}. Since the S.P. ﬁ//t = Wy — Wy has the f.d.d. hence the
law of the standard Wiener process, fixing h € bBl%>) and ?L(CC()) = h(z(-) —x(0)),

the value of g;(y) = Ey[h(W.)] = E[h(W.)] is independent of y. Consequently,



348 9. THE BROWNIAN MOTION

fixing A € F,+, by the tower property and the strong Markov property [83.12)) of
the Brownian Markov process (W;, ;) we have that

E[l4h(B.)] = B[Lxh(Wy1.)] = E[Lag;(W-)] = P(A)E[RL(W.)].

In particular, considering A = Q we deduce that the S.P. { By, ¢ > 0} has the f.d.d.
and hence the law of the standard Wiener process {Wt} Further, recall Lemma
[C17 that for any F € FB, the indicator I is of the form Ir = h(B.) for some
h € bBI%®) in which case by the preceding P(A N F) = P(A)P(F). Since this
applies for any F € FB and A € F,+ we have established the P-independence of
the two o-algebras, namely, the stated independence of {B;,t > 0} and F.+. O

Beware that to get such a regeneration it is imperative to start with a Markov
time 7. To convince yourself, solve the following exercise.

EXERCISE 9.1.7. Suppose {Wy,t > 0} is a standard Wiener process.

(a) Provide an example of a finite a.s. random variable 7 > 0 such that
{Wr4+—=W.,t > 0} does not have the law of a standard Brownian motion.

(b) Provide an example of a finite F¥ -stopping time T such that [7] is not
an }?N—stopping time.

Combining Corollary 0.1.6] with the fact that w.p.1. 79+ = 0, you are next to
prove the somewhat surprising fact that w.p.1. a Brownian Markov process enters
(b, 00) as soon as it exits (—o0,b).

EXERCISE 9.1.8. Let 75+ = inf{t > 0: W} > b} for b > 0 and a Brownian Markov
process (Wy, Fy).
(a) Show that Po(1p # 1p+) = 0.
(b) Suppose Wy = 0 and a finite random-variable H > 0 is independent of
FW. Show that {Ty # T+ } € F has probability zero.

The strong Markov property of the Wiener process also provides the probability
that starting at = € (c,d) it reaches level d before level c (i.e., the event W_«) = b
a,b

of Exercise 8236, with b=d —z and a =z — ¢).

EXERCISE 9.1.9. Consider the stopping time 7 = inf{t > 0 : W} ¢ (¢,d)} for a
Wiener process {Wy,t > 0} starting at x € (¢, d).

(a) Using the strong Markov property of Wy show that u(x) = P,(W, = d)
is an harmonic function, namely, u(xz) = (u(x + r) + u(x — r))/2 for
any c <z —r <z <x+r <d, with boundary conditions u(c) = 0 and
u(d) = 1.

(b) Check that v(z) = (x — ¢)/(d — ¢) is an harmonic function satisfying the
same boundary conditions as u(x).

Since boundary conditions at x = ¢ and © = d uniquely determine the value of a

harmonic function in (c,d) (a fact you do not need to prove), you thus showed that
P.(W,=d)=(zx—¢)/(d—c).

We proceed to derive some of the many classical explicit formulas involving Brow-
nian hitting times, starting with the celebrated reflection principle, which provides
among other things the probability density functions of the passage times for a
standard Wiener process and of their dual, the running maxima of this process.
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Reflection principle for Brownian motion with b=1, t=3

FiGgure 1. Illustration of the reflection principle for Brownian motion.

PROPOSITION 9.1.10 (REFLECTION PRINCIPLE). With {Wy,t > 0} the standard
Wiener process, let M; = SUP4e(0,4] W, denote its running maxima and Tj, = inf{t >
0: Wi = b} the corresponding passage times. Then, for any t,b > 0,

(9.1.2) P(M; > b)=P(r, <t)=P(T, < t) = 2P(W; > b).

REMARK. The reflection principle was stated by P. Lévy [Lev39] and first rigor-
ously proved by Hunt [Hun56]. It is attributed to D. André [And1887] who solved
the ballot problem of Exercise[5.5.30 by a similar symmetry argument (leading also
to the reflection principle for symmetric random walks, as in Exercise [6.1.19]).

PROOF. Recall Proposition B.I.I5 that 7, is a stopping time for FW. Further,
since b > 0 = Wy and s — W, is continuous, clearly 7, = Tp and Wp, = b
whenever Ty is finite. Heuristically, given that T, = s < u we have that W, = b
and by reflection symmetry of the Brownian motion, expect the conditional law of
W, — Wy to retain its symmetry around zero, as illustrated in Figure [l This of
course leads to the prediction that for any w,b > 0,

1
(9.1.3) P(T, <u,W, >b) = §P(Tb <u).

With Wy = 0, by sample path continuity {W,, > b} C {T}, < u}, so the preceding
prediction implies that

P(Ty, < u) =2P(Tp < u, W, > b) =2P(W, >b).

The supremum M;(w) of the continuous function s — W,(w) over the compact
interval [0, ¢] is attained at some s € [0, ], hence the identity {M; > b} = {m, < t}
holds for all ¢,b > 0. Thus, considering w | t > 0 leads in view of the continuity of
(u,b) —» P(W, > b) to the statement ([@.1.2)) of the proposition. Turning to rigor-
ously prove (@3], we rely on the strong Markov property of the standard Wiener
process for the FW-stopping time 7T}, and the functional h(s,z()) = La(s,z(-)),
where A = {(s,z(-)) : z(-) € C(R4),s € [0,u) and (v — s) > b}. To this end,
note that Fy o = {z € C([0,00)) : z(u — s) >y for all s € [a,a’]} is closed (with
respect to uniform convergence on compact subsets of [0,00)), and z(u — s) > b
for some s € [0,u) if and only if z(-) € Fy, 4, for some by, = b+ 1/k, k > 1 and

g<q € Qf). So, A is the countable union of closed sets [q,¢'] X Fp, 4,4, hence
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Borel measurable on [0, 00) x C([0,00)). Next recall that by the definition of the
set A,
1
gh(s, b) = Eb[IA(S, W)] = I[o,u)(S)Pb(Wu—s > b) = §I[Oﬂu)(s).

Further, h(s, z(s4-)) = Ij0,u)(5)1z(u)>» and Wr, = b whenever T}, is finite, so taking
the expectation of (83I3)) yields (for our choices of h(+,-) and 7), the identity,

Elli7, <uy I{w,>0y] = Bl(Ty, Wr, +.)] = Elgn(Ty, Wr,)]
1
= E[gn(Ty,b)] = §E[I{Tb<u}]a
which is precisely (@13). O

Since t~1/2W, 2 G, a standard normal variable of continuous distribution func-
tion, we deduce from the reflection principle that the distribution functions of T}
and M; are continuous and such that Fr, (t) = 1 — Fiy, (b) = 2(1 — Fg(b/v/1)). In
particular, P(T, > t) — 0 as t — oo, hence T} is a.s. finite. We further have the
corresponding explicit probability density functions on [0, 00),

0 b 2
(914) fTb (t) = EFTI’ (t) = 27-‘—t3e 5
9] 2 2

REMARK. From the preceding formula for the density of 1, = 7, you can easily
check that it has infinite expected value, in contrast with the exit times 7,5 of
bounded intervals (—a, b), which have finite moments (see part (c) of Exercise[8.2.30]
for finiteness of the second moment and note that the same method extends to all
moments). Recall that in part (b) of Exercise you have already found that
the Laplace transform of the density of T is

Lip, (s) = / et fr, (t)dt = e~V

(and for inverting Laplace transforms, see Exercise Z2.10). Further, using the
density of passage times, you can now derive the well-known arc-sine law for the
last exit of the Brownian motion from zero by time one.

EXERCISE 9.1.11. For the standard Wiener process {W,} and any t > 0, consider
the time L, = sup{s € [0,t] : W, = 0} of last exit from zero by t, and the Markov
time Ry = inf{s >t : Wy = 0} of first return to zero after t.

(a) Verify that Po(T, > u) = P(Tjy_p > u) for any x,y € R, and with
pi(x,y) denoting the Brownian transition probability kernel, show that
for u >0 and 0 < u < t, respectively,

P(Rt>t+u):/

o0

o0

P(L; <u) = / Pu(0,y)P(Tjy >t —u)dy.

(b) Deduce from (9-17)) that the probability density function of Ry —t is
Fruaw) = VI (r/alt + u).
Hint: Express OP(R; > t+u)/0u as one integral over y € R, then change
variables to 2% = y?(1/u + 1/t).
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(¢) Show that Ly has the arc-sine law P(L; < u) = (2/7) arcsin(/u/t) and

hence the density fr,(u) = 1/(m\/u(t —w)) on [0,t].
(d) Find the joint probability density function of (L, Ry).

REMARK. Knowing the law of L; is quite useful, for {L; > u} is just the event
{Ws = 0 for some s € (u,t]}. You have encountered the arc-sine law in Exercise
B216] (where you proved the discrete reflection principle for the path of the sym-
metric SRW). Indeed, as shown in Section by Donsker’s invariance principle,
these two arc-sine laws are equivalent.

Here are a few additional results about passage times and running maxima.

EXERCISE 9.1.12. Generalizing the proof of (91.3), deduce that for a standard
Wiener process, any u > 0 and a; < az < b,

(9.1.6) P(T, <u,an <W, <az) =P2b—as <W, < 2b—a;),
and conclude that the joint density of (Mg, W) is
2(2b—a) - (2b—a)?

(917) th,Mt(CL’b) = \/W )

for b >aV 0 and zero otherwise.

EXERCISE 9.1.13. Let X(s,t) := inf e[y {W (u)} for a standard Wiener process
W (t), and for any t > 1, € > 0, denote by gic(x) the probability density of W (1)
at x > 0, conditioned on the event {X(0,t) > —¢}.

(a) Express gie(x) in terms of the standard normal distribution function
Fa(9).
(b) Taking both t T 0o and € | 0, show that g, .(x) converges to the density

fr(x) of R :=+/G% + G5 + GZ%, for i.i.d. standard normal variables G;,
i=1,2,3.

EXERCISE 9.1.14. Let W (t) = (W1 (t), Wa(t)) denote the two-dimensional Brow-
nian motion of Definition [§22.37, starting at a non-random W (0) = (z1,x2) with
z1 >0 and x5 > 0.

(a) Find the density of 7 = inf{t > 0: Wy (t) = 0 or Wa(¢t) = 0}.

(b) Find the joint density of (1, W1(1), Wa(T)) with respect to Lebesgue mea-
sure on {(t,x,y) € (0,00)% : 2 =0 or y = 0}.
Hint: The identity (T1.6) might be handy here.

EXERCISE 9.1.15. Consider a Brownian Markov process (Wy, Fi) with Wy > 0 and
pi(x, B) = P (W; € B) its Brownian semi-group of transition probabilities.
(a) Show that (Winr,, Fi) is a homogeneous Markov process on [0, 00) whose
transition probabilities are: p— (0,{0}) =1, and ifx > 0 thenp_ (z, B) =
pi(z, B)—pi(x, —B) for B C (0,00), while p_ (z,{0}) = 2pi(x, (—00, 0]).
(b) Show that (|W|, F:) is a homogeneous Markov process on [0,00) whose
transition probabilities are py (x, B) = pi(x, B) + pi(z, —B) (for x > 0
and B C [0,00)).

REMARK. We call (WiaT,, Ft) the Brownian motion absorbed at zero and (|Wy|, Fy)
the reflected Brownian motion. These are the simplest possible ways of constraining
the Brownian motion to have state space [0, c0).

EXERCISE 9.1.16. The Brownian Markov process (Wi, Fy) starts at Wy = 0.
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(a) Show that Yy = My — Wy is an F-Markov process, of the same transition
probabilities {p4+,t > 0} on [0,00) as the reflected Brownian motion.

(b) Deduce that {Yi,t > 0} has the same law as the reflected Brownian mo-
tion.

EXERCISE 9.1.17. For a Brownian Markov process (Wy, Fi) starting at Wy = 0,
show that L, = sup{s € [0,t] : Ws = M.} has the same arc-sine law as L.

Solving the next exercise you first show that {7,,b > 0} is a strictly increasing,
left-continuous process, whose sample path is a.s. purely discontinuous.

EXERCISE 9.1.18. Consider the passage times {Tp,b > 0} for a Brownian Markov
process (Wy, Fy) starting at Wy = 0.

(a) Show that b — Ty(w), is left-continuous, strictly increasing and w.p.1.
purely discontinuous (i.e. there is no interval of positive length on which
b — T} is continuous).
Hint: Check that P(t — M, is strictly increasing on [0,€]) = 0 for any
€ > 0, and relying on the strong Markov property of Wy deduce that w.p.1.
b — Ty, must be purely discontinuous.

(b) Show that for any h € bB and 0 < b < ¢,

BIh(T. — T)|Fy) = By[h(T2)] = Eolh(Te—s)].

(¢) Deduce that {Ty,b > 0} is a S.P. of stationary, non-negative indepen-
dent increments, whose Markov semi-group has the transition probability

kernel
~ t 2
qt(x7 y) = —F7— ¢ 2(y71)+ )
2m(y — )3
corresponding to the one-sided 1/2-stable density of (9.1.7)).
(d) Show that {my+,b > 0} of Exercise is a right-continuous modifica-
tion of {Tp,b > 0}, hence a strong Markov process of same transition

probabilities.
(e) Show that T, Zen for any c € R.

EXERCISE 9.1.19. Suppose that for some b > 0 fized, {&x} are i.i.d. each having
the probability density function (917) of T.
(a) Show that n=2>")_, & 2, (which is why we say that the law of Tp is
a-stable for a =1/2).
(b) Show that P(n~2 max}_, & < y) — exp(—b\/2/(rwy)) for ally > 0 (com-
pare with part (b) of Exercise[T2.13).
EXERCISE 9.1.20. Consider a standard Wiener process {Wy,t > 0}.
(a) Flizing b,t > 0 let Oy, = inf{s >t : Vy > b} for V, = |W|/\/s. Check
that O ¢ s t0y.1, then show that for b <1,
1
WE[(VE —0) v >0]
whereas Efy 1 = oo in case b > 1.
(b) Considering now Vs = [; explc(Ws — W) — ¢*(s — u)/2]du for ¢ € R
non-random, verify that Vs — s is a martingale and deduce that in this
case EOy o = b for any b > 0.

Efy; =
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First 20 steps First 1000 steps
2 2
1 1
0 0 WWMW
-1 -1
-2 -2
0 0.5 1 0 0.5 1
First 100 steps First 5000 steps
2 2
1 1
0 0
-1 -1
-2 -2
0 0.5 1 0 0.5 1

FIGURE 2. Scaled srw for different values of n.

9.2. Weak convergence and invariance principles

Consider the linearly interpolated, time-space rescaled random walk §n(t) =
n~1/28(nt) (as depicted in Figure[2] for the symmetric SRw), where

[t]
(9.2.1) S(t) = ka + (= [t)Em+1
k=1

and {&} are i.i.d. Recall Exercise B.5.18 that by the crt, if E¢; = 0 and E¢F = 1,
then as n — oo the f.d.d. of the S.P. §n() of continuous sample path, converge
weakly to those of the standard Wiener process. Since f.d.d. uniquely determine
the law of a S.P. it is thus natural to expect also to have the stronger, convergence
in distribution, as defined next.

DEFINITION 9.2.1. We say that S.P. {X,,(t),t > 0} of continuous sample functions

converge in distribution to a S.P. {X(t),¢t > 0}, denoted X,,(+) N Xoo(+), if the

corresponding laws converge weakly in the topological space S consisting of C([0, 00))
equipped with the topology of uniform convergence on compact subsets of [0,00).
That s, if g(Xn(")) 2, 9(Xso(+)) whenever g : C(]0,00)) — R Borel measurable,
is such that w.p.1. the sample function of X (-) is not in the set D, of points
of discontinuity of g (with respect to uniform convergence on compact subsets of

[0,00)).

As we state now and prove in the sequel, such functional CcLT, also known as
Donsker’s invariance principle, indeed holds.
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THEOREM 9.2.2 (DONSKER’S INVARIANCE PRINCIPLE). If {&} are i.i.d. with
E¢ = 0 and BE? = 1, then for S(-) of (@2Z1), the S.P. S,(-) = n='/28(n")

converge in distribution, as n — oo, to the standard Wiener process.

REMARK. The preceding theorem is called an invariance principle because the
limiting process does not depend on the law of the summands {£} of the random
walk. However, the condition E&? < oo is almost necessary for the n~1/2 scaling
and for having a Brownian limit process. Indeed, note Remark B.1.13] that both fail
as soon as E|&;|* = oo for some 0 < o < 2.

Since h(z(-)) = f(z(t1),...,z(tx)) is continuous and bounded on C([0, o)) for any
f € Cp(RF) and each finite subset {t1,...,#} of [0,00), convergence in distribution
of S.P. of continuous sample path implies the weak convergence of their f.d.d. But,
beware that the convergence of f.d.d. does not necessarily imply convergence in
distribution, even for S.P. of continuous sample functions.

EXERCISE 9.2.3. Give a counter-example to show that weak convergence of the
fid.d. of S.P. {X,,()} of continuous sample functions to those of S.P. {X ()} of

continuous sample functions, does not imply that X,,(-) N Xoo(+)-
Hint: Try X, (t) = ntl[oJ/n] (t) + (2 — nt)l(l/mg/n] (t)

Nevertheless, with S = (C(]0, 00), p) a complete, separable metric space (c.f. Ex-
ercise [[.2.9), we have the following useful partial converse as an immediate conse-
quence of Prohorov’s theorem.

PROPOSITION 9.2.4. If the laws of S.P. {X,(-)} of continuous sample functions
are uniformly tight in C([0,00)) and for n — oo the f.d.d. of {X,(-)} converge

weakly to the f.d.d. of {Xoo(:)}, then X, () N Xoo(4).

PROOF. Recall part (e) of Theorem B.5.2] that by the Portmanteau theorem

Xn() 2, X () as in Definition 2] if and only if the corresponding laws
v, = Px, converge weakly on the metric space S = C([0,00)) (and its Borel
o-algebra). That is, if and only if Eh(X,(-)) = Eh(X(:)) for each h contin-
uous and bounded on S (also denoted by v, = vy, see Definition B.2.17). Let
{I/Slm)} be a subsequence of {v,,}. Since {v,,} is uniformly tight, so is {V,(lm)}. Thus,
by Prohorov’s theorem, there exists a further sub-subsequence {V,(zm’“)} such that
u,(lmk) converges weakly to a probability measure vy, on S. Recall Proposition [[.1.§
that the f.d.d. uniquely determine the law of S.P. of continuous sample functions.
Hence, from the assumed convergence of f.d.d. of {X,,(-)} to those of {Xs(-)},
we deduce that Vs, = Px_ = Voo. Consequently, Eh(X,(Lm’“)(-)) — Eh(X(+)) for
each h € Cp([0,00)) (see Exercise [[.2.9). Fixing h € Cp([0,00)) note that we have
just shown that every subsequence y,(,m) of the sequence y, = Eh(X,(:)) has a
that converges to y... Hence, we deduce by Lemma

further sub-subsequence ynmk)

2217 that y, — Yoo. Since this holds for all h € Cy([0,0)), we conclude that

Xo() = Xool0). 0
Having Proposition and the convergence of f.d.d. of §n(), Donsker’s invari-

ance principle is a consequence of the uniform tightness in S of the laws of these

S.P.-s. In view of Definition B22:33T] we prove this uniform tightness by exhibiting
compact sets K, such that sup,, P(S,, ¢ Ky) — 0 as £ — oco. To this end, recall the
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following classical result of functional analysis (for a proof see [KaS97, Theorem
2.4.9] or the more general version provided in [Dud89| Theorem 2.4.7]).

THEOREM 9.2.5 (ARZELA-ASCOLI THEOREM). A set K C C([0,00)) has compact
closure with respect to uniform convergence on compact intervals, if and only if
sup,ex |2(0)] is finite and for t > 0 fized, sup,cg 0sct,s(z(-)) — 0 as 6 | 0, where
(9.2.2) oscys5(x()) = sup sup  |z(s+ h) —z(s)],

0<h<s 0<s<s+h<t
is just the mazimal absolute increment of x(-) over all pairs of times within [0,t]
that are at most distance 0 of each other.

The Arzela-Ascoli theorem suggests the following strategy for proving uniform
tightness.

EXERCISE 9.2.6. Let S denote the set C([0,00)) equipped with the topology of
uniform convergence on compact intervals, and consider its subsets F,. s = {x(-) :
x(0) = 0, 0s¢, 5(x(+)) < 1/r} for & >0 and integer r > 1.

(a) Verify that the functional z(-) — oscy s(x(+)) is continuous on S per fized
t and § and further that per x(-) fized, the function osc,s(x(-)) is non-
decreasing in t and in §. Deduce that F, s are closed sets and for any
0r 1 0, the intersection N, F} 5, is a compact subset of S.

(b) Show that if S.P.-s {X,(t),t > 0} of continuous sample functions are
such that X,(0) =0 for all n and for any r > 1,

lim sup P(osc, 5(X,(-)) > 1) =0,
510 n>1
then the corresponding laws are uniformly tight in S.
Hint: Let Ky = N, F,. 5, with 8, | 0 such that P(X, ¢ F,.;5 ) <27,

Since S,(-) = n~/25(n-) and S(0) = 0, by the preceding exercise the uniform
tightness of the laws of S, (), and hence Donsker’s invariance principle, is an im-
mediate consequence of the following bound.

PROPOSITION 9.2.7. If {&x} are i.i.d. with E&; = 0 and EE? finite, then
lim sup P(0sc,n5(S()) > 1~ v/i) = 0,

0 n>1
for S(t) = Zg]zl §k 4 (t = [t])&+1 and any integer r > 1.

ProOF. Fixing r > 1, let g, 5 = P(0scyrns(S(-)) > r~1y/n). Since t — S(t)
is uniformly continuous on compacts, 05Cyrns(S(-))(w) L 0 when § | 0 (for each
w € Q). Consequently, g,s | 0 for each fixed n, hence uniformly over n < ng
and any fixed ng. With § — ¢, s non-decreasing, this implies that b = b(ng) =
infs~0 SUP,,>p, @n,s is independent of ng, hence b(1) = 0 provided inf,,,>1 b(ng) =
lims_y0 lim supy_, o qk,s = 0. To show the latter, observe that since the piecewise
linear S(t) changes slope only at integer values of ¢,

05Ckr, k6 (5(+)) < 08Ckrm (S(+)) < Mo,
for m = [kd] + 1, £ = rk/m and
(9.2.3) My o= max |[S(i+j)—S@)|-

1<i<m
0<j<m—1
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Thus, for any 6 > 0,
limsup g5 < limsup P(M,, o) > vv/m),

k—o0 m—oo
where v = r~'\/k/m — 1/(rV/$) as k — oo and £(v) = r3v%. Since v — 0o when
d 0, we complete the proof by appealing to part (c¢) of Exercise [0.2.8 O

As you have just seen, the key to the proof of Proposition [0.2.7] is the following
bound on maximal fluctuations of increments of the random walk.

EXERCISE 9.2.8. Suppose Sy, = > poy & for iid. & such that E& = 0 and
E¢? = 1. For integers m,¢ > 1, let S(m) = Sy, and My, ¢ be as in (02.3), with
Mm70 = maxgl |Sl|

(a) Show that for any m > 1 and t > 0,
P(Mpo>t+V2m) <2P(|S,| >1).
Hint: Use Ottaviani’s inequality (see part (a) of Ezxercise[5.2.10).
(b) Show that for any m,£ > 1 and xz > 0,
P(Mp,e > 2x) <P (M1 > 22) < AP (Mapmo > ).
(¢) Deduce that if v=2logl(v) — 0, then
lim sup lim sup P(M,y, ¢y > vy/m) =0.

vV—00 m—r oo

Hint: Recall that m~1/28,, 2a by the CLT.

Applying Donsker’s invariance principle, you can induce limiting results for ran-
dom walks out of the corresponding facts about the standard Brownian motion,
which we have found already in Subsection

EXAMPLE 9.2.9. Recall the running mazima My = supgeioq Ws, whose density
we got in (QI3) out of the reflection principle. Since ho(z(-)) = sup{z(s) : s €
[0,1]} 4s continuous with respect to uniform convergence on C([0,1]), we have from
Donsker’s invariance principle that as n — oo,

~ 1 D
ho(Sn) = ﬁlknzaéisk — M
(where we have used the fact that the mazimum of the linearly interpolated func-
tion S(t) must be obtained at some integer value of t). The functions he(z(-)) =

fol x(s)fds for £ =1,2,... are also continuous on C([0,1]), so by same reasoning,

he(Sy) = n*“”/z)/ w)ldu 25 /
0

Similar limits can be obtained by considering he(|z(-)]

EXERCISE 9.2.10.
(a) Building on Example[I.Z.9, show that for any integer £ > 1,

n 1
—(14¢/2) (Sk)fg/ (W, Vi

as soon as B& = 0 and EE2 =1 (i.e. there is no need to assume finiteness
of the £-th moment of &), and in case £ = 1 the limit law is merely a
normal of zero mean and variance 1/3.
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(b) The cardinality of the set {Sop,...,Sn} is called the range of the walk by
time n and denoted rng,,. Show that for the symmetric SRW on Z,

n~1/2 rng,, L sup Wy — inf W .
s<1 s<1
We continue in the spirit of Example 0.2.9] except for dealing with functionals
that are no longer continuous throughout C([0, 00)).

EXAMPLE 9.2.11. Let 7, = n~tinf{k > 1 : Sy > /n}. As shown in Erxercise
[@Z12, considering the function g1(x(-)) = inf{t > 0 : x(t) > 1} we find that
T 2, T1 as n — oo, where the density of Ty = inf{t > 0 : W, > 1} is given in
@-1.4). .

Similarly, let Ay(b) = [) Iw,>vds denote the occupation time of B = (b,00)
by the standard Brownian motion up to time t. Then, considering g(z(-), B) =
fol Iiw(s)eByds, we find that for n — oo and b € R fized,

~

1 « D
(9.2.4) An(b) = - Z Iisyspymy — A1(b),
k=1

as you are also to justify upon solving Exercise [IZ12 Of particular note is the
case of b =0, where Lévy’s arc-sine law tells us that A:(0) 2L of Ezxercise [J 111l
(as shown for example in [KaS97, Proposition 4.4.11]).

Recall the arc-sine limiting law of Exercisel3.2.10 for n~'sup{¢ < n: S, 1S, <0}
in case of the symmetric SRW. In view of Erxercise [l T1, working with go(z(-)) =
sup{s € [0,1] : z(s) = 0} one can extend the validity of this limit law to any random
walk with increments of mean zero and variance one (c.f. [Durl0l Example 8.6.3]).

EXERCISE 9.2.12.

(a) Let g1+(x(-)) = inf{t > 0 : z(t) > 1}. Show that P(W. € G) =1
for the subset G = {x(-) : z(0) = 0 and g1(z(:)) = g1+(x(-)) < oo}
of C(]0,00)), and that g1(z,(-)) = g1(x()) for any sequence {z,(-)} C
C([0,00)) which converges uniformly on compacts to x(-) € G. Further,
show that T, —n~! < gl(gn) <7, and deduce that T, 2, Ti.

(b) To justify (9.2.4), first verify that the non-negative g(x(-), (b, 00)) is con-
tinuous on any sequence whose limit is in G = {x(-) : g(z(-), {b}) = 0}
and that E[g(W.,{b})] = 0, hence g(S,, (b,0)) 24 (b). Then, deduce
that A, (b) 2, A1(b) by showing that for any § >0 and n > 1,

with Ap(8) = n71Y 0, Ifje,|>6/m) converging in probability to zero
when n — co.

Our next result is a refinement due to Kolmogorov and Smirnov, of the Glivenko-
Cantelli theorem (which states that for i.i.d. {X, Xy} the empirical distribution
functions F,(z) = n= ' >0 | J(_s0,21(Xi), converge w.p.1., uniformly in z, to the
distribution function of X, whichever it may be, see Theorem 2:3.0]).
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COROLLARY 9.2.13. Suppose { Xy, X} are i.i.d. and x — Fx(x) is a continuous
function. Then, setting D,, = sup,cp |Fx(x) — Fn(z)|, as n — oo,

(9.2.5) n'2D, 25 sup |By|,
te(0,1]

for the standard Brownian bridge Et =W, —tWi on [0,1].

PROOF. Recall the Skorokhod construction X = X~ (Uy) of Theorem L2371
with i.i.d. uniform variables {Uj} on (0, 1], such that {Xj < z} = {U < Fx(x)}
for all z € R (see (L21])), by which it follows that

Dn = Sup |u - nil IO,u (Uz)| .
u€Fx (R) ; 0]

The assumed continuity of the distribution function Fx(-) further implies that
Fx(R) = (0,1). Throwing away the sample Uy, let V14, £ = 1,...,n — 1,
denote the k-th smallest number in {Uy,...,U,—1}. It is not hard to check that
|D,, — Dy| < 2n~! for
~ n— k
D, = ma%<|Vn_1,;€ ——].
k=1 n
Now, from Exercise B.4.1T] we have the representation V,,_1 = T)/T},, where T}, =
Z?:l 7; for i.i.d. {7}, each having the exponential distribution of parameter one.
Next, note that Sy, = T}, — k is a random walk S, = -5 | & with iid. & =7 —1
such that E¢; = 0 and E€? = 1. Hence, setting Z,, = n/T,, one easily checks that
~ n k N N
n*'?2D,, = Z, max |n"Y28, — ~(n"Y28,)| = Z, sup |5,(t) —tS,(1)],
k=1 n te[0,1]
where S,,(t) = n=Y/28(nt) for S(-) of (LI, so t > S, (t) — tS,(1) is linear on
each of the intervals [k/n, (k+ 1)/n], k > 0. Consequently,
n1/2ﬁn = ng(sn()) )
for g(z()) = supyepo,1) [#(t) — tz(1)]. By the strong law of large numbers, Z, g
ELTI = 1. Moreover, g(:) is continuous on C([0,1]), so by Donsker’s invariance
principle g(S,(+)) 2, g(W.) = sup,(o,1] | Bt| (see Definition[0.2.T)), and by Slutsky’s
lemma, first n*/2D, = Z,g(S,(-)) and then n'/2D, (which is within 2n~/2 of
n'/2D,,), have the same limit in distribution (see part (c), then part (b) of Exercise
B.23). O
REMARK. Defining F,;1(t) = inf{z € R : F,,(z) > t}, with minor modifications
the preceeding proof also shows that in case Fx (-) is continuous, n'/2(Fx (F;(t))—

t) =2 B, on [0, 1]. Further, with little additional work one finds that n'/2D,, =
SUP, e | Bry ()| even in case Fx(-) is discontinuous (and which for continuous Fx (-)

coincides with (@25).
You are now to provide an explicit formula for the distribution function Fxg(-) of
SUP¢e(o,1] | Bel.

EXERCISE 9.2.14. Consider the standard Brownian bridge By on [0,1], as in Fx-
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(a) Show that q, = P(supse 1 B, >b) = exp( 20%) for any b > 0.
Hint: Argue that g, = P(7, ) - o0) for 7' of Ezercise[8.2.35.
(b) Deduce that for any non- mndom a,c > 0

P inff?g—aor supgzcz )" Y pn +70),
(i, B 2 B0 = S )

where P2n = T2n = Gna+nc;, "2n+1 = Gna+nc+c and P2n+1 = Gna+ncta-
Hint: Using inclusion-exclusion prove this expression for pn = P( for
some 0 < tg < -+- <t, <1, Bt z—aforoddz cmdBtZ—cforeven
i) and ry szmzlarly defined, just with Bt =c at odd © and Bt = —a at
even i. Then use the reflection principle for Brownian motion Wy such
that |W1| < e to equate these with the relevant gy (in the limit € L 0).
(c) Conclude that for any non-random b > 0,
(9.2.6) Fis(b) =P(sup [By|<b)=1-2 Z yrle=2n’h?
te[0,1] ne1
REMARK. The typical approach to accepting/rejecting the hypothesis that i.i.d.
observations { X} have been generated according to a specified continuous distribu-
tion Fx is by thresholding the value of Fg(b) at the observed Kolmogorov-Smirnov
statistic b = n'/?D,,, per ([@.2.6). To this end, while outside our scope, using the
so called Hungarian construction, which is a much sharper coupling alternative to
Corollary @22.2T] one can further find the rate (in n) of the convergence in distri-
bution in (@ZH) (for details, see [SW86, Chapter 12.1]).

We conclude with a sufficient condition for convergence in distribution on C/([0, 00)).

EXERCISE 9.2.15. Suppose C([0,00))-valued random variables X,, 1 < n < oo,
defined on the same probability space, are such that | X, — Xsoll¢e = 0 for n — oo
and any £ > 1 fired (where ||z||; = sup,e(g 4 [2(s)]). Show that X, Ly Xoo in the
topological space S consisting of C([0,00)) equipped with the topology of uniform
convergence on compact subsets of [0, 00).

Hint: Consider Ezercise[7.2.9 and Corollary [35.3.

9.2.1. Skorokhod’s representation and the martingale cLT. We pursue
here an alternative approach for proving invariance principles, which is better suited
to deal with dependence, culminating with a Lindeberg type, martingale cLT. We
first utilize the continuity of the Brownian path to deduce, in view of Corollary3.5.3]
that linear interpolation of random discrete samples along the path converges in
distribution to the Brownian motion, provided the sample times approach a uniform
density.

LEMMA 9.2.16. Suppose {W (t),t > 0} is a standard Wiener process and k — T, j
are non-decreasing, such that Ty 4 Bt when n — oo, for each fizxed t € [0,4].
Then, ||Sn =W || £ 0 for the norm ||2(-)|| = sup,epo ¢ |2(t)] of C((0,€]) and S,(t) =
Sp(nt), where
(9.2.7) Sn(t) = W(To, ) + (& = EDW (T 1g41) = W(Th, 1) -

REMARK. In view of Exercise [0.2.15, the preceding lemma implies in particular
that if T,y - t for each fixed ¢ > 0, then 5, (-) — W(-) in C([0,00)).
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PROOF. Recall that each sample function ¢ — W (t)(w) is uniformly continu-
ous on [0, /], hence oscys(W(:))(w) 4 0 as § | 0 (see [@22) for the definition of
osce,s5(z(+))). Fixing e > 0 note that as r 1 oo,

G = {w €N: OSCZ,S/T(W('))(W) < E} T Q,
so by continuity from below of probability measures, P(G,.) > 1—¢ for some integer
r. Setting s; = j/r for j = 0,1,...,¢r+1, our hypothesis that T}, [,y Bt per fixed

t > 0, hence uniformly on any finite collection of times, implies that for some finite
ng = ng(e,r) and all n > ny,

P(max [T, s, — 5] <770 2 1—¢.
g=0

Further, by the monotonicity of k — T, x, if t € [s;_1,s;) and n > r, then
Toinsj—a) = 85 < Tofnt] =t < Topnipr = 8 < Ty fsjn) = Si-1
and since sj11 — s;—1 = 2/r, it follows that for any n > max(no, r),
(9.2.8) P( sup  |Topgeo—t| <3r ) >1—¢.
b€{0,1},t€[0,£)
Recall that for any n > 1 and t > 0,

1S (8) = W ()] < (1= 0)[W (T ) = WO +0[W (T piy41) = W (B,

where n = nt — [nt] € [0,1). Observe that if both G, and the event in ([0.2.8)
occur, then by definition of G, each of the two terms on the right-side of the last
inequality is at most e. We thus see that ||S, — W||¢ < ¢ whenever both G, and
the event in (TZ8) occur. That is, P(||S, — W]|| < &) > 1 — 2. Since this applies
for all £ > 0, we have just shown that ||S, — W| - 0, as claimed. O

The key tool in our program is an alternative Skorokhod representation of ran-
dom variables. Whereas in Theorem [[LZ.37 we applied the inverse of the desired
distribution function to a uniform random variable on [0, 1], here we construct a
stopping time 7 of the form 74 p = inf{t > 0: W; ¢ (—A, B)} such that W, has
the stated, mean zero law. To this end, your next exercise exhibits the appropriate
random levels (A, B) to be used in this construction.

DEFINITION 9.2.17. Given a random variable V' > 0 of positive, finite mean, we
say that Z > 0 is a size-biased sample of V if E[g(Z)] = E[Vg(V)]/EV for all
g € bB. Alternatively, the Radon-Nikodym derivative between the corresponding

laws is %(v) =v/EV.

EXERCISE 9.2.18. Suppose X is an integrable random variable, such that EX =0
so EX, = EX_ is finite). Consider the [0, c0)%-valued random vector
+

(Aa B) = (07 O>I{X:O} + (Z7X>I{X>0} + (_Xa Y)I{X<O} s

where Y and Z are size-biased samples of X, and X_, respectively, which are
further independent of X. Show that then for any f € bB,

(9.2.9) E[r(4,B)f(=4) + (1 - (4, B))f(B)] = E[f(X)],

where r(a,b) =b/(a+b) for a >0 and r(0,b) = 1.
Hint: It suffices to show that E[Xh(Z,X)I;x>0}] = E[(=X)h(=X,Y)I[{x<0}] for
h(a,b) = (f(b) — f(=a))/(a+D).
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THEOREM 9.2.19 (SKOROKHOD’S REPRESENTATION). Suppose (Wi, Fy,t > 0) is
a Brownian Markov process such that Wy = 0 and Fo, is independent of the [0,1]-
valued independent uniform wvariables U;, i = 1,2. With Gy = o(o(Uy,Uz), Fs),
gwen the law Px of an integrable X such that EX = 0, there exists an a.s. finite

Gi-stopping time T such that W, 2 X, Er =EX? and ET? < 2EX*.

REMARK. The extra randomness in the form of U;, i = 1,2 is not needed when
X = {—a,b} takes only two values (for you can easily check that then Exercise
simply sets A = a and B = b). In fact, one can eliminate it altogether, at
the cost of a more involved proof (see [Bil95L Theorem 37.6] or [MPQ9, Sections
5.3.1-5.3.2] for how this is done).

PROOF. We first construct (X,Y, Z) of Exercise from the independent
pair of uniformly distributed random variables (Uy,Us). That is, given the spec-
ified distribution function Fx(-) of X, we set X (w) = sup{z : Fx(z) < U1(w)}
as in Theorem [[237 so that X € mo(Uy). Noting that Fx(-) uniquely deter-
mines the distribution functions Fy (y) = Ijysoy foy vdFx (v)/EX; and Fz(z) =
Iso0y fBz (—v)dFx (v)/EX_, we apply the same procedure to construct the strictly
positive Y and Z out of Us. With the resulting pair (Y, Z) measurable on o(Us)
and independent of X, we proceed to have the [0, 00)2-valued random vector (A, B)
measurable on o(Uy, Uz) as in Exercise .28

We claim that 7 = inf{t > 0: W; ¢ (—A, B)} is an a.s. finite G;-stopping time.
Indeed, considering the F-adapted M,” = Sup,epo, W and M; = inf,cjo,q Wi,
note that by continuity of the Brownian sample function, 7 < ¢ if and only if either
M;" > B or M; < —A. With (A, B) measurable on o(Uy,Us) C Gy it follows that
{w:7(w) <t} € G, for each t > 0. Further, recall part (d) of Exercise 82235 that
w.p.1. M, 1 0o, in which case the G;-stopping time 7(w) is finite.

Setting Y = [0,00)2, we deduce from the preceding analysis of the events {7 <
t} that 7(w) = h(w, (A(w), B(w)) with h(w, (a,b)) = 74p(w) measurable on the
product space (£, Foo) X (Y, By). Since {W,} is Fi-progressively measurable, the
same applies for V' = Iy, .y f(Wr, 7) and any bounded below Borel function f on
R?. With o(A4, B) C (Ui, Us) independent of Fo, it thus follows from Fubini’s
theorem that E[V] = E[g(A, B)] for

g(a, b) = E[I{Ta,b<oo}f(WTa,b7 Ta,b)] .

In particular, considering V' = I,y f(W>), since {W;} is a Brownian Markov
process starting at Wy = 0, we have from part (a) of Exercise [B2.30] that

g(a,b) =r(a,b)f(=a) + (1 —r(a, b)) f(b),
where r(a,b) = b/(a+b) for a > 0 and r(0,b) = 1. In view of the identity (9.2.9)
we thus deduce that for any f € b,
E[f(W:)] = E[V] = E[g(4, B)] = E[f(X)].

That is, W, 2 X, as claimed. Recall part (c) of Exercise B2.30] that E[r, ;] = ab.
Since ab = r(a,b)f(—a) + (1 — r(a,b))f(b) for f(z) = 22 and any (a,b) € Y, we
deduce by the same reasoning that E[r] = E[AB] = E[X?]. Similarly, the bound
E7? < ZEX* follows from the identity E[r2,] = (ab)? + ab(a® + b*)/3 of part (c)
of Exercise B.2.36, and the inequality

ab(a® 4 b? + 3ab) < 5ab(a® + b — ab) = 5[r(a, b)a* + (1 — r(a,b))b?]
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for all (a,b) € Y. O

Building on Theorem [0.2.19 we have the following representation, due to Strassen,
of any discrete time martingale via sampling along the path of the Brownian motion.

THEOREM 9.2.20 (STRASSEN’S MARTINGALE REPRESENTATION). Suppose the prob-
ability space contains a martingale (Mg, Fy) such that Mo = 0, the i.i.d. [0,1]-valued
uniform {U;} and a standard Wiener process {W(t),t > 0}, both independent of
Foo and of each other. Then:

(a) The filtrations F+ = o(Fx,0(Ui,i < 2k), F)V) are such that (W (t), F.t)
is a Brownian Markov process for any 1 < k < oco.

(b) There exist non-decreasing a.s. finite Fy ¢-stopping times {Ty}, starting
with Ty = 0, where 7, = T, —Ty—1 and the filtration Hy, = Fi 1, are such
that w.p.1. E[r|Hi—1] = E[D}|Fx_1] and E[1¢|Hy_1] < 2E[D}|Fr_1]
for the martingale differences Dy = My, — My_1 and all k > 1.

(¢) The discrete time process {W(Ty)} has the same f.d.d. as {M,}.

REMARK. In case F; = o(My,k < ¢), our proof constructs the martingale as
samples M, = W (T}) of the standard Wiener process {W(¢),t > 0} at a.s. finite,
non-decreasing o (o (U;,i < 2k), F\V)-stopping times T). Upon eliminating the
extra randomness (U, Uz) in Theorem [0.2.19] we thus get the embedding of {M,,}
inside the path t — W, where {T;} are F\W-stopping times and part (b) of the
theorem applies for the corresponding stopped o-algebras Hj = ]:}’Z’ . Indeed, we
have stipulated the a-apriori existence of (M, Fy) independently of the Wiener
process only in order to accommodate non-canonical filtrations {F;}.

PROOF. (a). Fixing 1 < k < oo, since H = F is independent of FW, we
have from Proposition [£.2.3] that for any B € B and u,s > 0,

E[I5(W (u + )| Fr.s] = E[Ip(W (u + )| (1, FV)] = E[L5(W (u + 5))| FV].

With (W (t), FV) a Brownian Markov process, it thus follows that so are (W (t), F.+).
(b). Starting at Ty = 0 we sequentially construct the non-decreasing Fy, ;-stopping
times Ty. Assuming Tx_; have been constructed already, consider Corollary
for the Brownian Markov process (W (t), Fr—1,¢) and the Fy_1 ¢-stopping time Ty_1,
to deduce that Wy (t) = W (Tk—1+t)— W (T)—1) is a standard Wiener process which
is independent of Hy_1. The pair (Uzg—1, Uax) of [0, 1]-valued independent uniform
variables is by assumption independent of Fj_; o, hence of both H;_; and the
standard Wiener process {Wy(¢)}. Recall that Dy = My — My_1 is integrable and
by the martingale property E[Dy|Fr—1] = 0. With Fr_1 C Hj_1 and representing
our probability measure as a product measure on (2 x ', Foo X Goo ), we thus apply
Theorem [0.22.19 for the continuous filtration G = o(Usg—1, Uz, Wi(s), s < t) which
is independent of Hi_1 and the random distribution function

FXk (CL‘;UJ) = PDk\]‘-kq ((—OO, ‘T]vw) )
corresponding to the zero-mean R.C.P.D. of Dy given F;_;. The resulting a.s.
finite Gi-stopping time 7 is such that

E[re|Hi 1] = /:chFX,C (r;w) = B[DZ| Fr_1]

(see Exercise[.Z.6 for the second identity), and by the same reasoning E[77|Hx—1] <
2E[D%|]—"k,1], while the R.C.P.D. of Wy (74) given Hy_1 matches the law Pp, |7, _,
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of Xj. Note that the threshold levels (A, By) of Exercise [0.2.18 are measurable on
Fi,0 since by right-continuity of distribution functions their construction requires
only the values of (Uag—1, Uszi) and {Fx, (¢;w), q € Q}. For example, for any z € R,

{w: Xj(w) <z} ={w:Ui(w) < Fx,(¢;w) for all ¢ € Q,q > x},

with similar identities for {¥; < y} and {Z) < z}, whose distribution functions at
q € Q are ratios of integrals of the type foq vdFx, (v;w), each of which is the limit
as n — oo of the Fi_i-measurable

D /) (Fx, (¢/n+1/n;w) = Fx, (¢/m;w)).

L<gn
Further, setting Ty, = Tx_1 + 7k, from the proof of Theorem we have that
{T,x <t} if and only if {T,—1 <t} and either sup, (o y{W(u) =W (uAT;—1)} > By
or infy,cjoy{W(u) = W(uATig_1)} < —Ag. Consequently, the event {T <t} is in

U(Ak;Bkvt/\ Tk*l;I{kalgt}a W(S)a S S t) g ‘Fk,t 9

by the Fj o-measurability of (Ag, Bx) and our hypothesis that Tj_; is an Fj_14-
stopping time.

(c). With W(Ty) = My = 0, it clearly suffices to show that the f.d.d. of {Wy(r) =
W(Ty) — W(Ty-1)} match those of {D; = My — My;_1}. To this end, recall that
Hi = Frr, is a filtration (see part (b) of Exercise BIIIl), and in part (b) we
saw that Wy(7;) is Hi-adapted such that its R.C.P.D. given Hj_1 matches the
R.C.P.D. of the Fy-adapted Dy, given Fi_1. Hence, for any f, € bBB, we have from
the tower property that

n n—1
E([[ feWe(e))] = BRI (W (7)) [Hoa] [] feWe(m)]
=1 =1

= BBl (D) Fa ] [ feWelre)]
=1

n—1 n
= E[E[f0(Dn)|Foa] [] fe(D)] = B[] £e(D)),
(=1 =1

where the third equality is from the induction assumption that {Dg}zzll has the
same law as {We(r)};— . O

The following corollary of Strassen’s representation recovers Skorokhod’s represen-
tation of the random walk {S,} as the samples of Brownian motion at a sequence
of stopping times with i.i.d. increments.

COROLLARY 9.2.21 (SKOROKHOD’S REPRESENTATION FOR RANDOM WALKS). Sup-
pose & is integrable and of zero mean. The random walk S, = Y. _, & of i.i.d.
{&} can be represented as S, = W(T,) for To =0, i.i.d. 7 =T —Tr—1 > 0 such
that B[] = E[¢?] and standard Wiener process {W (t),t > 0}. Further, each T}, is
a stopping time for Fr, = o(o(Us,i < 2k), FV) (with i.i.d. [0,1]-valued uniform
{Ui} that are independent of {Wy,t > 0}).

PROOF. The construction we provided in proving Theorem [0.2.20] is based on
inductively applying Theorem[0.2. 19 for £ = 1,2, ..., where X}, follows the R.C.P.D.
of the MG difference Dy, given Fj_;. For a martingale of independent differences,



364 9. THE BROWNIAN MOTION

such as the random walk S,,, we can a-apriori produce the independent thresholds
(Ag, Bi), k > 1, out of the given pairs of {U;}, independently of the Wiener process.
Then, in view of Corollary @.1.6, for £ = 1,2,... both (A, Bx) and the standard
Wiener process Wy (-) = W(Tk-1 + ) — W(Tk—1) are independent of the stopped
at Tp—1 element of the continuous time filtration o(A4;, B;,i < k,W(s),s < t).
Consequently, so is the stopping time 7, = inf{t > 0 : Wy (t) ¢ (—Ak, Br)} with
respect to the continuous time filtration Gy, 1 = o(Ag, Bi, Wk(s), s < t), from which
we conclude that {7} are in this case i.i.d. O

Combining Strassen’s martingale representation with Lemma [0.2.T6] we are now
in position to prove a Lindeberg type martingale CLT.

THEOREM 9.2.22 (MARTINGALE CLT, LINDEBERG’S). Suppose that for anyn > 1
fized, (M0, Fny) is a (discrete time) L*-martingale, starting at M, o = 0, and
the corresponding martingale differences D, = My — My r—1 and predictable
compensators

4
(My)e =Y E[D} [ Fo ],
k=1

are such that for any fived t € [0,1], as n — oo,
(9.2.10) (M) ) 2t
If in addition, for each € > 0,

(9211) gn(&‘) = Z E[szz,kl{|Dn,k|25}|]:n,k—1] £> 07
k=1

then as n — 0o, the linearly interpolated, time-scaled S.P.
(9.2.12) Su(t) = My g + (nt — [08]) Dy, iy »
converges in distribution on C([0,1]) to the standard Wiener process, {W(t),t €

[0,1]}.

REMARK. For martingale differences {D,, .,k = 1,2,...} that are mutually in-
dependent per fixed n, our assumption ([@.2.11]) reduces to Lindeberg’s condition
(B14) and the predictable compensators vy s = (Mp)[,y are then non-random. In
particular, v, ; = [nt]/n — t in case Dy, , = n~1/2¢, for i.i.d. {&,)} of zero mean and
unit variance, in which case g,,(¢) = E[¢3; |£1] > ey/n] — 0 (see Remark B.1.4), and
we recover Donsker’s invariance principle as a special case of Lindeberg’s martingale
CLT.

PROOF. Step 1. We first prove a somewhat stronger convergence statement for
martingales of uniformly bounded differences and predictable compensators. Specif-
ically, using || - || for the supremum norm ||z(-)|| = sup;c( 1) [#(¢)| on C([0,1]), we
proceed under the additional assumption that for some non-random &,, — 0,

<Mn>n S 27 r]?%i( |Dn,k| S 2571;

to construct a coupling of S, (-) of (IZIZ) and the standard Wiener process W (-)
in the same probability space, such that ||§n — W/ % 0. To this end, apply Theo-
rem simultaneously for the martingales (M, ¢, F,,¢) with the same standard
Wiener process {W(t),¢ > 0} and auxiliary i.i.d. [0, 1]-valued uniform {U;}, to get
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the representation M, ; = W(T, ). Recall that T, , = Ei:l Tn,k Where for each
n, the non-negative 7, j are adapted to the filtration {H, r,k > 1} and such that
w.p.l. fork=1,...,n,

(9.2.13) E[Tn,lemk—l] = E[D?z,ku:n,k—l] )

(9.2.14) E[r2 1| Hn k1] < 2E[D} 1| Fnk—1]-

Under this representation, the process §n() of [@2.12)) is of the form considered in
Lemma [0.2.16] and as shown there, ||§n - W] 2 0 provided Ty [nt) 2 ¢ for each
fixed t € [0, 1].
To verify the latter convergence in probability, set fn ¢=Tne— (M) and 7, =
Tnk — B[Tn.k|Hn,k—1]. Note that by the identities of (213,
[ 0

(Mp)e = E[D2 | Fnr-1] =D Elrni[Hnr 1],
k=1 k=1

hence fnyg = Zi:l Tn.k 18 for each n, the H,, ;-martingale part in Doob’s decomposi-
tion of the integrable, H,, ¢-adapted sequence {T}, ¢, ¢ > 0}. Further, considering the
expectation in both sides of (Q.2.14), by our assumed uniform bound |D,, x| < 2e,
it follows that for any k= 1,...,n,

E[?ﬁk] < E[Tzk] < QE[Di,k] < SEiE[Dka],
where the left-most inequality is just the LZ-reduction of conditional centering
(namely, E[Var(X|H)] < E[X?], see part (a) of Exercise E.22.16). Consequently,

the martingale {T}, ;,£ > 0} is square-integrable and since its differences 7, are
uncorrelated (see part (a) of Exercise B.1.8]), we deduce that for any ¢ < n,

4 n
E[T; | =Y E[f; ] <8 ) E[D} ] =8E[(M,),].
k=1 k=1

Recall our assumption that (M), is uniformly bounded, hence fixing ¢ € [0, 1], we

conclude that fn)[nt] 52) 0 as n — oo. This of course implies the convergence to zero
in probability of fny[m], and in view of assumption ([@2I0) and Slutsky’s lemma,
also T}, (ny] = fny[m] + (M) [y Bt asn — oo.

Step 2. We next eliminate the superfluous assumption (M,,),, < 2 via the strategy
employed in proving part (a) of Theorem[(.3.33 That is, consider the F,, ¢-stopped
martingales Mmg = M,, ¢ne,, for stopping times 6, = nAmin{¢ < n: (My)ey1 > 2},
such that (M,)s, < 2. As the corresponding martingale differences are Enk =
Dy, kI{r<g,y, you can easily verify that for all £ <n

(My)e = (M) ens, -

In particular, (M,), = (M,)s, < 2. Further, if {6, = n} then (Mn)mt) = (Mp)ny
for all ¢ € [0,1] and the function

Su(t) = My, ny + (0t — [08])) Dyt 11 »

coincides on [0, 1] with S,,(-) of (ZZIZ). Due to the monotonicity of £ — (M, ), we
have that {6, < n} = {(M,), > 2}, so our assumption (LZI0) that (M,), > 1
implies that P(6, < n) — 0. Consequently, (Mp)[,y % ¢ and applying Step 1
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for the martingales {anz, ¢ < n} we have the coupling of S,,(-) and the standard
Wiener process W (-) such that ||S, — W|| % 0. Combining it with the (natural)
coupling of S,, () and S,,(-) such that P(S,,(-) 7 S, (1)) < P(6, < n) — 0, we arrive
at the coupling of §n() and W (-) such that HSn -w|&o.
Step 3. We establish the cLT under the condition (@.2.11]), by reducing the problem
to the setting we have already handled in Step 2. This is done by a truncation
argument similar to the one we used in proving Theorem 2 T.11] except that now
we need to re-center the martingale differences after truncation is done (to convince
yourself that some truncation is required, consider the special case of i.i.d. {D, 1}
with infinite forth moment, and note that a stopping argument as in Step 2 is
not feasible here because unhke (My)¢, the martingale differences are not F, ¢-
predictable).

Specifically, our assumption ([@2.11]) implies the existence of finite n; 1 co such
that P(g,(j7%) > j73) <j !forall j >1and n>n; >n; =1. Setting e, = j !
for n € [nj,nj4+1) it then follows that as n — oo both &,, — 0 and for ¢ > 0 fixed,

P(Eﬁzgn(sn) >9) < P(5;2gn(5n) >en) = 0.
In conclusion, there exist non-random &, — 0 such that €, 2g,(¢,) %0, which we

use hereafter as the truncation level for the martmgale differences {D,, x, k < n}.
That is, consider for each n, the new martingale Mn 0= Ek ) Dn)k, where

-577,,]6 = Dn,k - E[ n,k|]:n,k—1] ) Dn,k = Dn,kl{\Dn,k\<sn} .

By construction, |ﬁnk| < 2¢, for all k < n. Hence, with ﬁnk = Duilp, >0}
by Slutsky’s lemma and the preceding steps of the proof we have a coupling such
that ||S, — W|| 2 0, as soon as we show that for all £ < n,
‘
0< <Mn>€ = (Mn)e < 2ZE[D72z,k|fn,k—l]
k=1
(for the right hand side is bounded by 2g,,(e,,) which by our choice of €,, converges
to zero in probability, so the convergence ([Q.2.10) of the predictable compensators
transfers from M,, to M,,). These inequalities are in turn a direct consequence of
the bounds
(9.215)  E[D?|F] <E[D, ,|F] <E[D? ,|F] <E[D? ,|F] + 2E[D? ,| 7]
holding for F = F,, -1 and all 1 < k < n. The left-most inequality in (@.2.15)) is
merely an instance of the L2-reduction of cond1t1onal centering, while the middle
one follows from the identity D,, ; = Dn k+ Dn r upon realizing that by definition
ﬁn,k # 0 if and only if D,, = 0, so

E(D}, 4| F] = ED,, || + E[D} 1| 7].
The latter identity also yields the right-most inequality in @ZI5), for E[D,, x| F] =
—-E[D nk|]:] (due to the martingale condition E[D,, x|Fn k—1] = 0), hence
—2 ~ = 2 PN 2 PN
E[D,, ,|F] - E[D;, o|F] = (E[DnklF])” = (E[DnklF])” < E[D}, | F].

Now that we have exhibited a coupling for which ||S, — W| 2 0, if || S, — Sn| 2 0
then by the triangle inequality for the supremum norm || - || there also exists a
coupling with ||S,, — W|| 2 0 (to construct the latter coupling, since there exist
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non-random 7, — 0 such that P(||S, — S,| > n,) — 0, given the coupled Sn(*)
and W (-) you simply construct S, (-) per n, conditional on the value of Sn(-) in
such a way that the joint law of (Sn, S,,) minimizes P(||S,, — Sp|| = nn) subject to
the specified laws of S,,(-) and of S,,(-)). In view of Corollary 35.3 this implies the
convergence in distribution of S, (- ) to W(-) (on the metric space ( (0, 1D, 11 - 11))-

Turning to verify that ||S, — S,|| 2 0, recall first that |Dn k] < |Dn k|?/en, hence
for F = Fp k-1,

Note also that if the event I'), = {|Dn k| < €n, for all & < n} occurs, then D, j, —
Dy, = E[Dy, x| Fn k—1] for all k. Therefore,

Ir, S0 = Sall <Ir, > Dk = Dol <Y 1Bkl Freo1)| < €5, gnlen) |
k=1 k=1

and our choice of &, — 0 such that ¢;,2g,(¢,) = 0 implies that I, [|S, — Sn|| = 0.

We thus complete the proof by showing that P(I'Y) — 0. Indeed, fixing n and
r > 0, we apply Exercise for the events Ay = {|Dn x| > en} adapted to
the filtration {F, k,k > 0}, and by Markov’s inequality for C.E. (see part (b) of
Exercise (.2.22)), arrive at

p(r) = P(J 4) ) < er+ P( 3 PDel = ko) > 7)
k=1 k=1

<er+P(e 2ZE nk|‘Fnk 1 >7) =er+ P, %gn(en) > 7).
k=1

Consequently, our choice of ¢, implies that P(I'S,) < 3r for any » > 0 and all n
large enough. So, upon considering r | 0 we deduce that P(I'S) — 0. As explained
before this concludes our proof of the martingale CLT. ]

Specializing Theorem to the case of a single martingale (M, Fy) leads to
the following corollary.

COROLLARY 9.2.23. Suppose an L2-martingale (My, Fy) starting at Mo = 0, is of
Fo-predictable compensators such that n=1 (M), 21 and as n — oo,

n' S CE[(My — Mi_1)?; |My, — My_1| > ev/n] = 0
k=1

for any fixred e > 0. Then, as n — oo, the linearly interpolated, time-scaled S.P.
(9.2.16) Sn(t) = n™ " { Mgy + (0t = [0])(Mpps 11 — Ming))}
converge in distribution on C([0,1]) to the standard Wiener process.

PROOF. Simply consider Theorem @222 for M, , = n=*/?M, and F, , = F;.
In this case (M), = n~" (M), so (TZI0) amounts to n~*(M),, 2 1 and in stating
the corollary we merely replaced the condition (@.2.11]) by the stronger assumption
that E[g,(¢)] = 0 as n — oo. O

Further specializing Theorem [0.2.22] you are to derive next the martingale exten-
sion of Lyapunov’s CLT.
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EXERCISE 9.2.24. Let Zy = Zle X, where the Fy-adapted, square-integrable
{X%} are such that w.p.1. E[Xy|Fr_1] = p for some non-random pu and all k > 1.

Setting Vi, q = n~92 30 E[| X}, — pu|? | Fr_1] suppose further that Vi, o 2 1, while
for some ¢ > 2 non-random, V,, , % 0.
(a) Setting My, = Z,—kp show that S, (+) of (9218) converges in distribution
on C([0,1]) to the standard Wiener process.
(b) Deduce that L, N Lo, where

k

_—1/2 _r

= g Ve = 5
and P(Ls > b) = exp(—2b2) for any b > 0.

(¢) In case p > 0, set Ty = inf{k > 1: Z}, > b} and show that b'T, 5 1/p
when b1 co.

The following exercises present typical applications of the martingale CLT, starting
with the least-squares parameter estimation for first order auto regressive processes
(see Exercises [0.1.10] and [6.3.30 for other aspects of these processes).

EXERCISE 9.2.25 (FIRST ORDER AUTO REGRESSIVE PROCESS). Consider the R-
valued S.P. Yy =0 and Y,, = aY,,_1+D,, forn > 1, with {D,,} a uniformly bounded
Fn-adapted martingale difference sequence such that a.s. E[D3|Fi_1] = 1 for all
k>1, and « € (—1,1) is a non-random parameter.

(a) Check that {Y,} is uniformly bounded. Deduce that n='> y_, D? “3 1
and n='Z, “3 0, where Z, = Yorey Yio1Dy.
Hint: See part (c¢) of Exercise[5.3.41}

(b) Let V,, =Y 1_ Y2 ,. Considering the estimator &, = Vin Sore YeYiq
of the parameter «, conclude that \/Vy,(d, — «) 2, N(0,1) as n — oo.

(¢) Suppose now that a« = 1. Show that in this case (Y, Fn) is a martingale
of uniformly bounded differences and deduce from the martingale CLT that
the two-dimensional random vectors (n=1Z,,n=2V,,) converge in distri-
bution to (A(W{ — 1),[01 W2dt) with {Wy,t > 0} a standard Wiener
process. Conclude that in this case

w2 -1
V@ —a) = 1

2\/ [, Wadt

(d) Show that the conclusion of part (c) applies in case « = —1, except for
multiplying the limiting variable by —1.
Hint: Consider the sequence (—1)*Y) with Y] corresponding to D), =
(—=1)*Dy, and a = 1.

EXERCISE 9.2.26. Let L, = n~1/? maxogkgn{Zle ¢;Y;}, where the Fi-adapted,
square-integrable {Yy} are such that w.p.1. E[Yy|Fr_1] = 0 and E[Y?|Fr_1] = 1
for all k > 1. Suppose further that supy~, E[|Yk|? |Fx—1] is finite a.s. for some
q>2 and ¢, € mFy_1 are such that n™! 22:1 ci B 1. Show that L, L Lo with
P(Le > b) =2P(G > b) for a standard normal variable G and all b > 0.

Hint: Show that k=/2¢;, % 0, then consider part (a) of Evercise [J.2.23)
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9.2.2. Law of the iterated logarithm. With W; a centered normal variable
of variance t, one expects the Brownian sample function to grow as v/t for t — oo
and t | 0. While this is true for fixed, non-random times, such reasoning ignores
the random fluctuations of the path (as we have discussed before in the context of
random walks, see Exercise 222.24). Accounting for these we obtain the following
law of the iterated logarithm (LIL).

THEOREM 9.2.27 (KINCHIN’S LIL). Set h(t) = /2tloglog(1/t) for t < 1/e and
h(t) = th(1/t). Then, for standard Wiener processes {Wi,t > 0} and {Wy,t > 0},
w.p.1. the following hold:

. Wy W

9.2.17 limsup — =1, liminf — = —1,
(92.17) w0 - (t) Ho h(d)
W, W,

(9.2.18) limsup=—- =1,  liminf — = —1.
t—oo h(t) t=e0 h(t)

REMARK. To determine the scale h(t) recall the estimate P(G > z) = =% (o(1)
which implies that for ¢, = a®", a € (0,1) the sequence P(W;, > bh(t,)) =
n~"*+°() is summable when b > 1 but not summable when b < 1. Indeed, using
such tail bounds we prove the LIL in the form of (O.2.17) by the subsequence method
you have seen already in the proof of Proposition 2.3.1l Specifically, we consider
such time skeleton {¢,} and apply Borel-Cantelli I for b > 1 and « near one (where
Doob’s inequality controls the fluctuations of ¢t — W; by those at {t,}), en-route
to the upper bound. To get a matching lower bound we use Borel-Cantelli II for
b < 1 and the independent increments Wy, — W, (which are near Wy, when «
is small).

n+1

PROOF. Since E(t) = th(1/t), by the time-inversion invariance of the standard
Wiener process, it follows upon considering W, = tWy; that (L.2.18) is equivalent
to (@2I7). Further, by the symmetry of this process, it suffices to prove the
statement about the lim sup in (@ZTIT).

Proceeding to upper bound W;/h(t), applying Doob’s inequality (8Z2) for the
non-negative martingale X = exp(6(Ws — 6s/2)) (see part (a) of Exercise B27),
such that E[Xy] = 1, we find that for any ¢,6,y > 0,

P( sup {W, —0s/2} >y) =P(sup X, >e%) <e %,
s€[0,t] s€[0,t]

Fixing 6, € (0,1), consider this inequality for t, = a®", y, = h(t,)/2, 0, =
(14 28)h(t,)/t, and n > no(a) = 1/(21log(1/a)). Since exp(h(t)?/2t) = log(1/t),
it follows that e=%¥» = (ng/n)'*2% is summable. Thus, by Borel-Cantelli I, for
some n1 = n1(w,a,d) > ng finite, w.p.1. supse[Qtn]{WS — 0,s/2} < y, for all
n > ny. With loglog(1/¢) non-increasing on [0,1/e], we then have that for every
$ € (tnt1,tn] and n > nq,

«

Therefore, w.p.1. limsup, o Ws/h(s) < (1 +0)/a. Considering 0, = 1/k =1 — a3,
and k T oo we conclude that

W
9.2.19 lim su <1, w.p.l
( ) 1sup s S p
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To bound below the left side of ([@219), consider the independent events A, =
{Wy, —We,., > (1—a?)h(t,)}, where as before t, = a*", n > ng(a) and o € (0, 1)
is fixed. Setting z,, = (1 — &?)h(tn)/En — tnt1, we have by the time-homogeneity
and scaling properties of the standard Wiener process (see parts (b) and (d) of
Exercise @11, that P(A,) = P(W; > x,). Further, noting that both x2/2 =
(1 — a?)loglog(1/t,) 1 oo and nz, 'exp(—x2/2) — oo as n — oo, by the lower
bound on the tail of the standard normal distribution (see part (a) of Exercise
2224)), we have that for some k., > 0 and all n large enough,

1—x,2
V2ra,
Now, by Borel-Cantelli IT the divergence of the series ) P(A,) implies that w.p.1.
Wy, — Wi, > (1 —a?)h(t,) for infinitely many values of n. Further, applying
the bound ([@2.19) for the standard Wiener process {—Ws, s > 0}, we know that
w.p.l. Wy, ., > —=2h(tnq1) > —4ah(t,) for all n large enough. Upon adding these
two bounds, we have that w.p.1. W;, > (1 — 4a — o?)h(t,) for infinitely many
values of n. Finally, considering o, = 1/k and k 1 oo, we conclude that w.p.1.
lim sup, o Wi /h(t) > 1, which completes the proof. O

P(An) =P(Wy = ay) 2 e /2 > kan

As illustrated by the next exercise, restricted to a sufficiently sparsely spaced {t,},
the a.s. maximal fluctuations of the Wiener process are closer to the fixed time CLT
scale of O(v/t), than the LIL scale h(t).

EXERCISE 9.2.28. Show that for t, = exp(exp(n)) and a Brownian Markov process
{Wy,t > 0}, almost surely,

limsup Wy, /+/2t,, logloglogt, = 1.

n—oo
Combining Kinchin’s LIL and the representation of the random walk as samples of

the Brownian motion at random times, we have the corresponding LIL of Hartman-
Wintner for the random walk.

PROPOSITION 9.2.29 (HARTMAN-WINTNER’S LIL). Suppose S, = > ,_, &k, where
& are ivi.d. with BE = 0 and EE2 = 1. Then, w.p.1.
limsup S, /h(n) =1,
n—00
where h(n) = nh(1/n) = \/2nloglogn.
REMARK. Recall part (c) of Exercise23 4 that if E[|£1|*] = oo for some 0 < o < 2

then w.p.l. n~'/%|S,| is unbounded, hence so is |S,|/k(n) and in particular the
LIL fails.

ProoF. In Corollary[@.2.21] we represent the random walk as S,, = Wy, for the
standard Wiener process {W;,t > 0} and T,, = >, _, 7 with non-negative i.i.d.
{7} of mean one. By the strong law of large numbers, n~'T;, “3 1. Thus, fixing
€ > 0, w.p.1. there exists no(w) finite such that ¢/(1+¢) < T};) < t(1 4+ ¢) for all
t > ng. With t; = e¢(1+¢)* for £ >0, and V; = sup{|Ws — Wy| : s,t € [ts, tey3]},
note that if ¢ € [te41,tr42] and t > ng(w), then [Wr, —W;| < Vi. Further, ¢ — h(t)
is non-decreasing, so w.p.1.

S|4 W, Vi
- sup =

limsup |=——— — =—| < lim
t—oo 'R(|t])  h(¢) t=o0 h(ty)
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and in view of ([@2.18)), it suffices to show that for some non-random 7. | 0 as € | 0,

Vi
(9.2.20) lim sup = £ < Ne, w.p.l.
t—oco  h(ty)

To this end, by the triangle inequality,
Ve < 2sup{|Ws — Wy, | : s € [te, tess]}
It thus follows that for 6. = (t;13 —t¢)/te = (1 +¢)> — 1 and all £ > 0,
P(V, > \/80:h(te)) <P( sup |Wy— Wy, | > /26.h(ts))

s€[te,tets]
=P( sup |Wy| > xp) < 4AP(Wy > 2¢),
u€[0,1]

where 2, = \/ﬁﬁ(tg)/\/tprg — 1ty = y/4loglogt, > 2, the equality is by time-
homogeneity and scaling of the Brownian motion and the last inequality is a con-
sequence of the symmetry of Brownian motion and the reflection principle (see
@I2)). With (2 exp(—x2/2) = (¢/logts)* bounded above (in £), applying the up-
per bound of part (a) of Exercise 2224 for the standard normal distribution of W3
we find that for some finite k. and all £ > 0,

P(Wy > xy) < (2#)71/2.%;1671?/2 < kL2,

Having just shown that >, P(V; > VB8 h(ty)) is finite, we deduce by Borel-Cantelli
I that ([@220) holds for n. = /83, which as explained before, completes the
proof. (I

REMARK. Strassen’s LIL goes further than Hartman-Wintner’s LIL, in charac-
terizing the almost sure limit set (i.e., the collection of all limits of convergent

subsequences in C([0,1])), for {S(n-)/h(n)} and S(-) of (@), as

t 1
K={z(:) e C([0,1]) : z(¢t) = / y(s)ds : / y(s)%ds < 1}.
0 0
While Strassen’s LIL is outside our scope, here is a small step in this direction.

EXERCISE 9.2.30. Show that w.p.1. [—1,1] is the limit set of the R-valued sequence

{Sn/h(n)}.
9.3. Brownian path: regularity, local maxima and level sets

Recall Exercise that the Brownian sample function is a.s. locally y-Holder
continuous for any v < 1/2 and Kinchin’s LIL tells us that it is not y-Hdélder con-
tinuous for any v > 1/2 and any interval [0, ¢]. Generalizing the latter irregularity
property, we first state and prove the classical result of Paley, Wiener and Zyg-
mund (see [PWZ33]), showing that a.s. a Brownian Markov process has nowhere
differentiable sample functions (not even at a random time t = t(w)).

DEFINITION 9.3.1. For a continuous function f : [0,00) — R and v € (0,1], the
upper and lower (right) y-derivatives at s > 0 are the R-valued

D7 f(s) =limsupu 7[f(s+u)— f(s)] and D~f(s) =liminfu"[f(s+u)— f(s)],
ud0 w0
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which always exist. The Dini derivatives correspond toy = 1 and denoted by D! f(s)
and D1 f(s). Indeed, a continuous function f is differentiable from the right at s

if D f(s) = D1f(s) is finite.

PROPOSITION 9.3.2 (PALEY-WIENER-ZYGMUND). With probability one, the sam-
ple function of a Wiener process t — Wi(w) is nowhere differentiable. More pre-
cisely, for vy =1 and any T < o0,

(9.31) P{weQ: —oo < DyWi(w) < D"Wi(w) < oo for somet € [0,T]}) =0.
Proor. Fixing integers k,r > 1, let

A= ) {weQ: Wiru(w) — Wa(w)| < ku}.
s€[0,1] u€[0,1/7]
Note that if —c < D1Wy(w) < D*Wi(w) < ¢ for some t € [0,1] and ¢ < oo, then by
definition of the Dini derivatives, w € Ay, for k = [c] + 1 and some r > 1. We thus
establish (@3] for v = 1 and T = 1, as soon as we show that Ak, C C for some
C € FW such that P(C) = 0 (due to the uncountable union/intersection in the
definition of Ay, it is a-apriori not in W, but recall Remark [R. 1.3 that we add all
P-null sets to Fy C F, hence a-posteriori Ag, € F and P(Ag.) = 0). To this end

we set n
o= Ut

n>4r i=1
in FW, where for i = 1,...,n,
Ch,i= {w SVE |W(i+j)/n(w) — W(i+j—1)/n(w)| < 8k/n for j = 1,2,3}.

To see that Ay, C C note that for any n > 4r, if w € Ay, then for some integer
1 < ¢ < n there exists s € [(i — 1)/n,i/n] such that |Wi(w) — Ws(w)| < k(t — )
for all ¢ € [s,s + 1/r]. This applies in particular for ¢t = (i + j)/n, j = 0,1,2,3,
in which case 0 <t — s < 4/n < 1/r and consequently, |W;(w) — W(w)| < 4k/n.
Then, by the triangle inequality necessarily also w € Cy, ;.

We next show that P(C) = 0. Indeed, note that for each ¢, n the random variables
Gij = Vn(Wiirjy/n — Wigj—1ym), J = 1,2,..., are independent, each having the
standard normal distribution. With their density bounded by 1/v27 < 1/2, it
follows that P(|G;| < ¢) < ¢ for all € > 0 and consequently,

3
P(Cni) = [[ PG| < 8kn~'/?) < (8k)*n~3/2.
j=1
This in turn implies that P(C) < Y, P(Cy,;) < (8k)*/y/n for any n > 4r and
upon taking n — oo, results with P(C) = 0, as claimed.

Having established (@3] for T = 1, we note that by the scaling property of
the Wiener process, the same applies for any finite T'. Finally, the subset of Q2
considered there in case T = oo is merely the increasing limit as n 1 oo of such
subsets for T' = n, hence also of zero probability. O

You can even improve upon this negative result as follows.

EXERCISE 9.3.3. Adapting the proof of Proposition show that for any fized
v > %, w.p.1. the sample function t — Wi(w) is nowhere y-Holder continuous.

That is, (@.31) holds for any v > 1/2.
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EXERCISE 9.3.4. Let {Xy,t > 0} be a stochastic process of stationary increments
which satisfies for some H € (0,1) the self-similarity property X E4 Xy, for
all t > 0 and ¢ > 0. Show that if P(X1 = 0) = 0 then for any t > 0 fized, a.s.
lim sup,, | o u Xy — Xi| = c0. Hence, w.p.1. the sample functions t — X; are
not differentiable at any fixed t > 0.

Almost surely the sample path of the Brownian motion is locally ~-Holder con-
tinuous for any v < % but not for any v > % Further, by the LIL its modulus of

continuity is at least h(§) = y/2dloglog(1/4). The exact modulus of continuity
of the Brownian path is provided by the following theorem, due to Paul Lévy (see
[Lev3T]).

THEOREM 9.3.5 (LEVY’S MODULUS OF CONTINUITY). Setting g(§) = 1/26log(%)

for 6 € (0,1], with (Wy,t € [0,T]) a Wiener process, for any 0 < T < oo, almost
surely,

w.
(9.3.2) tim sup SLo V)

540 9(5)
where oscr,s(x(-)) is defined in (92.2).

REMARK. This result does not extend to T = oo, as by independence of the
unbounded Brownian increments, for any § > 0, with probability one

05Coo,5(W.) > rllclgi(ﬂwké — W—1)5]} = 00.

PRrROOF. Fixing 0 < T < oo, note that g(79)/(vTg(6)) — 1 as § | 0. Fur-
ther, oscl,g(W) =7T-1/2 oscy 7s(W.) where Ws = T12Wr, is a standard Wiener
process on [0, 1]. Consequently, it suffices to prove (@3.2) only for T' = 1.

Setting hereafter T' = 1, we start with the easier lower bound on the left side of
@332). To this end, fix € € (0,1) and note that by independence of the increments
of the Wiener process,

P(Aea (W) < (1-2)g(27) = (1 - 40)* < exp(~2qn),

where ¢ = P(|[Wa—¢| > (1 —¢)g(27%)) and
9.3.3) Bap (o)) = Rk (G + 127 — 227

Further, by scaling and the lower bound of part (a) of Exercise 222.24] it is easy to
check that for some ¢y = ¢y(e) and all £ > £y,

4 = PG| > (1 - £)y/20log2) > 2701
By definition osc; o—¢(z(-)) > Ag1(z(:)) for any z : [0,1] — R and with exp(—2°q) <
exp(—2%) summable, it follows by Borel-Cantelli I that w.p.1.
0scy p-¢(W.) > Aga (W) > (1 —)g(279)
for all £ > ¢1(e,w) finite. In particular, for any € > 0 fixed, w.p.1.

w.
lim sup 7OSC1,5( )

>1—¢,
510 g(6) —
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and considering e, = 1/k | 0, we conclude that
lim sup LCM(W')
510 g(d)

To show the matching upper bound, we fix n € (0,1) and b = b(n) = (1+2n)/(1—n)
and consider the events

>1 w.p.l.

= [ {Ae (W) < Vbg(r2~4)}.

r<2mt

By the sub-additivity of probabilities,

2ty
ZPAér >\/_9T2 Z ZP|GTJ|>$€T)
r<2nt r<2nt j=0

where 2, = /2blog(2¢/r) and G, j = (W(;1y2-¢ — Wja-¢)/Vr27¢ have the stan-
dard normal distribution. Since n > 0, clearly z;, is bounded away from zero for
r < 2" and exp(—23,/2) = (r27%)". Hence, from the upper bound of part (a) of
Exercise2.2.24] we deduce that the r-th term of the outer sum is at most 2¢C/(r2=¢)®
for some finite constant C' = C(n). Further, for some finite x = x(n) and all £ > 1,

27 41
Z r </ tdt < g2t +1)

r<2mnt
Therefore, as (1 —n)b(n) — (1 +n) =n >0,
P(A§) < Cr2f27bont b+ — oot
and since ) ,P(AY) is finite, by the first Borel-Cantelli lemma, on a set €2, of
probability one, w € Ay for all £ > {y(n,w) finite. As you show in Exercise [0.3.6] it
then follows from the continuity of ¢ — W; that on €,
Wetn(w) = We(w)| < Vog(R)[L + £(n, bo(n,w), h)]

where ¢(n,¢,h) | 0 as h ] 0. Consequently, for any w € Q,,

limsup g(8) " sup [Wein(w) — Wi(w)| < Vb.
510 0<s<s+h<1,h=5

Since g(+) is non-decreasing on [0, 1/e], we can further replace the condition h = §
in the preceding inequality by & € [0, ] and deduce that on 2,

. oscy (W)
limsup —————= < /b(n) .
510 9(9) )
Taking n, = 1/k for which b(1/k) | 1 we conclude that w.p.1. the same bound also
holds with b = 1. O

EXERCISE 9.3.6. Suppose xz € C([0,1]) and A, (x) are as in (233).
(a) Show that for any m,r > 0,

sup |z (t) — 2(s)| <4 Z Agi(@) + A ().
r2=m<|t—s|<(r+1)2—m f=m+1

Hint: Deduce from part (a) of Exercise[7.2.7 that this holds if in addition
t,s € ng’k) for some k > m.
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(b) Show that for some c finite, if 2~ (MTDO=1 < b < 1/e with m > 0 and
n € (0,1), then

> g2 ) <2 <

{=m-+1
Hint: Recall that g(h) = \/2hlog(1/h) is non-decreasing on [0,1/€].
(c) Conclude that there exists e(n, Lo, h) 1 0 as h | 0, such that if Ny, (z) <
Vbg(r2=Y) for somen € (0,1) and all 1 < r < 27, £ > Ly, then

sup  |x(s 4+ h) — 2(s)| < Vbg(h)[1 +e(n, Lo, h)] .
0<s<s+h<1

c —n(m
17_772 n( +1)/2g(h).

We take up now the study of level sets of the standard Wiener process
(9.3.4) Z,00) ={t >0: Wi(w) = b},
for non-random b € R, starting with its zero set 2, = Z,(0).

PROPOSITION 9.3.7. For a.e. w € £}, the zero set 2, of the standard Wiener
process, s closed, unbounded, of zero Lebesgue measure and having no isolated
points.

REMARK. Recall that by Baire’s category theorem, any closed subset of R having
no isolated points, must be uncountable (c.f. [Dud89) Theorem 2.5.2]).

PROOF. First note that (t,w) — W;(w) is measurable with respect to Bjg o) X F
and hence so is the set Z = U, Z, X {w}. Applying Fubini’s theorem for the product
measure Leb x P and h(t,w) = Iz(t,w) = I{w, =0y we find that E[Leb(Z,)] =
(Leb x P)(Z) = [;° P(W; = 0)dt = 0. Thus, the set Z,, is w.p.1. of zero Lebesgue
measure, as claimed. The set Z,, is closed since it is the inverse image of the closed
set {0} under the continuous mapping ¢t — W;. In Corollary we have further
shown that w.p.1. Z, is unbounded and that the continuous function ¢ — W;
changes sign infinitely many times in any interval [0, €], € > 0, from which it follows
that zero is an accumulation point of Z,,.

Next, with As¢ = {w : Z, N (s,t) is a single point}, note that the event that Z,
has an isolated point in (0, c0) is the countable union of A, over s,t € Q such that
0 < s < t. Consequently, to show that w.p.1. Z, has no isolated point, it suffices to
show that P(As¢) = 0 for any 0 < s < t. To this end, consider the a.s. finite FMV-
Markov times R, = inf{u > r : W,, =0}, r > 0. Fixing 0 < s < t, let 7 = R, noting
that As; = {7 <t < R;} and consequently P(A;;) < P(R; > 7). By continuity
of t = W; we know that W, = 0, hence R, — 7 = inf{u > 0 : W,4, — W, = 0}.
Recall Corollary that {Wrin — Wr,u > 0} is a standard Wiener process
and therefore P(R, > 7) = P(Ry > 0) = Po(To > 0) = 0 (as shown already in
Corollary @.1.5]). O

In view of its strong Markov property, the level sets of the Wiener process inherit
the properties of its zero set.

COROLLARY 9.3.8. For any fized b € R and a.e. w € Q, the level set Z,,(b) is
closed, unbounded, of zero Lebesgue measure and having no isolated points.

PrOOF. Fixing b € R, b # 0, consider the F\W-Markov time T, = inf{s >
0 : W, = b}. While proving the reflection principle we have seen that w.p.1. Ty
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is finite and Wy, = b, in which case it follows from (@34]) that ¢t € Z,(b) if and
only if t = Ty + u for v > 0 such that Wu(w) = 0, where Wu = Wrp4u — Wr,
is, by Corollary @.1.6] a standard Wiener process. That is, up to a translation by
Ty(w) the level set Z,(b) is merely the zero set of W, and we conclude the proof by
applying Proposition for the latter zero set. O

REMARK 9.3.9. Recall Example B2.5T] that for a.e. w the sample function W;(w)
is of unbounded total variation on each finite interval [s,¢] with s < ¢. Thus, from
part (a) of Exercise we deduce that on any such interval w.p.1. the sample
function W.(w) is non-monotone. Since every nonempty interval includes one with
rational endpoints, of which there are only countably many, we conclude that for
a.e. w € Q, the sample path ¢ — Wi(w) of the Wiener process is monotone in no
interval. Here is an alternative, direct proof of this fact.

EXERCISE 9.3.10. Let A, = (;_{w € Q : W,/ (w) — Wii—1ym(w) > 0} and
A={weQ:t— W (w) is non-decreasing on [0,1]}.

(a) Show that P(A,) =27" for alln > 1 and that A = N, A, € F has zero
probability.

(b) Deduce that for any interval [s,t] with 0 < s < t non-random the proba-
bility that W.(w) is monotone on [s,t] is zero and conclude that the event
F € F where t — Wy(w) is monotone on some non-empty open interval,
has zero probability.
Hint: Recall the invariance transformations of Exercise[ 1.1 and that F
can be expressed as a countable union of events indexed by s <t € Q.

Our next objects of interest are the collections of local maxima and points of
increase along the Brownian sample path.

DEFINITION 9.3.11. We say that t > 0 is a point of local maximum of f : [0, 00)
R if there exists 6 > 0 such that f(t) > f(s) for all s € [(t —§)4+,t+ 0], s #1t, and
a point of strict local maximum if further f(t) > f(s) for any such s. Similarly,
we say that t > 0 is a point of increase of f : [0,00) — R if there exists § > 0 such
that f((t —h)1) < f(t) < f(t+h) for all h € (0, 7).

The irregularity of the Brownian sample path suggests that it has many local
maxima, as we shall indeed show, based on the following exercise in real analysis.

EXERCISE 9.3.12. Fiz f:[0,00) — R.

(a) Show that the set of strict local maxima of f is countable.

Hint: For any 0 > 0, the points of Ms = {t > 0 : f(t) > f(s), for all
s€(t—208)4,t+0],s #t} are isolated.

(b) Suppose f is continuous but f is monotone on no interval. Show that
if f(b) > f(a) for b > a > 0, then there exist b > uz > ug > u1 > a
such that f(uz) > f(ug) > f(u1) = f(a), and deduce that f has a local
mazimum in [ui, us].

Hint: Set u; = sup{t € [a,b) : f(t) = f(a)}.

(c) Conclude that for a continuous function f which is monotone on no in-

terval, the set of local mazima of f is dense in [0, 00).

PROPOSITION 9.3.13. For a.e. w € §, the set of points of local mazimum for
the Wiener sample path Wi(w) is a countable, dense subset of [0,00) and all local
maxima are strict.
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REMARK. Recall that the upper Dini derivative D! f(t) of Definition is non-
positive, hence finite, at every point ¢ of local maximum of f(-). Thus, Proposition
provides a dense set of points ¢t > 0 where D'W;(w) < co and by symmetry
of the Brownian motion, another dense set where D1 W;(w) > —oo, though as we
have seen in Proposition [0.3:2] w.p.1. there is no point ¢(w) > 0 for which both
apply.

ProOF. If a continuous function f has a non-strict local maximum then there
exist rational numbers 0 < ¢; < ¢4 such that the set M = {u € (q1,q4) : f(u) =
SUPycq,,q f (1)} has an accumulation point in [g1,¢4). In particular, for some
rational numbers 0 < ¢ < ¢2 < g3 < g4 the set M intersects both intervals
(91,492) and (g3, qa). Thus, setting My, = sup,¢(s .1 Wi, if P(Ms,,5, = M, 5,) =0
for each 0 < 51 < 82 < s3 < S4, then w.p.1. every local maximum of Wj(w)
is strict. This is all we need to show, since in view of Remark @.3.9 Exer-
cise and the continuity of Brownian motion, w.p.1. the (countable) set
of (strict) local maxima of W;(w) is dense on [0,00). Now, fixing 0 < 51 < s <
s3 < s4 note that My, s, — Ms, s, = Z — Y + X for the mutually independent
Z = SuPte[53,54]{Wt - W} Y = Supte[51,82]{Wt - Ws,} and X = Wy, — W,,.
Since g(z) = P(X = z) = 0 for all x € R, we are done as by Fubini’s theorem,
P(M,, . =M, ) =P(X —Y +7Z=0)=E[g(Y — Z)] =0. O

REMARK. While proving Proposition we have shown that for any count-
able collection of disjoint intervals {I;}, w.p.1. the corresponding maximal values
sup;e 7, Wi of the Brownian motion must all be distinct. In particular, P(W, = W,
for some ¢ # ¢ € Q) = 0, which of course does not contradict the fact that
P(Wy = W; for uncountably many ¢ > 0) = 1 (as implied by Proposition 0.3.7).

Here is a remarkable contrast with Proposition [@.3.13] showing that the Brownian
sample path has no point of increase (try to imagine such a path!).

THEOREM 9.3.14 (DVORETZKY, ERDOS, KAKUTANI). Almost every sample path
of the Wiener process has no point of increase (or decrease).

For the proof of this result, see [MP09, Theorem 5.14].
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